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ABSTRACT 

Layered metamaterial beam structures are gaining attention in a variety of fields 

including vibration attenuation and energy harvesting. Exhaustive research on single-

beam metamaterial vibration attenuation structures using local resonators exists in 

literature. Moreover, there are recent attempts at modelling double-layered beams with 

different kinds of constraints. The double-layered beam models in literature are limited to 

simple beams and not extended to metamaterials with local resonators. This research is 

primarily focused on developing a design criterion and a modelling platform for layered 

metamaterial structures with multiple beams and local resonators for vibration isolation. 

The model is developed using Euler-Bernoulli beam equations, superposition of mode 

shapes and Galerkin methods. A prototype layered metamaterial structure is fabricated 

and characterized experimentally. The prototype consists of horizontal beams, local 

resonators forming unit cells, and vertical beams linkages. Each local resonator consists 

of cantilevers with tip masses. Results show good agreement between model and 

experiment. Two major bandgaps are observed at 190 Hz – 410 Hz and 550 Hz – 710 Hz. 

Results reveal that the low frequency bandgap can be further reduced through the design 

of the local resonators. Results also show that alternating the length of the local 

resonators causes a shift in the first frequency bandgap. An increase in the number of 

local resonators opens up extra frequency bandgaps at lower frequencies with the 

drawback of reducing the depth in vibration transmissibility. Moreover, the higher 
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frequency bandgaps are mostly affected by the horizontal beams. An increase in the 

length of the horizontal beams, while the number and design of the local resonators are 

fixed, broadens the second frequency bandgap and shifts it to lower frequency values. 

Additionally, the ability of the fabricated metamaterial structure to harvest electric power 

in these bandgaps is examined. Results show that vibration attenuation and energy 

harvesting characteristics of the metamaterial structure are coupled. Stronger vibration 

attenuation within the first bandgap has led to enhanced energy harvesting capabilities 

within this bandgap. Power measurements at optimum load resistance of 15 Ω reveal that 

maximum power generated within the first bandgap reaches 5.2 µW at 245 Hz. 

Compared to state-of-the-art, the metamaterial structure presented here shows a 

significant improvement in electric power generation, at considerably lower load 

resistance, while maintaining the ability to attenuate undesired vibrations within the 

frequency bandgap. Lastly, the comparative advantages of layered-beam structures over 

single-beam metamaterial structures is studied. A beam prototype and dimension studied 

by multiple articles in literature is used in simulating the comparative study. Results show 

that in cases where spacing and design of the local resonators are desired to remain fixed, 

layering the horizontal beams offers a significant pathway for both lowering the bandgap 

and developing additional bandgaps. Results also suggest that increasing the number of 

resonators per horizontal beam further generates multiple lower bandgaps in layered 

metamaterial beams. In situations where the number of local resonators per beam are 

desired to remain constant, increasing the length of the unit-cells offers an alternative 

technique for lowering the bandgaps. This comparative study is particularly useful to 

engineers and researchers designing applications of beam-type metamaterial structures.   
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CHAPTER 1 

 

INTRODUCTION 
 

1.1 Motivation 

Recently, mechanical metamaterials have become the focus of many research 

studies and engineering applications [1]. This increase in attention stems from their 

unique properties including the presence of frequency bandgaps influenced by the local 

resonators [2], [3]. Metamaterials have found use-cases particularly in many engineering 

applications including wave guiding, vibration attenuation and, more recently, dual-

purpose vibration suppression and energy scavenging [4]–[6]. Frequency bandgaps 

developed in these metamaterial structures originate from the ability of the local 

resonators to trap kinetic energy from the oscillations passing through the metamaterial 

structure. Single-beam metamaterial structures have been studied exhaustively as 

vibration isolation systems [7]–[12]. The literature reveals that a growing number of 

researchers have recently attempted to use layered-beam metamaterial structures for 

simultaneous vibration attenuation and energy harvesting. The work in this area is still 

new and rapidly evolving [13]. It is therefore important to develop a generic modeling 

platform for layered metamaterial structures with multiple beams and multiple local 

resonators per beam. The desire to develop a generic platform for layered metamaterial 

beam structure modelling informed the commencement of this research work. The 

availability of a generic modelling platform for metamaterials will be vital for engineers 
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seeking to simply focus on designing application use-cases of layered beam metamaterial 

structures. Additionally, the ability of such layered-beam metamaterial systems to 

simultaneously generate power while isolating vibrations is also verified. Studying the 

power generation capacity of the system was motivated by a recent work by researchers 

in Duke University that showed a metamaterial structure that harnessed power at the 

efficiency of solar cells [7].  

1.2 Objectives 

The primary focus of this research work is on developing a generic platform for 

modelling layered metamaterial structures with multiple horizontal beam and local 

resonators. The model is developed in a manner that could be replicated in modelling 

varying number of horizontal-beams of a layered metamaterial structure with varying 

number of local resonators per horizontal-beam. The semi-analytical model is developed 

using Euler-Bernoulli beam equations, superposition of mode shapes and Galerkin 

methods. Runge-Kutta method is used to solve the equations developed from the semi-

analytical model.  

To ascertain the accuracy of the semi-analytical model developed, COMSOL 

FEM software is used to analyze the dispersion curve of the layered-beam metamaterial 

structure and displacement of the resonators. In COMSOL analysis, the layered 

metamaterial structure is broken into its unit-cell and Bloch-Floquet’s periodic boundary 

condition is applied to the boundaries. The resonant frequency of the local resonators is 

deduced in COMSOL and compared with the result from the semi-analytical model. 

Also, the displacement of the unit cell at frequencies within the bandgaps predicted by 
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the semi-analytical model is studied. The dispersion curve from COMSOL analysis is 

used to reveal the predictable bandgap zone of the layered-beam metamaterial structure.   

Furthermore, Eigen-Value equation is developed using the continuity equation of 

the horizontal beams of the layered-beam metamaterial structure. The equation is used to 

develop a second dispersion curve for analyzing and predicting the frequency bandgap 

regions of the layered-beam metamaterial structure. This bandgap from the Eigen-

frequency equation is compared with the bandgap seen in the COMSOL model and used 

to validate the semi-analytical model. For application purposes, the ability of the layered-

beam metamaterial structure to convert trapped mechanical vibration energy into electric 

power is investigated. A magneto-motive transducer is used in energy conversion. Lastly, 

a comparative analysis of bandgap generating capacity of single-beam metamaterial 

structure and layered-beam metamaterial structure of the same sort is modeled. The 

comparative study is important to cater for the knowledge-base of engineers and 

researchers with interest in developing application use-cases of beam-type metamaterial 

beam structures.
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CHAPTER 2 

 

LITERATURE REVIEW 
 

 In this chapter, the progression of various works presented by researchers in the 

literature from the basic concept of metamaterials to the stage where this work adds value 

to literature is presented. Firstly, the efforts of researchers in understanding the working-

principles of metamaterials are elaborated. Next, various research efforts on single-beam 

metamaterial structure reported in the literature are presented. It is promptly followed by 

evaluation of different efforts by researchers to evolve beam-type metamaterial structures 

from single-beam metamaterial structure to layered-beam metamaterial structure. The 

application use-cases of these beam-type metamaterial structures reported in the literature 

are also outlined, particularly their use as dual-purpose vibration isolation energy 

harvesting devices. Lastly, the research gaps that necessitated this work are outlined, 

giving credence to the vital value this works adds to the body of literature in mechanical 

metamaterials. Some parts of this chapter come from two previously published journal 

articles: 1. Winner Anigbogu, Hamzeh Bardaweel, "A Metamaterial-Inspired Structure 

for Simultaneous Vibration Attenuation and Energy Harvesting", Shock and Vibration, 

vol. 2020, Article ID 4063025, 12 pages, 2020. https://doi.org/10.1155/2020/4063025 

and 2. Anigbogu, Winner., Nguyen, Hieu., and Bardaweel, Hamzeh. "Layered 

Metamaterial Beam Structures With Local Resonators for Vibration Attenuation: Model 

and Experiment." Frontiers in Mechanical Engineering Vol. 7 (2021). 
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https://doi.org/10.3389/fmech.2021.768508.  Permission was obtained from all the co-

authors involved in the published studies. 

2.1 Metamaterial Principle 

Local-resonator frequency bandgaps in metamaterial structures originate from the 

ability of the local resonators to absorb kinetic energy from the oscillations passing 

through the metamaterial structure [14]. When the frequency of the external vibration 

source aligns with the resonant frequency of the local resonators, energy from these 

oscillations is transferred to the local resonators [14], [15]. Typically, these local 

resonators are either attached to the surface of the metamaterial structures or embedded 

inside [15]–[17]. Additionally, the Bragg’s scattering in the periodic structures leads to 

generation of frequency bandgaps [18]. The bandgaps generated by Bragg’s scattering are 

influenced by the wavelengths of the Bragg scattering mechanism, which is limited by 

the design of the beam of the mechanical metamaterial structure [15]. The addition of 

local resonators to the structure makes it possible to generate bandgaps at frequencies 

much lower than the Bragg’s frequencies [19], [20]. In the case of vibration attenuation, 

when the mechanical metamaterial is subject to vibrations by an external vibration 

source, it has the ability to suppress these oscillations, at low frequencies, that are closely 

aligned with the resonant frequency of the local resonators [21]. 

2.2 Single-Beam Metamaterial Structures 

Exhaustive literature has already looked at design criteria and characterization of 

metamaterial structures that are made of single beam structures with local resonators [10]–

[12], [22]–[24]. For example, the work by Liu et al. was among the first few studies to look 

at metamaterial structures and local resonators [19]. Their pioneer seminal work showed 
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that localized resonant structures exhibit valuable characteristics such as negative elastic 

constants, leading to generation of low frequency bandgaps. The transfer matrix method 

was then used by Yu et al. for characterization of a single beam metamaterial structure with 

resonators that are made of rubber and copper rings [10], [11].  The results from their model 

simulations were validated experimentally. Xiao et al. built on the analytical model of the 

single beam metamaterial design developed by Yu et al. and showed that resonance and 

Bragg’s bandgaps exist as a result of local resonance effect and periodicity of unit cells 

[22].  Liu et al. further studied the effects of different design parameters on the generated 

frequency bandgaps [25]. The results from their work revealed that, although a large local 

resonator generates wide attenuation, a large number of small local resonators spread 

across the beam gives enhanced attenuation spectra.  

Other enhanced designs and studies of single beam-based metamaterial structures 

have also been developed [23], [24], [26]–[28].  For instance, a design of a beam with 

spring-mass local resonators sandwiched inside the beam was proposed by Chen et al. 

[26]. Their results showed that the amplitude of waves was attenuated near the resonance 

frequency of the local resonators. Additionally, their results revealed that bandgaps were 

influenced mostly by the size of the internal mass rather than the spring constant of the 

resonator. To create more flexible bandgaps, Xiao et al.  designed an array of local 

resonators with varying resonant frequencies [27]. Their work showed that, compared to 

a beam with a single array of local resonators, a beam with varying array of local 

resonators can generate broader bandgaps above and below Bragg’s bandgap. Zhou et al. 

used a combination of both vertical springs and oblique springs to investigate the effect 

of negative stiffness introduced by the oblique springs on single beam-based 
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metamaterial structures [12]. Their results showed that adding two oblique springs to the 

single beam-based metamaterial structure introduced negative stiffness which effectively 

produced attenuation at lower frequencies. More recently, Xia et al.  studied the effect of 

nonlinearity that was purposefully introduced into the design of a single beam-based 

metamaterial structure [1].  This was done by adding bi-stable attachments to the 

metamaterial structure. Their work showed that nonlinear vibrations of the bi-stable 

resonator attachments resulted in wider frequency bandgap compared to the case when 

only linear local resonators were considered. 

2.2.1 Layered-Beam Metamaterial Structure 

 While on the one hand all the aforementioned studies have focused on single-beam 

based metamaterial structures with local resonators. On the other hand, few recent studies 

have looked at modelling layered beams. For example, Oniszczuk investigated two beams 

connected by a Winker elastic layer [29]. The work used Bernoulli-Fourier method to show 

that the free vibration of a simply supported double-beam system is similar to a double-

string system. Li et al. used both Fourier and Laplace approach to develop a closed form 

solution for double infinite Euler-Bernoulli beams with harmonic loads applied [30]. 

Douglas et al. treated a system of three elastic-viscoelastic beams as two non-identical 

Euler-Bernoulli beams with a viscoelastic layer between them [31]. The method was 

limited to a specific fixed-free boundary condition and an external load applied only at the 

free end. Vu et al. extended Euler-Bernoulli’s approach to arbitrary boundary conditions 

and applied loads [32]. Abu-Hilal then applied a change of variable method in decoupling 

the set of fourth-order differential equations from the modal solution of double Euler-

Bernoulli beams with moving loads [33]. Li et al. recently demonstrated the use of layered 
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metamaterial for simultaneous vibration isolation and energy harvesting [14]. Anigbogu et 

al. presented a unique metamaterial design using 3D printed layered beams to achieve 

vibration attenuation [34]. Their results showed that layered metamaterial beams can 

achieve vibration attenuation at low frequencies that are commonly encountered in nature.  

A key observation from these recent studies is that these efforts have mainly focused on 

studying and investigating either single beam-based metamaterial structures or double-

beams with different support systems. None of these studies has tackled the issue of 

developing a general approach to modelling layered metamaterial beams with local 

resonators. Recently, these layered metamaterial beams with local resonators have found 

numerous potential engineering applications including vibration attenuation and energy 

scavenging [14], [34]. 

2.3 Dual-Purpose Vibration Isolation Energy Harvesters 

A thorough review of metamaterials-based energy harvesters was presented by 

Chen et al. [35]. For example, a metamaterial energy harvester employing piezoelectrics 

was fabricated [36]. The harvester was shown to produce peak power in the order of 100 

µW-1 mW at 55 kHz and 30-80 kΩ. Concurrent vibration attenuation and energy 

harvesting metamaterials have also been demonstrated recently. Chen et al. built a 

metamaterial beam embedded with periodic cells that consist of membrane-split-ring 

resonators [37]. PVDF piezoelectric patch was attached to the membranes to convert the 

kinetic energy captured by the resonators into useful electric power. The fabricated 

structure exhibited simultaneous vibration attenuation and energy harvesting capabilities. 

Excellent and moderate vibration attenuation characteristics were reported in two 

bandgaps, i.e. 340-426 Hz and 460-500 Hz, respectively.  The fabricated structure 
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recovered approximately 0.5 µW across 200 kΩ at 348 Hz. Power was only measured 

and reported within the first bandgap, i.e. at 348 Hz.  Also,  a recent study by Li et al. 

reported a mechanical metamaterial structure for simultaneous vibration isolation and 

energy harvesting [14]. The structure consisted of beams with PVDF piezoelectric 

transducers to extract electric energy from the resonating cells. The metamaterial 

structure was able to attenuate vibrations and generate electric power, simultaneously, 

within 146-171 Hz frequency bandgap. Specifically, a peak power of 0.05 µW was 

measured across 1 MΩ within the frequency bandgap. The current state-of-the-art 

literature reveals that a growing number of researchers have recently attempted to use 

elastic mechanical metamaterials for simultaneous vibration attenuation and energy 

harvesting. 

The work presented in this article is motivated by the growing interest in layered 

metamaterial beams with local resonators. To the best knowledge of the authors, the work 

presented here is the first to tackle the issue of developing a modelling platform for 

layered metamaterial structures with multiple beams and local resonators. The work is 

focused on developing design criteria and modelling platform for layered metamaterial 

structures with multiple beams and local resonators. The model is developed using 

Galerkin method and superposition of mode shapes to solve an application of Euler-

Bernoulli equation to layered-metamaterial beam structures. A prototype of the layered 

metamaterial structure with local resonators is fabricated and characterized 

experimentally. The model developed in this work is then validated against measured 

data.  
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Research interest in the use of layered-beam metamaterial structure for energy 

harvesting is growing [13]. Therefore, the work we present in this article additionally 

investigates the structures ability to serve as a magneto-mechanical based metamaterial 

structure for simultaneous vibration attenuation and energy harvesting. A permanent 

magnet-coil systems is added to the layered-beam metamaterial structure in order to 

achieve two main functions, simultaneously. These functions are vibration attenuation 

and energy harvesting. Compared to other efforts and available literature, the 

metamaterial structure we present in this work is shown to generate, significantly, more 

electric power while maintaining its ability to attenuate undesired vibrations. 

Additionally, the presented structure requires lower load resistance to achieve optimum 

power transfer, compared to what has been presented in the literature[14], [36], [37].  

This is an important feature of the presented structure because, typically, electronic 

circuits for sensors require an input current in the order of 10 mA [38]. As the load 

resistance increases the deliverable electric current decreases. Therefore, it is desirable to 

achieve maximum power transfer at the lowest load resistance values [38]. 

Since layered metamaterial beam structures with local resonators are finding a 

growing engineering potential, it is important to additionally study the advantages in 

bandgap generation offered by these layered metamaterial structures over typical single 

beam metamaterial structures. In the application of metamaterial beam structures as dual-

purpose systems for electric power generation, the more the local resonators (unit-cells) 

per miniature device, the more the aggregate electric power generation potential of the 

device. This is because the electromechanical transducers are usually placed on the local 

resonators. In such cases, having a layered metamaterial structure is physically an 
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attractive choice. Also, because the existence of multiple bandgaps is very desirable in 

such structures, a comparative analysis and design study between layered and single 

beam metamaterial structures is important. An awareness of these advantages can help 

researchers in designing metamaterial beam structures for various applications including 

vibration attenuation and energy harvesting. A standard single beam metamaterial 

structure is analyzed, its transmissibility bandgap and enhancements are presented. 

Afterwards, a simple double-layered metamaterial beam structure is modelled and the 

bandgaps of the layered metamaterial structures are presented and compared with single 

beam metamaterial structure. Lastly, parametric and design studies that investigate the 

effects of changes in various parameters of the double-layered metamaterial beam 

structure are presented and the outcomes are compared with the results from single beam 

metamaterial structures.
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CHAPTER 3 

 

DESIGN AND MODEL DEVELOPMENT 

This chapter focuses on introducing the design approach used in developing the 

generic modelling platform for layered-beam metamaterial structures proposed in this 

work. The details of the semi-analytical model used in analyzing the transmissibility of 

the layered-beam metamaterial structures are also outlined in this chapter. Additionally, 

COMSOL finite element model and Eigen-value model equations for the layered-beam 

metamaterial structure are presented in this chapter. This chapter has contents adopted 

from two previously published journal articles: 1. Winner Anigbogu, Hamzeh Bardaweel, 

"A Metamaterial-Inspired Structure for Simultaneous Vibration Attenuation and Energy 

Harvesting", Shock and Vibration, vol. 2020, Article ID 4063025, 12 pages, 2020. 

https://doi.org/10.1155/2020/4063025 and 2. Anigbogu, Winner., Nguyen, Hieu., and 

Bardaweel, Hamzeh. "Layered Metamaterial Beam Structures With Local Resonators for 

Vibration Attenuation: Model and Experiment." Frontiers in Mechanical Engineering 

Vol. 7 (2021). https://doi.org/10.3389/fmech.2021.768508.Permission was obtained from 

all the co-authors involved in the published studies. 

3.1 Design 

The overall representation of the layered metamaterial vibration attenuation 

structure is shown in Figure 3-1a.  The metamaterial structure is comprised of J-layered 

horizontal beams, the local resonators per unit cell and the vertical beams linking the 
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horizontal beams together. The local resonators are made of cantilevers with tip masses 

attached to them as shown in Figure 3-1a. Each unit cell has four local resonators linked 

to the same point as shown in Figure 3-1b.  For simplicity we represent the unit cell as 

one single local resonator force acting on the same point, in tandem with the approach 

adopted by Wang et al. [23]. The effects of the vertical beams are factored into the 

governing equations as spring forces and damping forces following the relative velocities 

of the beams as shown in Figure 3-2. The free body diagram of the local resonators 

within a unit cell is shown in Figure 3-3. An approximate model of the transmissibility of 

the layered metamaterial structure is obtained using Euler-Bernoulli’s equations and 

Galerkin method [12].  
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Figure 3-1: Schematic description of a j-layered metamaterial structure and its coupled 

parts: (a) Layered metamaterial structure constituents including horizontal beams, 

vertical beams and local resonators, and (b) Representation of the basic unit cell of the 

layered metamaterial assembly. It is comprised of local resonators with tip masses and 

vertical columns attached to the beam. The length of a unit cell is 50mm 
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Figure 3-2: Schematic diagram of the free body diagram for the vertical beams 

attached to each unit cell and between the horizontal beams of a j-layered metamaterial 

structure. 

 

Figure 3-3: Free body diagram of a local resonator.  The four local resonators acting at 

a point in the unit cell are reduced into an equivalent single local resonator unit cell in 

the model. 
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3.2 Semi-Analytical Model 

3.2.1 Layered-Beam Model Development 

In order to analyze the dynamic behavior of the layered metamaterial vibration 

attenuation structure when subject to external vibrations, the Frequency Response 

Function (FRF) approach is used to determine the transmissibility of the device. The 

Galerkin method is applied in analyzing the layered-beam metamaterial structures’ 

response to external vibrations. The length of each horizontal beam is given as 𝐿 =  𝛼 ∗

𝐿𝑢, where α is the number of unit cells, and 𝐿𝑢 is the length of each unit cell in the design 

adopted in this work (Figure 3-1b). The transverse vibration of a simple beam with 

attachment and a vibration source at a point is given by the standard Euler Bernoulli 

equation [12]: 

𝐸𝐼
𝜕4𝑤𝑖
𝜕𝑥4

+ 𝜌𝐴
𝜕2𝑤𝑖
𝜕𝑡2

= 𝑓𝑠(𝑥, 𝑡)𝛿 (𝑥 −
𝐿

2
) + ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

 Eq. 3-1 

where 𝑤, 𝐸 and 𝐼 are the transverse displacement, Young’s modulus of elasticity and the 

cross-sectional moment of inertia of the beam, respectively. Moreover, 𝜌 and 𝐴 are the 

density of the material, and the cross-sectional area of the beam, respectively. The 

expressions 𝑓𝑠, 𝛿   and 𝑓 represent the force from the vibration source, the delta Dirac 

function and the force from the attached local resonators, respectively. The force, 𝑓𝑠 , 

from the vibration source only applies to the first beam. In Eq. 3-1,  𝑥𝑟  represents the 

position of the local resonator, while 𝑛 is the total number of local resonators on each 

horizontal beam. This Euler Bernoulli equation shown in Eq. 3-1 is used to analyze the 

displacement of each of the 𝑖𝑡ℎ horizontal beams. Applying Galerkin method and the 
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superposition of modes, the transverse displacement of 𝑖𝑡ℎ horizontal beam, 𝑤𝑖 is given 

by [12]: 

𝑤(𝑥, 𝑡)𝑖=1,2,…,𝑗 =∑𝑢𝑖𝑞(𝑡)∅𝑖𝑞(𝑥)

𝑁

𝑞=1

 Eq. 3-2 

In Eq. 3-2, 𝑢𝑖𝑞 is the generalized displacement of the 𝑖𝑡ℎ horizontal beam at the 

𝑞𝑡ℎ mode, and ∅𝑖𝑞 is the trial function of the 𝑖𝑡ℎ horizontal beam which is taken to be the 

mode shape of the horizontal beam at the 𝑞𝑡ℎ mode. The index 𝑗 is the total number of 

layered horizontal beams.  

Next, we extend Eq. 3-1 to factor in the connecting vertical beams as shown in 

Figure 3-1 and Figure 3-2. This yields the set of equations representing each of the 

horizontal beams from the base-beam to the top, respectively. A generalized form of this 

set of equations from the lowest horizontal beam, i.e., 𝑖 = 1 , to 𝑖𝑡ℎ middle horizontal 

beam, i.e., 𝑖 = 2: 𝑗 − 1, till the 𝑗𝑡ℎ topmost beam, i.e., 𝑖 = 𝑗, for any 𝑗 number of 

horizontal beams constituting the layered metamaterial structure yields Eq. 3-3 - Eq. 3-7 

below [29]: 

{
 
 
 
 

 
 
 
 𝐸𝐼

𝜕4𝑤𝑖
𝜕𝑥4

+ 𝑘𝑐(𝑤𝑖 −𝑤𝑖+1) + 𝑟𝑐(𝑤𝑖̇ − 𝑤𝑖+1̇ ) +  𝜌𝐴
𝜕2𝑤i
𝜕𝑡2

= 𝑓𝑠(𝑥, 𝑡)𝛿 (𝑥 −
𝐿

2
) + ∑𝑓(𝑥𝑟, 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

, 𝑖 = 1 

𝐸𝐼
𝜕4𝑤𝑖
𝜕𝑥4

+ 𝑘𝑐(𝑤𝑖 −𝑤𝑖−1) + 𝑘𝑐(𝑤𝑖 −𝑤𝑖+1) + 𝑟𝑐(𝑤𝑖̇ − 𝑤𝑖−1̇ ) + 𝑟𝑐(𝑤𝑖̇ − 𝑤𝑖+1̇ ) +  𝜌𝐴
𝜕2𝑤i
𝜕𝑡2

= ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

, 𝑖 = 2: 𝑗 − 1

𝐸𝐼
𝜕4𝑤𝑗
𝜕𝑥4

+ 𝑘𝑐(𝑤𝑗 −𝑤𝑗−1) + 𝑟𝑐(𝑤𝑗̇ −𝑤𝑗−1̇ ) +  𝜌𝐴
𝜕2𝑤𝑗
𝜕𝑡2

= ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

, 𝑖 = 𝑗

 Eq. 3-3 

where 𝑖 = 1 and 𝑖 = 𝑗 are the lowest horizontal beam and topmost horizontal beam, 

respectively, and the middle section beams are indexed with  𝑖 = 2: 𝑗 − 1. In Eq. 3-3, 𝑓𝑠 

is the force exerted by the vibration source, represented as a sinusoidal input 𝑓𝑠 =

 𝐹𝐴 𝑐𝑜𝑠 𝜔𝑡 . Also 𝜔 is the forcing frequency of vibration source, 𝐹𝐴  is the amplitude of 
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the external vibration force and 𝑘𝑐 represents the stiffness of the vertical beams given by 

[39]:   

𝑘𝑐 =
32 ∗ 𝐸 ∗ 𝑏𝑐 ∗ ℎ𝑐

3

𝑙𝑐
3  Eq. 3-4 

where 𝑏𝑐, ℎ𝑐 and 𝑙𝑐 represent the width, thickness and length of the vertical beams 

respectively. The damping of each vertical beam, 𝑟𝑐, and the equivalent mass, 𝑚𝑐, are 

given by [40]:  

𝑟𝑐 = 2𝜉𝑐√𝑚𝑐𝑘𝑐 Eq. 3-5 

𝑚𝑐 = 0.33 ∗ 𝜌 ∗ 𝐴 ∗ 𝑙𝑐 Eq. 3-6 

Grouping the impact of the vertical beams as forces acting at specific points on 

the horizontal beams, Eq. 3-3 can be rewritten in the following generalized forms:  

{
 
 
 
 

 
 
 
 𝐸𝐼

𝜕4𝑤𝑖
𝜕𝑥4

+ 𝜌𝐴
𝜕2𝑤𝑖
𝜕𝑡2

= 𝑓𝑠(𝑥, 𝑡)𝛿 (𝑥 −
𝐿

2
) + ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

+∑𝑓𝑖(𝑥𝑐 , 𝑡)𝛿(𝑥 − 𝑥𝑐)

𝑣

𝑐=1

, 𝑖 = 1 

𝐸𝐼
𝜕4𝑤𝑖
𝜕𝑥4

+ 𝜌𝐴
𝜕2𝑤𝑖
𝜕𝑡2

= ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

+∑𝑓𝑖(𝑥𝑐 , 𝑡)𝛿(𝑥 − 𝑥𝑐)

𝑣

𝑐=1

, 𝑖 = 2: 𝑗 − 1

𝐸𝐼
𝜕4𝑤𝑗

𝜕𝑥4
+ 𝜌𝐴

𝜕2𝑤𝑗

𝜕𝑡2
= ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

+∑𝑓𝑗(𝑥𝑐 , 𝑡)𝛿(𝑥 − 𝑥𝑐)

𝑣

𝑐=1

, 𝑖 = 𝑗

 Eq. 3-7 

where 𝑓𝑖(𝑥𝑐 , 𝑡) and 𝑓𝑗(𝑥𝑐 , 𝑡) are the forces due to the vertical beams acting on each 𝑖𝑡ℎ  

horizontal beam (from the lowest horizontal beam to 𝑗 − 1𝑡ℎ horizontal beam) and the 𝑗𝑡ℎ 

topmost horizontal beam, respectively, and 𝑥𝑐 represents the point of contacts on each 

horizontal beam. Using Eq. 3-2, these forces, which are due to the interlinking vertical 

beams, can be further developed into the following generalized set of equations:   

{

𝑓𝑖(𝑥𝑐 , 𝑡) = −[𝑘𝑐(𝑤𝑖 −𝑤𝑖+1) + 𝑟𝑐(𝑤𝑖̇ − 𝑤𝑖+1̇ )] , 𝑖 = 1 

𝑓𝑖(𝑥𝑐 , 𝑡) = −[𝑘𝑐(𝑤𝑖 −𝑤𝑖−1) + 𝑘𝑐(𝑤𝑖 −𝑤𝑖+1) + 𝑟𝑐(𝑤𝑖̇ − 𝑤𝑖−1̇ ) + 𝑟𝑐(𝑤𝑖̇ − 𝑤𝑖+1̇ )] , 𝑖 = 2: 𝑗 − 1

𝑓𝑗(𝑥𝑐 , 𝑡) = −[𝑘𝑐(𝑤𝑗 −𝑤𝑗−1) + 𝑟𝑐(𝑤𝑗̇ −𝑤𝑗−1̇ )] , 𝑖 = 𝑗

 Eq. 3-8 

Also, the forces from the attached local resonators and the internal damping force 

are given as: 
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𝑓(𝑥𝑟 , 𝑡) = 𝑘𝑟[𝑌𝑟(𝑡) − 𝑤(𝑥𝑟 , 𝑡)] Eq. 3-9 

𝑓𝑑(𝑥𝑟 , 𝑡) = 2𝜉𝑟√𝑚𝑟𝑘𝑟 [𝑌̇𝑟(𝑡) − 𝑤̇(𝑥𝑟 , 𝑡)] Eq. 3-10 

where 𝑓𝑑(𝑥𝑟 , 𝑡), 𝜉𝑟 and 𝑚𝑟 are the internal damping force, the damping ratio and the 

mass of the 𝑟𝑡ℎ local resonator, respectively. 𝑌𝑟(𝑡) is the vertical displacement of the 𝑟𝑡ℎ 

local resonator. 

Substituting Eq. 3-2 into Eq. 3-7 yields the following set of equations, respectively:  

{
 
 
 
 

 
 
 
 𝐸𝐼∑𝑢𝑖𝑞(𝑡)∅𝑖𝑞

(𝑖𝑣)
(𝑥)

𝑁

𝑞=1

+ 𝜌𝐴∑𝑢𝑖𝑞̈ (𝑡)∅𝑖𝑞(𝑥)

𝑁

𝑞=1

 =  𝑓𝑠(𝑥, 𝑡)𝛿 (𝑥 −
𝐿

2
) + ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

+∑𝑓𝑖(𝑥𝑐, 𝑡)𝛿(𝑥 − 𝑥𝑐) 

𝑣

𝑐=1

, 𝑖 = 1 

𝐸𝐼∑𝑢𝑖𝑞(𝑡)∅𝑖𝑞
(𝑖𝑣)
(𝑥)

𝑁

𝑞=1

+ 𝜌𝐴∑𝑢𝑖𝑞̈ (𝑡)∅𝑖𝑞(𝑥)

𝑁

𝑞=1

= ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

+∑𝑓𝑖(𝑥𝑐 , 𝑡)𝛿(𝑥 − 𝑥𝑐)

𝑣

𝑐=1

, 𝑖 = 2: 𝑗 − 1

𝐸𝐼∑𝑢𝑗𝑞(𝑡)∅𝑗𝑞
(𝑖𝑣)
(𝑥)

𝑁

𝑞=1

+ 𝜌𝐴∑𝑢𝑗𝑞̈ (𝑡)∅𝑗𝑞(𝑥)

𝑁

𝑞=1

= ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟)

𝑛

𝑟=1

+∑𝑓𝑗(𝑥𝑐 , 𝑡)𝛿(𝑥 − 𝑥𝑐)

𝑣

𝑐=1

, 𝑖 = 𝑗

 Eq. 3-11 

Multiplying Eq. 3-11 by the trial function ∅𝑖𝑦(𝑥), integrating over the length of 

each of the horizontal beams, i.e., from 0 to 𝐿 and applying orthogonality of mode 

shapes, yields the following transformation:  

{
 
 
 
 

 
 
 
 𝑀𝑖𝑞𝑢̈𝑖𝑞(𝑡) + 𝐶𝑖𝑞𝑢̇𝑖𝑞 + 𝐾𝑖𝑞𝑢𝑖𝑞 = 𝑓𝑠(𝑥, 𝑡)∅𝑖𝑞 (

𝐿

2
) + ∑∅𝑖𝑞(𝑥𝑟)𝑓(𝑥𝑟 , 𝑡)

𝑛

𝑟=1

+∑∅𝑖𝑞(𝑥𝑟)𝑓𝑑(𝑥𝑟 , 𝑡)

𝑛

𝑟=1

+∑∅𝑖𝑞(𝑥𝑐)𝑓𝑖(𝑥𝑐, 𝑡)

𝑣

𝑐=1

, 𝑖 = 1 

𝑀𝑖𝑞𝑢̈𝑖𝑞(𝑡) + 𝐶𝑖𝑞𝑢̇𝑖𝑞 + 𝐾𝑖𝑞𝑢𝑖𝑞 = ∑∅𝑖𝑞(𝑥𝑟)𝑓(𝑥𝑟 , 𝑡)

𝑛

𝑟=1

+∑∅𝑖𝑞(𝑥𝑟)𝑓𝑑(𝑥𝑟 , 𝑡)

𝑛

𝑟=1

+∑∅𝑖𝑞(𝑥𝑐)𝑓𝑖(𝑥𝑐, 𝑡)

𝑣

𝑐=1

, 𝑖 = 2: 𝑗 − 1

𝑀𝑗𝑞𝑢̈𝑗𝑞(𝑡) + 𝐶𝑗𝑞𝑢̇𝑗𝑞 + 𝐾𝑗𝑞𝑢𝑗𝑞 = ∑∅𝑗𝑞(𝑥𝑟)𝑓(𝑥𝑟 , 𝑡)

𝑛

𝑟=1

+∑∅𝑗𝑞(𝑥𝑟)𝑓𝑑(𝑥𝑟 , 𝑡)

𝑛

𝑟=1

+∑∅𝑗𝑞(𝑥𝑐)𝑓𝑗(𝑥𝑐, 𝑡)

𝑣

𝑐=1

, 𝑖 = 𝑗

 Eq. 3-12 

Here, the transverse displacements, 𝑤(𝑥, 𝑡)𝑖=1,2,…,𝑗, in the forces 𝑓(𝑥𝑟 , 𝑡), 

𝑓𝑑(𝑥𝑟 , 𝑡) and 𝑓𝑖(𝑥𝑐 , 𝑡) in Eq. 3-12, represented in Eq. 3-8 - Eq. 3-10, are also affected by 

the integration and application of orthogonality condition in Eq. 3-12. Also, 𝑀𝑖𝑞 and 𝐾𝑖𝑞 

are given as: 

𝑀𝑖𝑞 =  𝜌𝐴∫ ∅𝑖𝑞
(𝑖𝑖)(𝑥)𝑑𝑥 

𝐿

0

;  𝐾𝑖𝑞 =  𝐸𝐼 ∫ ∅𝑖𝑞
(𝑖𝑣)
∅𝑖𝑞(𝑥)𝑑𝑥

𝐿

0

; 𝐶𝑖𝑞 = 2𝜁𝑞√𝑀𝑖𝑞𝐾𝑖𝑞 Eq. 3-13 

In Eq. 3-12 the impact of damping on the layered metamaterial structure is 

considered. Here,  𝐶𝑖𝑞 and 𝜁𝑖𝑞 are the horizontal beam’s damping coefficient and the 
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damping ratio of the  𝑖𝑡ℎ horizontal beam in 𝑞𝑡ℎ mode, respectively. The mode functions 

of the fixed-fixed beams, ∅𝑖𝑞(𝑥), are assumed to be the same as the trial function, ∅𝑖𝑦(𝑥), 

and given as [12]:   

∅𝑖𝑞(𝑥) = ∅𝑖𝑦(𝑥) = [𝑠𝑖𝑛ℎ𝛽𝑖𝑞𝑥 − 𝑠𝑖𝑛𝛽𝑖𝑞𝑥 + (
𝑠𝑖𝑛ℎ𝛽𝑖𝑞𝐿 − 𝑠𝑖𝑛𝛽𝑖𝑞𝐿

𝑐𝑜𝑠𝛽𝑖𝑞𝐿 − 𝑐𝑜𝑠ℎ𝛽𝑖𝑞𝐿
)(𝑐𝑜𝑠ℎ𝛽𝑖𝑞𝑥 − 𝑐𝑜𝑠𝛽𝑖𝑞𝑥)] Eq. 3-14 

Moreover, the wave number 𝛽𝑖𝑞 is given by: 

𝑐𝑜𝑠ℎ(𝛽𝑖𝑞𝐿)𝑐𝑜𝑠 (𝛽𝑖𝑞𝐿)  = 1 Eq. 3-15 

Furthermore, using Newton’s second law, the movement of each 𝑟𝑡ℎ  local resonator on 

each 𝑖𝑡ℎ  horizontal beam (including the 𝑗𝑡ℎ horizontal beam) can be described as: 

𝑚𝑟𝑌̇𝑖𝑟(𝑡) + 𝑓𝑑(𝑥𝑟 , 𝑡) + 𝑓(𝑥𝑟 , 𝑡) = 0 Eq. 3-16 

Solving Eq. 3-12 and Eq. 3-16 simultaneously using Runge-Kutta numerical 

method, the generalized displacements and the local resonator displacement are obtained. 

The obtained resonator displacement is then substituted into Eq. 3-2, in order to obtain 

the displacement of the horizontal beam. This Galerkin solution is truncated at N = 4. 

Transmissibility is taken as the output displacement at the center of the uppermost 

horizontal beam, i.e. (𝑥 =
𝐿

2
), relative to the input vibration at the center of the lowest 

horizontal beam, i.e., vibration source. This is obtained by substituting the generalized 

displacement result, 𝑢𝑞, obtained from solving Eq. 3-12 and Eq. 3-16 simultaneously, 

into Eq. 3-2. The transmissibility,𝜂𝑇, is then given as: 

𝜂𝑇 =
𝑤(0.5 ∗ 𝐿, 𝑡)𝐵𝑒𝑎𝑚 𝑖=𝑗

𝑤(0.5 ∗ 𝐿, 𝑡)𝐵𝑒𝑎𝑚 𝑖=1
 Eq. 3-17 

3.2.2 Single-Beam Model Analysis  

Conversely, to understand the difference in modelling between a single-beam 

metamaterial structure and a layered-beam metamaterial structure, a simple of the Euler-
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Bernoulli model of a single-beam structure is presented [12]. A representative design of a 

single-beam metamaterial structure is shown in Figure 3-4. The structure is comprised of 

a single horizontal beam and various local resonators attachments as shown in Figure 

3-4. For the purpose of comparison, in analyzing the bandgap behavior of single-beam 

metamaterial structure, the same material parameters used by Yu et al. [11] and Zhou et 

al.[12] , Shown in Table 3-1, were used. 

 

Figure 3-4: Schematic representation of a single-beam metamaterial structure. 

𝑀 represents the mass of the local resonators, while 𝑌𝑟(𝑡) is the displacement of the 

local resonator. 
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Table 3-1:  Model design parameters of the single-beam metamaterial structure and the 

layered-beam metamaterial structure used in comparative analysis. 

Parameter Value Unit 

Young’s modulus of elasticity of 

the beam, E 

70  GPa 

Density of beam, ρ 2600 kg/m3 

Area of horizontal beam, A 1.602 𝑥 10−4 m2 

Area moment of inertia, I 5.968 𝑥 10−9 m4 

Modal damping ratio of horizontal 

beams, ζji 
 0.02  

Vibration force magnitude, fs 10 N 

Length of unit cell beam, Lc 25 mm 

Local resonator stiffness, kr 1.65 𝑥 105 N/m 

Local resonator mass, mr 0.0437 kg 

Damping ratio of local resonators, 

ξr 
0.01  

Length of Vertical Columns, lc 80 mm 

Width of Vertical column, bc 7 mm 

Thickness of Vertical Columns, hc 5 mm 

Damping ratio of vertical columns, 

ξc 
0.02  
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The displacement of the single-beam metamaterial structure in Figure 3-4 can be 

modeled with standard Euler-Bernoulli beam’s equation in Eq. 3-18 below [41]: 

𝐸𝐼
𝜕4𝑤

𝜕𝑥4
+ 𝜌𝐴

𝜕2𝑤

𝜕𝑡2
= 𝑓𝑠(𝑥, 𝑡)𝛿 (𝑥 −

𝐿

2
) + ∑𝑓(𝑥𝑟 , 𝑡)𝛿(𝑥 − 𝑥𝑟) 

𝑛

𝑟=1

 Eq. 3-18 

where 𝐿, 𝐸 and  𝐼 still represent the total length of the horizontal beam ( 𝐿 = 𝛼 ∗ 𝐿𝑢), 

Young’s elastic modulus and the cross-sectional moment of inertia of the horizontal 

beam. Also, 𝑓𝑠(𝑥, 𝑡) and 𝑓(𝑥𝑟 , 𝑡) in Eq. 3-18 still represent the force from the vibration 

source on the beam and the force from the local resonators, respectively.  

The transverse displacement of the horizontal beam in Eq. 3-18, 𝑤(𝑥, 𝑡), can be 

analyzed using Galerkin approach and superposition of mode shapes given in Eq. 3-19 

below [12]: 

𝑤(𝑥, 𝑡) = ∑𝑢𝑞(𝑡)∅𝑞(𝑥)

𝑁

𝑞=1

 Eq. 3-19 

where 𝑢𝑞 and ∅𝑞 in Eq. 3-19 represent the generalized displacement and the trial of the 

horizontal beam at the 𝑞𝑡ℎ mode, respectively. Furthermore, the displacement of the local 

resonators is shown in Eq. 3-20 below: 

𝑚𝑟𝑌𝑞𝑟̈ (𝑡) + 𝑓𝑑(𝑥𝑟 , 𝑡) + 𝑓(𝑥𝑟 , 𝑡) = 0  Eq. 3-20 

The expression 𝑓𝑑(𝑥𝑟 , 𝑡) in Eq. 3-20 represents the damping force of the local 

resonator, while 𝑚𝑟 is the mass of the local resonator. Also, 𝑌𝑞𝑟 is the displacement of the 

𝑟𝑡ℎ local resonator in the 𝑞𝑡ℎ mode shape. The expressions of the forces in Eq. 3-18 and 

Eq. 3-19 are given below: 
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{

𝑓(𝑥𝑟 , 𝑡) = 𝑘𝑟[𝑌𝑟(𝑡) − 𝑤(𝑥𝑟 , 𝑡)]

𝑓𝑑(𝑥𝑟 , 𝑡) = 2𝜉𝑟√𝑚𝑟𝑘𝑟 [𝑍̇𝑟(𝑡) − 𝑤̇(𝑥𝑟 , 𝑡)]

𝑓𝑠 = 𝑓𝐴 cos (𝜔𝑡)

 Eq. 3-21 

The expression 𝑓𝐴 in Eq. 3-21 represents the amplitude of the external vibration 

force. Solving Eq. 3-18 - Eq. 3-20 simultaneously by substituting Eq. 3-19 into Eq. 

3-18, integrating through the length of the horizontal beam and applying orthogonality, 

the transmissibility of the single-beam metamaterial structure can be obtained. The 

expressions in 3-18 - Eq. 3-21 are also analyzed using Runge-Kutta numerical method. 

3.3 Additional Models 

To properly understand the behavior of the bandgap developed in the layered-

beam metamaterial structure, dispersion curve analysis is vital. COMSOL finite element 

software and Eigen-Value equations are both used to develop two separate dispersion 

curves in an attempt to predict the location of the bandgap expected from the layered-

beam metamaterial structure.  

3.3.1 COMSOL FE Model 

Next, COMSOL FEM software is used to investigate frequency bandgaps and 

modes of vibrations. Afterwards, a theoretical model is developed from first principle 

using Eigen-value equations and applied in investigating wave attenuation capabilities of 

the presented metamaterial structure. 

Figure 3-5 shows geometries and dimensions of the cantilever, i.e. the building 

block of the metamaterial structure presented in this work and used for the COMSOL 

model. First, a 3D CAD drawing of the unit cell was prepared using SolidWorks software 

and the predetermined geometries and dimensions shown in Figure 3-5. The CAD 

drawing was then imported into COMSOL finite element multi-physics software to 
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analyze the dynamic response of the metamaterial structure and also obtain the dispersion 

diagram that depicts the relationship between the wavenumber, 𝒦, and frequencies for an 

infinite number of periodically arranged unit cells.  That is, for an array of unit cells, at 

frequency intervals that meet Bragg’s scattering condition, destructive interference 

occurs. This yields the desired frequency bandgap. The presence of the local resonators in 

the structure further enhances the frequency bandgap because at the resonant frequency 

of the locally resonating structures, the kinetic energy contained in the external vibrations 

is transferred to the local resonators; causing them to resonate while creating a lower 

frequency bandgap in the dispersion diagram of the metamaterial structure.  

In the COMSOL model a fine mesh coupled with the choice of material properties 

(given in Table 4-1) and geometries (shown in Figure 3-5) are used to simulate the 

dispersion curve and obtain frequency bandgaps. The model assumes no damping effects 

and solves the governing equation of the metamaterial structure given by: 

𝑲𝒅 = [𝑲𝒖 − 𝜔
2𝑴𝒖] Eq. 3-22 

[𝑲𝒖 − 𝜔
2𝑴𝒖][𝒒𝑳  𝒒𝒊𝒏𝒕 𝒒𝑹]

𝑇 = [𝑭𝑳  𝟎 𝑭𝑹]
𝑇 Eq. 3-23 

where 𝜔 and 𝑲𝒅 are frequency and dynamic stiffness matrix of the unit cell, respectively, 

and 𝑲𝒖 and 𝑴𝒖 are stiffness and mass matrices of the unit cell, respectively. Here, 𝒒𝑳, 

𝒒𝑹, and 𝒒𝒊𝒏𝒕 are displacement vector of the left side of the unit cell, displacement vector 

of the right side of the unit cell, and displacement vector of the internal nodes of the unit 

cell, respectively. Similarly, 𝑭𝑳 and 𝑭𝑹 are force vectors on the left and right sides of the 

unit cell, respectively. Upon finite element discretization, the unit cell contained 11,647 

elements with a maximum size of 1.81 mm and a minimum size of 0.0775 mm. 
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Figure 3-5: Metamaterial cantilever beams and central magnet used in COMSOL 

model simulations. 

3.3.2 Eigen-Value Equation Model 

Next, the layered-beam metamaterial structure is analyzed with the application of 

beam continuity theorem to Euler-Bernoulli beam with periodic arrangement of local 

resonators attached to the beam. This is shown in Figure 3-6. The method of transfer 

matrix is used in modelling the wave propagation across the beam, assuming small 

displacement of the beam [42]. 
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Figure 3-6: Cartoon model schematic of beam with local resonators showing the 

beam’s continuity boundaries applied in developing the Eigen-Value equations. 

The general equation of motion of the Euler-Bernoulli beam in Figure 3-6 is given as: 

𝐸𝐼
𝜕4𝑤

𝜕𝑥4
+ 𝜌𝐴

𝜕2𝑤

𝜕𝑡2
= 0 Eq. 3-24 

For Eigen-value analysis, it is assumed that 𝑤(𝑥, 𝑡) = Ø(𝑥)𝑖𝜔𝑡, where Ø(𝑥) defines the 

mode shapes at point 𝑥, described as: 

Ø(𝑥) = 𝑄𝑐𝑜𝑠(𝛽𝑥) + 𝐵𝑠𝑖𝑛(𝛽𝑥) + 𝐶𝑐𝑜𝑠ℎ(𝛽𝑥) + 𝐷𝑠𝑖𝑛ℎ(𝛽𝑥) Eq. 3-25 

where 𝛽 is the flexural wave number given as: 

𝛽4 =
𝜌𝐴𝜔2

𝐸𝐼
 Eq. 3-26 

For the nth unit cell, the mode shape function can be rewritten as: 

Ø𝑛(𝑥
′) = 𝑄𝑛𝑐𝑜𝑠(𝛽𝑥

′) + 𝐵𝑛𝑠𝑖𝑛(𝛽𝑥
′) + 𝐶𝑛𝑐𝑜𝑠ℎ(𝛽𝑥

′) + 𝐷𝑛𝑠𝑖𝑛ℎ(𝛽𝑥
′) Eq. 3-27 

where 𝑥′ = 𝑥 − 𝑛𝐿𝑢 ,  𝑛𝐿𝑢  ≤ 𝑥 ≤ (𝑛 + 1)𝐿𝑢  .Here, 𝑄𝑛, 𝐵𝑛, 𝐶𝑛,𝑎𝑛𝑑 𝐷𝑛 are the unknown 

amplitudes describing the mode shape function [12].  

The equation of the nth local resonator in Figure 3-6 is described as: 
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𝐹(𝑥𝑛, 𝑡) + 𝑚𝑌̈𝑛(𝑡) = 0 Eq. 3-28 

where 𝐹(𝑥𝑛,t) is the force of the nth resonator developed as a result of interaction with 

the beam at the contact point as shown in Figure 3-6. Also, 𝑌𝑛, is the vertical 

displacement of the mass of the resonator, 𝑚, during the external excitation. The force, 

𝐹(𝑥𝑛, 𝑡), is given by: 

𝐹(𝑥𝑛, 𝑡) =  −𝑘𝑟[𝑦(𝑥𝑛, 𝑡) − 𝑌𝑛(𝑡)]. Eq. 3-29 

Assuming the solution for the vertical displacement of the mass resonator of the form: 

𝑌𝑛(𝑡) = 𝑉𝑛𝑒
𝑖𝜔𝑡 Eq. 3-30 

where 𝑉𝑛 is the displacement of the local resonator (LR) and combining Eq. 3-28 - Eq. 

3-30 yields: 

𝑚𝑌̈𝑛 = 𝑘𝑟[𝑦(𝑥𝑛, 𝑡) − 𝑌𝑛(𝑡)]   Eq. 3-31 

Substituting 𝑌𝑛 and 𝑦(𝑥𝑛, 𝑡) into equation Eq. 3-31 gives: 

−𝑚𝜔2𝑉𝑛𝑒
𝑖𝜔𝑡 = 𝑘𝑟[Ø𝑛(0) − 𝑉𝑛]𝑒

𝑖𝜔𝑡   Eq. 3-32 

Re-arranging Eq. 3-32 the vertical displacement, 𝑉𝑛, can be written as: 

𝑉𝑛 =
𝑘𝑟Ø𝑛(0)

(𝑘𝑟−𝑚𝜔
2)

   Eq. 3-33 

Moreover, Eq. 3-29 can be rewritten as: 

𝐹(𝑥𝑛, 𝑡) =  −𝑘𝑟[Ø𝑛(0) − 𝑉𝑛]𝑒
𝑖𝜔𝑡   Eq. 3-34 

and substituting Eq. 3-33 into Eq. 3-34 yields: 

𝐹(𝑥𝑛, 𝑡) =  
𝑚𝜔2𝑘

(𝑘−𝑚𝜔2)
Ø𝑛(0)𝑒

𝑖𝜔𝑡 = 𝐹𝑛𝑒
𝑖𝜔𝑡    Eq. 3-35 

The model for the four unconnected resonators (𝑟 = 1,2,3,4) shown in Figure 3-6, at the 

interface with the beam can be derived as [24]: 
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𝐹(𝑥𝑛, 𝑡) =  
𝑚𝜔2𝑘

(𝑘−𝑚𝜔2)
Ø𝑛(0)𝑒

𝑖𝜔𝑡 = 𝐹𝑛𝑒
𝑖𝜔𝑡    Eq. 3-36 

with the amplitude of displacement of the local resonators, 𝑉𝑛, given by 

𝑉𝑛,𝑟 =
𝑘𝑟Ø𝑛(0)

(𝑘𝑟−𝑚𝑟𝜔
2)
  , 𝑟 = 1,2,3,4      Eq. 3-37 

Consequently, the force acting on the beam due to these four resonators can be obtained 

from Eq. 3-34 - Eq. 3-35 and given by: 

𝐹(𝑥𝑛, 𝑡) =  ∑ − (𝑘𝑟[Ø𝑛(0) − 𝑉𝑛,𝑟])𝑒
𝑖𝜔𝑡 = ∑

𝑚𝑟𝜔
2𝑘𝑟

(𝑘𝑟−𝑚𝑟𝜔
2)
Ø𝑛(0)𝑒

𝑖𝜔𝑡 = 𝐹𝑛𝑒
𝑖𝜔𝑡  ,   𝑟 = 1,2,3,4      Eq. 3-38 

Next, the continuity conditions at the point where the resonators meet the beam, as shown 

in Figure 3-6, are imposed between the 𝑛𝑡ℎ unit cell and the  (n − 1) 𝑡ℎ cell. These include 

displacement, slope, bending moment, and shear force and, respectively, given by: 

{
 

 
Ø𝑛−1(𝐿𝑢) = Ø𝑛(0)

Ø𝑛−1
′ (𝐿𝑢) = 𝐿𝑛

′ (0)

𝐸𝐼Ø𝑛−1
′′ (𝐿𝑢) = 𝐸𝐼Ø𝑛

′′(0)

𝐸𝐼Ø𝑛−1
′′′ (𝐿𝑢) = 𝐸𝐼Ø𝑛

′′′(0) − 𝐹𝑛

      Eq. 3-39 

Substituting Eq. 3-27 and Eq. 3-38 into Eq. 3-39 yields: 

𝝍𝒏 =𝓜
−𝟏𝑼𝝍𝒏−𝟏   Eq. 3-40 

where 𝝍𝒏 = (𝑄𝑛,  𝐵𝑛, 𝐶𝑛, 𝐷𝑛 )
𝑇
. Here, 𝑼 and 𝓜 are given by: 

𝑼 = 

(

 
 
 
 
 
 
 
 
 cos ((

𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) 𝑠𝑖𝑛((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) 𝑐𝑜𝑠ℎ((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) 𝑠𝑖𝑛ℎ((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢)

−(
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝑠𝑖𝑛((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) (
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝑐𝑜𝑠((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) (
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝑠𝑖𝑛ℎ((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) (
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝑐𝑜𝑠ℎ((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢)

−(
𝜌𝐴𝜔2

𝐸𝐼
)

2
4

𝑐𝑜𝑠((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) −(
𝜌𝐴𝜔2

𝐸𝐼
)

2
4

𝑠𝑖𝑛((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) (
𝜌𝐴𝜔2

𝐸𝐼
)

2
4

𝑐𝑜𝑠ℎ((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) (
𝜌𝐴𝜔2

𝐸𝐼
)

2
4

𝑠𝑖𝑛ℎ((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢)

(
𝜌𝐴𝜔2

𝐸𝐼
)

3
4

𝑠𝑖𝑛((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) −(
𝜌𝐴𝜔2

𝐸𝐼
)

3
4

𝑐𝑜𝑠((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) (
𝜌𝐴𝜔2

𝐸𝐼
)

3
4

𝑠𝑖𝑛ℎ((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢) (
𝜌𝐴𝜔2

𝐸𝐼
)

3
4

𝑐𝑜𝑠ℎ((
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

𝐿𝑢)
)

 
 
 
 
 
 
 
 
 

 

Eq. 3-41 
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𝓜=

(

 
 
 
 
 
 
 

1 0 1 0

0 (
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

0 (
𝜌𝐴𝜔2

𝐸𝐼
)

1
4

−(
𝜌𝐴𝜔2

𝐸𝐼
)

2
4

0 (
𝜌𝐴𝜔2

𝐸𝐼
)

2
4

0

−𝐹 −(
𝜌𝐴𝜔2

𝐸𝐼
)

3
4

−𝐹 (
𝜌𝐴𝜔2

𝐸𝐼
)

3
4

)

 
 
 
 
 
 
 

 Eq. 3-42 

respectively, and 

𝐹 =
1

𝐸𝐼
(∑

𝑚𝑟𝜔
2𝑘𝑟

(𝑘𝑟−𝑚𝑟𝜔
2)
) , 𝑟 = 1,2,3,4      Eq. 3-43 

From Bloch-Floquet’s equation of period structures in the x-direction, we have: 

𝝍𝒏 = 𝑒
𝑖𝑧𝑙𝑢𝝍𝒏−𝟏      Eq. 3-44 

Further, by letting 𝓜−𝟏𝑼 = 𝑺 and substituting Eq. 3-40 into Eq. 3-44 yields: 

𝑺𝝍𝒏−𝟏  = 𝑒
𝑖𝑧𝑙𝑢𝝍𝒏−𝟏        Eq. 3-45 

Eq. 3-45 can be further rearranged into a standard eigenvalue problem described by: 

|𝑺 − 𝑒𝑖𝑧𝑙𝑢𝑰| = 0         Eq. 3-46 

where 𝑰 is a [4x4] identity matrix. 
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CHAPTER 4 

 

FABRICATION AND EXPERIMENT METHODS 
 

This chapter outlines the experimental procedure employed in validating the 

transmissibility results from the three different models. Section 4.1 discusses the detailed 

fabrication process for the 3-D prototype of the layered-beam metamaterial structure. 

Section 4.2 discusses the experimental setup used in collecting input and output 

displacement data applied in transmissibility analysis. Also, the experimental setup 

described was used in studying the power output from the layered-beam metamaterial 

structure. The contents of this chapter were fully adopted from two previously published 

journal articles: 1. Winner Anigbogu, Hamzeh Bardaweel, "A Metamaterial-Inspired 

Structure for Simultaneous Vibration Attenuation and Energy Harvesting", Shock and 

Vibration, vol. 2020, Article ID 4063025, 12 pages, 2020. 

https://doi.org/10.1155/2020/4063025 and 2. Anigbogu, Winner., Nguyen, Hieu., and 

Bardaweel, Hamzeh. "Layered Metamaterial Beam Structures With Local Resonators for 

Vibration Attenuation: Model and Experiment." Frontiers in Mechanical Engineering 

Vol. 7 (2021). https://doi.org/10.3389/fmech.2021.768508. Permission was obtained from 

all the co-authors involved in the published studies. 

4.1 Fabrication 

Figure 4-1 displays the design and concept of the metamaterial vibration 

attenuation energy harvesting system presented in this work. The metamaterial structure, 
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shown in Figure 4-1a, consists of repetitive design building blocks (unit cells). Each 

design unit cell, shown in Figure 4-1b, contains four angled cantilevers with fixed-free 

ends. A permanent magnet is placed in the center of each unit cell. The tip mass at the 

free-end of each cantilever is made of copper coils wrapped around the free-end of the 

cantilever as shown in Figure 4-1c. The coils serve two purposes: First, the coils form 

additional mass to lower the resonant frequency of the vibrating cantilevers, thus, 

lowering the frequency bandgap of the metamaterial structure. Second, the magnet-coil 

system is used to extract electric energy from kinetic energy of the resonating cantilevers. 

 

Figure 4-1: Concept and design of the metamaterial vibration attenuation energy 

harvesting structure presented in this work: a) Design layout of the metamaterial 

structure, b) Building block. Each design unit cell consists of four angled cantilevers 

and a central magnet mass, and c) The tip of each cantilever is made of insertion where 

copper coils are placed for power extraction. 
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The layered-beam metamaterial structure was designed using Solidworks CAD 

software, then changed into an STL (STereoLithography) format that is suitable for 3D 

printing. PETG (polyethylene terephthalate) was used as the printing filament in the 

Ultimaker 3 Fused Deposition Modeling (3D FDM) printer. The printed masses 

(cantilever beams) were designed in a way that allowed insertion of additional masses at 

their tips. The tip-masses were created separately and then slotted into the tips of the local 

resonators. Having the prospect of energy scavenging in mind, the tip-masses were made-

up of 35 AWG enameled copper wires wound around the 3D printed masses. The number 

of turns was 220 and total length 9.04m. Also, small neodymium iron boron (NdFeB) 

permanent solid magnets were manually integrated into the horizontal beams of the 3D 

printed metamaterial structure. These additional tip-masses were vital in lowering the 

resonant frequencies of local resonators to less than 300 Hz.  Figure 4-2. shows a 

prototype of the layered metamaterial vibration attenuation structure fabricated in this 

work. For this work, a layered metamaterial beam structure with four horizontal beams (𝑗 

= 4) was chosen. This choice was informed by the need for the layered metamaterial 

structure to fit on the 3D printer bed used for fabrication. The dimensions and 

specifications of the manufactured layered metamaterial structure are outlined in Table 

4-1. 

  

a 
b

 

c 
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Table 4-1: Design parameters of the layered metamaterial structure used to develop semi-

analytical model. 

Parameter Value Unit 

Young’s modulus of elasticity of the 

beam, E 
2.7 GPa 

Density of Beam, ρ 

Model Density Adjusted, ρad 

1270 

1100 
Kg/m3 

Length of Unit Cell Beam, Lu 50 mm 

Width of Beam, b 7 mm 

Thickness of beam, h 2 mm 

Modal Damping ratio of Beam, ξq 0.02  

Vibration Force Magnitude, FA 10 N 

Mass of Resonator Tip, mr 1.27 g 

Length of Local Resonator, Lr 18.51 mm 

Width of Local resonator, br 7 mm 

Thickness of Local resonator, hr 1 mm 

Local Resonator Stiffness, kr 745 N/m 

Damping ratio of local resonators, ξr 0.01  

Length of Vertical Columns, lc 50 mm 

Width of Vertical column, bc 7 mm 

Thickness of Vertical Columns, hc 2 mm 

Damping ratio of vertical columns, ξc 0.02  
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Figure 4-2: Figure 6: A 4x4 prototype of the manufactured layered metamaterial 

vibration attenuation structure presented and modeled in this work. 

4.2 Experimental Setup 

4.2.1 Transmissibility and Power Output Measurement 

The set-up of the experiment is shown in Figure 4-3. First, an external vibration 

waveform was generated by the controller (S81B–P02, SENTEK DYNAMICS). This 

waveform was then passed through the power amplifier (LA-800, SENTEK DYNAMICS) 

for amplification, before reaching the shaker table (VT-500, SENTEK DYNAMICS). The 

electromagnetic shaker table was used to apply the external vibration input to the layered 

metamaterial structure that was fixed on top of the shaker table. The shaker table was 

operated at predetermined frequency range of 50 Hz to 700 Hz, and acceleration level of 

0.5g [m.s−2]. The sides of the layered metamaterial vibration attenuation structure were 



36 

held with a fixture and clamps. Two accelerometers (PCB333B30 model, PCB 

Piezotronics) were used to capture the input signal from the shaker table and the output 

signal from the top of the layered metamaterial structure. The first accelerometer was 

placed on top of the shaker table to capture the input signal data, while the second 

accelerometer was positioned on top of the layered metamaterial structure to capture the 

output signal. The input and output signals were both monitored using Crystal Instrument’s 

Engineering Data Management (EDM) software on a PC. The transmissibility was 

analyzed by comparing the output acceleration from the top-most beam of the metamaterial 

structure to the input acceleration from the vibration source, i.e., shaker table. 

Additionally, the output voltage from a unit cell was measured across a load 

resistance and used to estimate the amount of recovered electric power. To measure the 

optimal load resistance of the coils at the tips of the resonators, the mid-frequencies of the 

first bandgap (i.e., 223 Hz) and the second bandgap (i.e., 615 Hz) were kept constant and 

the power output measured within a range of resistances (0 Ω to 1000 Ω). The varying 

resistances were chosen using the decade box shown in Figure 4-3.  



37 

 

Figure 4-3: Cartoon schematic of the experimental set-up used for measuring the 

transmissibility of the layered metamaterial vibration attenuation structure presented in 

this work. 
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CHAPTER 5 

 

RESULTS AND DISCUSSION 
 

In this chapter the results of the models developed in Chapter 3 are presented. In 

section 5.1.1 of this chapter results of the dispersion curves’ predictive analysis using 

COMSOL FEM model and Eigen-Value equations developed in Chapter 3 are presented. 

The ability of the two dispersion curves - which were developed through disparate 

modeling approaches - to predict similar bandgap regions is analyzed. Also in section 

5.1.2 the results of the main semi-analytical model developed for modeling the 

transmissibility of layered-beam metamaterial structures are presented. Section 5.2 

presents the results gathered from experimental data. Section 5.2.1 presents the 

experimental transmissibility result and compares it with the three models developed. 

Section 5.2.2 analyzes the ability of the layered-beam metamaterial structure to scavenge 

electricity using measured data from experiment. In section 5.3 the effects of variations in 

different design parameters of the layered metamaterial structure are presented. Lastly, 

section 5.4 presents the results of the comparative study between bandgap development 

in single-beam metamaterial structure and layered-beam metamaterial structure of the 

same sort. This chapter on results has contents derived previously published journal 

articles: 1. Winner Anigbogu, Hamzeh Bardaweel, "A Metamaterial-Inspired Structure 

for Simultaneous Vibration Attenuation and Energy Harvesting", Shock and Vibration, 

vol. 2020, Article ID 4063025, 12 pages, 2020. https://doi.org/10.1155/2020/4063025 
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and 2. Anigbogu, Winner., Nguyen, Hieu., and Bardaweel, Hamzeh. "Layered 

Metamaterial Beam Structures With Local Resonators for Vibration Attenuation: Model 

and Experiment." Frontiers in Mechanical Engineering Vol. 7 (2021). 

https://doi.org/10.3389/fmech.2021.768508. Permission was obtained from all the co-

authors involved in the published studies. 

5.1 Model Validation 

5.1.1 Dispersion Curve Analysis 

COMSOL Dispersion Curves and Unit-Cell Displacement 

To fully understand the behavior of the presented metamaterial vibration 

attenuation energy harvesting structure, we further analyze the results of the COMSOL 

FEM model described in section 3.3. The frequency bandgaps of the metamaterial 

vibration attenuation energy harvesting structure shown in Figure 5-1 are analyzed using 

COMSOL FEM. Periodic boundary conditions were imposed and geometric and material 

properties were set similar to those measured and reported in Table 4-1. Figure 5-1 

shows the dispersion curve of the metamaterial structure obtained using COMSOL model 

described in section 3.3. Figure 5-1 suggests that there exists two major bandgaps within 

frequency range of 100-1000 Hz. The first and second bandgaps are 218-247 Hz and 589-

780 Hz, respectively. 
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Figure 5-1: Dispersion curve and frequency bandgaps of a metamaterial structure 

consisting of cantilever beams with tip coils and central magnet obtained using 

COMSOL simulations.  Frequency bandgaps: The first and second bandgaps are 218-

247 Hz and 589-780 Hz, respectively, (marked in gray). 

  Figure 5-2 shows the corresponding mode shapes obtained using COMSOL at the 

lower and upper edges of the first and second bandgaps, i.e. 218, 247, 589, and 780 Hz, 

respectively. Clearly, within these bandgaps vibrations are attenuated and trapped within 

the metamaterial structure. Also, the fundamental resonant frequency of the unit cell 

(combined cantilever beams, tip coils, and central magnet) was estimated using 

COMSOL at approximately 224 Hz. The fundamental resonant frequency falls within the 

first bandgap of the metamaterial structure, i.e. 218-247 Hz. As shown in Figure 5-2, at 

the lower and upper edges of the first bandgap, the deformations of the unit cell are 

localized within the cantilevers.  The vibrational energy is localized within the frequency 

bandgap and converted into kinetic energy of the resonating cantilevers. Also, Figure 5-2 

suggests that maximum bending deformations of the local resonators occur within the 

first bandgap. Therefore, it is expected that most of energy harvesting will occur within 

the first bandgap. This observation agrees with the vibration energy harvesting 

measurements that were performed in this work and discussed later in this article. Since 
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most mechanical vibrations in nature occur at frequencies lower than 300 Hz [14], in this 

work, energy harvesting is targeted within this bandgap, i.e. 218-247 Hz. 

 

Figure 5-2: Mode shapes at the edge frequencies of each bandgap obtained using 

COMSOL model simulations.    

Eigen-Value Equation Dispersion Curve Result 

Moving a step further in confirming the COMSOL FEM dispersion curve result, 

wave propagation through the metamaterial structure is investigated using the Eigen-

value equation developed in Eq. 3-46. For every selected frequency value, 𝜔, the 
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solutions of the wave vector, 𝑧 , are obtained.  Figure 5-3 shows the results obtained 

from solving the eigenvalue problem given by Eq. 3-46. Here, a stop-band exists when 𝑧 

is imaginary, while a pass-band exists when 𝑧 is real [12]. As shown in Figure 5-3, the 

stop-bands of the wave are marked in gray. Results reveal that there exists two main stop-

bands in the frequency range 1-1000 Hz.  These bands are occurring in the range of 121-

310 Hz (lower frequency range) and 528-674 Hz (higher frequency range), respectively. 

These two bands are the result of the horizontal-beam itself and the Local resonators (LR) 

[23].  That is, a higher frequency stop-band is created as a result of vibration phase 

differences – in phase and out of phase - between adjacent unit cells. A low frequency 

stop-band is typically generated by the LR stop-band due to the attenuation effect of the 

resonators. 
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Figure 5-3: Band structure obtained by solving Eq. 3-46 to investigate the wave 

attenuation capabilities of the metamaterial structure. First and second frequency 

bandgaps are 121-310 Hz (lower frequency range) and 528-674 Hz (higher frequency 

range), respectively, (marked in gray). 

5.1.2 Semi-Analytical Model Results 

Having obtained the dispersion curves of the layered-metamaterial structure 

showing the possible positions of bandgaps, the transmissibility of the layered-beam 

metamaterial structure is then presented with FRF. The results from the FRF analysis 

were obtained from Eq. 3-17 as the Root Mean Square ratio between the output 

displacement (at the center of the uppermost beam) and the input displacement (from the 

vibration source) [12]. The parameters used in this study are shown in Table 4-1. For the 

purpose of model validation and design investigation, a layered metamaterial structure 

made of 3 unit cells per horizontal beam, three vertical columns between beams, and a 

total of four horizontal beams was manufactured (Figure 4-2). The size limitation of the 

3D-printer used in this research work informed our decision to focus on 3 unit cells per 

beam and four horizontal beams. In this study, modes beyond the fourth modes were 

truncated because higher modes are unnecessary as have been shown in the literature 



44 

[14]. For example, the 5th mode of the unit cell is 1469 Hz, which is much higher than the 

frequency range of interest in the current study (below 700 Hz). When frequencies much 

higher than 700 Hz are considered, the value of N should be increased to capture those 

higher modes [12]. 

We start by examining the displacement amplitude of the topmost local resonator, 

i.e., cantilever beam, and the lowest local resonator.  Displacement response was 

obtained using Eq. 3-16 and results are shown in Figure 5-4.  Results reveal peak 

displacement at approximately 220 Hz. This peak closely corresponds to the first 

fundamental resonant frequency of the unit cell which was also determined and verified 

using COMSOL simulations and found at, approximately, 224 Hz [34]. 

 

Figure 5-4: Displacement amplitude of local resonators at the top horizontal beam and 

the lowest horizontal beam showing resonant peak around 220 Hz, close to the overall 

resonant peak of the unit cell, 𝐹𝑛=224 Hz. 

Next, the transmissibility of the metamaterial structure was estimated using Eq. 

3-17 and the results are shown in Figure 5-5.  Results reveal two main bandgaps of 

interests, i.e., below 700 Hz.  Frequencies higher than 700 Hz were not considered in this 
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work because most of mechanical vibrations in nature occur at frequencies well below 

the 700 Hz frequency limit adopted in this work [14]. The first bandgap expands from 

190 Hz to 410 Hz with its lowest transmissibility dip occurring at approximately 245 Hz.  

The second frequency bandgap takes place between 550 Hz - 710 Hz with its lowest dip 

at approximately 600 Hz. 

 

Figure 5-5: Transmissibility of the layered metamaterial vibration attenuation structure 

obtained using model simulations. The first bandgap (190 Hz – 410 Hz) and the second 

bandgap (550 Hz – 710 Hz) are shown in the shaded regions. 

It is worth noting that the level of vibration attenuation, shown in Figure 5-5, 

observed within the first bandgap is significantly larger than the level of vibration 

attenuation observed in the second bandgap. This is likely because most of the vibrational 

energy is localized within the first bandgap. To further investigate this behavior, the input 

and output displacements of the layered metamaterial structure at frequency within the 

first bandgap, 𝐹𝑛= 224Hz, are obtained using Eq. 3-12 and Eq. 3-2. Results are shown in 

Figure 5-6a. Similarly, output and input displacements are obtained at higher frequency 
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within the second bandgap, i.e., 600 Hz using Eq. 3-12 and Eq. 3-2 and results are shown 

in Figure 5-6b.  Figure 5-6(a-b) reveals that, at those selected frequencies, the output 

displacement amplitudes are suppressed compared to the input displacement amplitudes. 

Nonetheless, near the fundamental resonant frequency of the cantilever, i.e., 224 Hz the 

vibrations are trapped in the local resonators. This localization of vibrational energy 

results in significant reduction in the displacement of the most-upper beam (output) 

compared to the bottom beam near the vibration source (input) as shown in Figure 5-6a. 

This observation explains the substantial dip in transmissibility within the first bandgap 

compared to the second bandgap as shown in Figure 5-5. 

 

Figure 5-6: Model simulations of displacement response of the local resonators at the 

topmost beam and the lowest beam within the two main frequency bandgaps: (a) within 

the first bandgap at the unit cell’s resonant frequency, 𝐹𝑛=224 Hz, (b) within the second 

bandgap, 𝐹=600 Hz. 
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5.2 Experimental Results 

5.2.1 Transmissibility Result 

In this section, model simulations are validated against experimentally measured 

data and the results are shown in Figure 5-7. Measured data shown in Figure 5-7 were 

obtained using experimental setup shown in Figure 4-3. Results show a good agreement 

between model simulations and measured data (Figure 5-7). While results from both 

model simulations and experimental data exhibit alike characteristics and trends some 

discrepancy is present. For example, semi-analytical model simulations predict a second 

bandgap of 550 Hz – 710 Hz compared to the measured one, i.e., 587-639 Hz. This 

mismatch between model simulations and measured data may be attributed to a few 

factors. First, the mismatch between model simulations and experimental data may be 

attributed to the protrusions and cuts that exist in the fabricated layered-beam 

metamaterial structure and were not factored into the model simulations. The presence of 

some extruded cuts and holes in the 3D printed layered metamaterial structure, coupled 

with defects accrued from assembling the tip masses and the 3D printed layered 

metamaterial structure may contribute to the slight mismatch between model and 

experiment. Second, printing parameters such as temperature, extrusion rate and speed 

may affect the quality of 3D printed structures [14], [43]–[47]. These are factors that 

cannot be readily accounted for in the developed model. For example, Reichl et al., found 

that changes in 3D printing temperature may affect the damping properties of cantilever 

vibration absorbers and therefore likely to adjust their resonant frequencies [43]. In this 

work, similar to the approach taken by Xia et al., fixed modal damping ratio was assumed 

for simplicity [1]. Additionally, the slight mismatch between model simulations and 



48 

experiment may be attributed to the experimental setup itself. For instance, deviation 

between dynamic model predictions and experiment was reported by Dong et al. [41], 

Lee et al. [48], Berdy et al. [49], and Dhote et al. [50] and it was attributed to the likely 

presence of a small tilt in the experimental rig which may lead to multi-direction 

vibrations and damping that are not accounted for in the dynamic model. 

 

Figure 5-7: Measured transmissibility of the layered metamaterial vibration attenuation 

structure showing two notable frequency bandgaps, i.e., 205-257 Hz and 587-639 Hz 

Results from COMSOL model simulations and Eigen-value equation (Eq. 3-46) 

also show good agreement between models’ predictions and measured experimental data 

(Figure 5-7) for both bandgaps. However, some discrepancy between models’ 

predictions and measured data is still evident. The measured bandwidth of the first 

bandgap (205-257 Hz) is wider than the bandwidth of the COMSOL simulation-based 

first bandgap. A similar observation was made and reported by Chen et al. [14]. This may 

be attributed to some of the approximations made in the COMSOL model simulations 
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including absence of damping [14]. Similarly, the first bandgap obtained from Eq. 3-46 is 

a little wider than the bandgap predicted by COMSOL simulations and experiment as 

shown in Table 5-1. This is likely because of some of the simplifications and 

approximations made in the model (Eq. 3-46) including absence of damping. Also, the 

Eigen-value equation model does not factor in some of the experimental design 

complexities including the flange attachment at the contact point with the beam. The 

model also assumes small displacements of the transverse beam and ignores the mass 

contribution from the transverse beam. Nonetheless, both models predict similar 

behaviors and show alike trends compared to measured data. The two main 

transmissibility regions are clearly in agreement for all models and experiment. 

Furthermore, results from experiment show that the level of vibration attenuation, 

represented as the dip in the transmissibility curve in Figure 5-7, occurring in the first 

bandgap is substantially larger than the level of vibration attenuation observed in the 

second bandgap. This behavior is expected since, as discussed earlier and shown in 

Figure 5-2, the second bandgap experiences less deformations compared to the first 

bandgap and most vibrational energy is localized within the first bandgap where the 

fundamental resonant frequency is located, i.e. 224 Hz. In Table 5-1 below, the 

frequencies ranges of the first and second bandgaps for the three model approaches and 

experiment are presented in a tabular form. 
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Table 5-1 Comparison between frequency bandgaps obtained using experiment and 

models. 

 Experiment  COMSOL simulations  Eigen-

value 

equation  

Semi-

analytical 

model 

First band (Hz)  205-257 218-247 121-310  190 – 410  

Second band (Hz) 587-639 589-780 528-674 550 – 710  

 

5.2.2 Energy Scavenging Capability Analysis 

The ability of the fabricated layered-beam metamaterial structure to scavenge 

electric power while concurrently attenuating undesired vibrations is examined next. 

Figure 5-8 shows electric power harvested from one cantilever located in the bottom 

central unit cell of the metamaterial structure. In this experiment the metamaterial 

structure was driven harmonically at 0.5g m.s-2 and fixed frequency (selected within the 

first bandgap, i.e. 223 Hz) while the load resistance was swept in the range of 1-1000 Ω 

(Figure 5-8a). The same experiment was repeated at a fixed frequency selected from the 

second bandgap, i.e.  615 Hz, as shown in Figure 5-8b. Results from these experiments 

confirm that most of the vibrational energy is localized within the first bandgap; causing 

the cantilevers to locally resonate. Consequently, within the first bandgap, kinetic energy 

in these resonating cantilevers is effectively converted into electric power through the 

coils at the free-end of these cantilevers. Maximum power outputs of, approximately, 2.5 

µW and 0.6 nW were measured at 223 Hz (first bandgap) and 615 Hz (second bandgap), 

respectively. Thus, results demonstrate that both vibration transmissibility (Figure 5-7) 

and energy harvesting (Figure 5-8) characteristics of the fabricated metamaterial 
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structure are more prominent in the first frequency bandgap. Also, Figure 5-8 reveals 

that the maximum power output occurs at optimum load resistance of 15 Ω.  

 
Figure 5-8: Measured electric power from a single cantilever within a unit cell at (a) 

223 Hz and (b) 615 Hz and 0.5g m.s-2. 

 

It is also worth noting that the improvement in energy harvesting within the first 

bandgap (205-257 Hz) is accompanied by stronger vibration attenuation. That is, 

vibration attenuation and energy harvesting characteristics of the metamaterial structure 



52 

are coupled. Stronger vibration attenuation leads to enhanced vibration energy harvesting 

capabilities. This is further demonstrated in Figure 5-9 which shows the output electric 

power versus frequency. In this experiment, the metamaterial structure was swept 

harmonically at 0.5g m.s-2 in the frequency range of 50-500 Hz. The load resistance was 

fixed at the optimum value, i.e. 15 Ω, in order to maximize power generation. It is clear 

that, within the bandgap (205 Hz-257 Hz), the large dip in the transmissibility curve 

(Figure 5-7) corresponds to the maximum power generation (Figure 5-9).  Also, Figure 

5-9 reveals that the maximum power generated within the frequency bandgap can reach 

up to, approximately, 5.2 µW at 245 Hz. 

 

Figure 5-9: Measured output electric power spectrum from a single cantilever at fixed, 

optimum, load resistance of 15 Ω and acceleration level of 0.5g m.s-2. Measured 

frequency bandgap is denoted in red. 

 

 It is important that performance metrics of the presented metamaterial vibration 

attenuation energy harvesting structure are compared to the state-of-the-art work reported 

in recent literature. This is shown in Table 5-2. The fabricated metamaterial vibration 

attenuation energy harvesting structure performed very well compared to other efforts 

recently reported in the literature. For example, the metamaterial structure was able to 



53 

attenuate undesired vibrations at the, typically, targeted frequencies, i.e. less than 300 Hz. 

Concurrently, the presented metamaterial structure produced significantly more electric 

power compared to what has been reported in the literature. Table 5-2 also shows another 

advantage of the work presented in this article. The optimum load resistance to maximize 

electric power was significantly lower compared to what has been reported in the 

literature. This low impedance guarantees higher electric current that is desirable to 

operate electronic circuits for sensors, as discussed earlier in this article. Although our 

initial prototyping efforts produced a metamaterial structure with comparable metrics to 

what has been reported in the literature, it should be noted that optimization of this 

metamaterial dual-purpose structure is beyond the scope of work reported in this article. 

The work reported in this article is focused on design, proof-of-concept experiments, and 

characterization tests of the metamaterial structure rather than optimization. Several 

design improvements can be made to improve the overall performance of the fabricated 

metamaterial dual-function structure. This includes optimization of geometries and 

dimensions of the cantilever beams, tilt angle of cantilever beams, number of unit cells, 

and size and location of central magnets, etc. 
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Table 5-2: Comparison between power output and load resistance of presented work with 

recent advancements in the field. 

 Load 

Resistance 

(K𝛀) 

Power 

Output 

(𝝁𝑾) 

First 

frequency 

bandgap 

(Hz) 

Specifications 

Ying Li et 

al.[14]  

 

1,000 0.05 146-171 Simultaneous vibration 

attenuation and energy 

harvesting using Piezoelectric, 

PVDF.  

Jung-San 

Chen et 

al.[37]  

 

200 0.5 340-426 Simultaneous vibration 

attenuation and energy 

harvesting using Piezoelectric, 

PVDF. 

Xu et al. [51] 

 

- - 144-188 Only vibration attenuation. 

Zhu et al. 

[52] 

 

- - 210-700 Only vibration attenuation. 

Kyung Ho 

Sun et al. 

[53] 

 

20  0.345 -  Only energy harvesting 

capability using acoustic 

metamaterial and a double-

clamped piezoelectric bimorph 

plate. Results were reported at 

600 Hz.  

This work 0.015 5.2 205-257 Simultaneous vibration 

attenuation and energy 

harvesting using magnet-coil 

system. 

5.3 Dynamic Behavior of Layered Metamaterial Structures 

5.3.1 Effects of Varying Parameters on Transmissibility  

Effect of Increase in Resonator Number per Beam 

Furthermore, design criteria and effects of different design parameters on the 

response of the layered metamaterial vibration attenuation structure are investigated using 

the developed semi-analytical model. Figure 5-10 shows the effect of the number of local 
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resonators (unit cells) per beam on the transmissibility of the layered metamaterial 

structure. It is worth noting that each unit cell has a length, 𝐿𝑢= 50mm and one local 

resonator. The nominal original horizontal beam is comprised of three-unit cells, 

implying three local resonators per beam. Therefore, an increase in the number of local 

resonators (unit cells) per horizontal beam from 3 to 5 yields an increase of the overall 

length of all the horizontal beams (L) from 150mm to 250mm (Figure 5-10a). Figure 

5-10b shows that an increase in the number of local resonators (unit cells) per beam leads 

to new frequency bandgaps opening up at lower frequencies. For instance, increasing the 

number of resonators from 3 to 5 introduces a new bandgap at lower frequencies i.e., 98 

Hz – 128 Hz. The same pattern of an extra bandgap opening up at lower frequencies 

persists when the local resonators increased to 7 and then 10. This is likely because, with 

an increase in the number of unit cells, more resonant peaks are expected to appear at 

lower frequencies [12]. Also, an increase in the number of local resonators means that the 

length of the horizontal beams and the forces acting on these beams are changed while 

the geometry of the local resonators remained the same. Therefore, in Figure 5-10b, the 

new bandgaps can also be attributed to Bragg’s scattering that is resulting from intrinsic 

changes on the horizontal beam. It can also be observed that the depth of the bandgap 

decreased when the number of local resonators increased. This reduction in the depth of 

the transmissibility is likely due to the fact that, with an increase in the number of local 

resonators, there is also a concurrent increase in the number of vertical beams holding the 

horizontal beams. The increase in the number of vertical beams makes the overall layered 

metamaterial vibration attenuation structure stiffer; resulting in smaller transmissibility 
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depths as shown in Figure 5-10b. Therefore, a tradeoff between having more bandgaps at 

lower frequencies and reduction in the transmissibility dips exists. 

 

Figure 5-10: Effect of increasing the number of local resonators (unit cells) on the 

transmissibility behavior of the layered metamaterial vibration attenuation structure: 

(a) Graphical cartoon representation of changes in the layered metamaterial structure 

as the number of unit cells (local resonators) per beam increases from α = 3 to α = 5. 

(b) Model simulation of transmissibility when increasing the number of local 

resonators. 

Effects of Variation in Resonator Length 

The impact of changes in the local resonators design on the first frequency 

bandgap is properly analyzed. The lengths of the resonators are varied and results are 

shown in Figure 5-11. Results show that increasing the length of the local resonators 

causes the first bandgap to move to lower frequencies. Results also suggest that when the 

length of the local resonators is increased above the nominal length, 𝐿𝑟, the high 
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frequency bandgap, i.e., second frequency bandgap, stays almost unchanged. For 

instance, when the length of the local resonators is increased from 1.5𝐿𝑟 to 1.8𝐿𝑟 the first 

bandgap shifts from 118 Hz - 250 Hz to 93 Hz - 200 Hz while the second frequency 

bandgap remains the same i.e., 440 Hz - 660 Hz. This is likely because an increase in the 

length of the local resonator reduces the stiffness and subsequently its resonant 

frequency; causing the first bandgap to shift to lower values. The second bandgap 

remains unchanged because it is mostly affected by the dimensions of the horizontal 

beams which remained fixed. This is because higher frequency bandgaps are mostly 

affected by vibration phase differences between adjacent unit cells [23]. When the 

dimensions of the horizontal beam are not changed the higher frequency bandgap is 

minimally impacted. The transmissibility dip of the first bandgap, when the length of the 

local resonator is changed to 1.8𝐿𝑟, falls within the region of the new resonant frequency, 

𝐹𝑛= 105 Hz, of the local resonator. 
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Figure 5-11: The effect of changing the length of the local resonators on vibration 

transmissibility of the layered metamaterial structure and the position of the first and 

second bandgaps. 

 

Effects of Variation in the Length of Unit-Cells 

Additionally, the impact of a change in the horizontal beams’ characteristics on 

the frequency bandgaps is further investigated. This is done through studying the effect of 

variations in the length of the unit cell beam, 𝐿𝑢, while the number of resonators is kept 

the same (i.e.,  α = 3) and their dimensions unaltered (Figure 5-12a). Transmissibility 

results are shown in Figure 5-12b.  Here, the total length of each of the four horizontal 

beams, 𝐿, is increased from 150mm (when 𝐿𝑢 = 50mm), to 180mm (when 𝐿𝑢 = 60mm). 

A variation in the length of the unit cell’s horizontal beam from the original size, 𝐿𝑢 = 

50mm, results in noticeable changes in the second frequency bandgap (Figure 5-12b). 

When the length of the unit cell of the horizontal beams is changed from 60mm to 65mm, 

as shown in Figure 5-12b, the position of the first bandgap experiences slight changes.  

As shown in Figure 5-12b, only the edges of the first bandgap moved slightly from 150 
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Hz - 380 Hz to 138 HZ - 360 Hz.  Moreover, while altering the horizontal beams’ 

dimensions slightly affects the width of the first frequency bandgap, the depth of its 

transmissibility, which is primarily created by the local resonators, remains unchanged. 

On the other hand, with a closer look at the second bandgap, one can notice that there are 

more prominent changes. Here, the second bandgap becomes broader and shifts to the left 

with an increase in the length of the horizontal beams. This is expected because 

increasing the length of the unit cell, 𝐿𝑢, makes the total length of the horizontal beam 

longer and hence significantly impacts the vibration phase differences between adjacent 

unit cells. Thus, altering the horizontal beams’ dimensions has a strong impact on the 

second bandgap, i.e., the higher frequency bandgap. 
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Figure 5-12: Transmissibility graphs showing the effects of changing the length of unit 

cells on the first and second bandgaps of the layered metamaterial structure: (a) 

Graphical cartoon representation of changes in the length of the unit cell of the layered 

metamaterial structure. Note: the number of unit cells per horizontal beam remains the 

same (α = 3), but the total length of the horizontal beam is changed as the length of the 

unit cell is varied, (b) the results of a change in length of unit cell, from 40mm to 

65mm. 

5.4 Comparative Study of Bandgap Development in Single-Beam and Layered-

Beam Metamaterial Structures 

To further understand the possible advantages offered by layered-beam 

metamaterial structures over single-beam metamaterial structures, the transmissibility of 

a single-beam structure shown in Figure 3-4 is compared with a double-beam 
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metamaterial structure.  For the comparative analysis in this section, for both the single-

beam and double-beam structures, the parameters and dimensions in the literature used 

by both Yu et al. [11] and Zhou et al. [12] and shown in Table 3-1 are used. 

5.4.1 Transmissibility of Single-Beam and Double-Beam Structures  

The transmissibility of the single-beam metamaterial structure shown in Figure 

3-4 is analyzed first. Starting with a single horizontal beam metamaterial structure with 8 

unit cells (resonators), analyzing Eq. 3-18 to Eq. 3-20 numerically and substituting the 

results into Eq. 3-19, yields the FRF transmissibility shown in Figure 5-13.  

 

Figure 5-13: Transmissibility Bandgap of a single-horizontal beam metamaterial with 

8 unit cells. The material and design parameters were taken from Table 1. Results show 

a significant frequency bandgap at 300 Hz– 415 Hz.   
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To generate the transmissibility in Figure 5-13, the frequency was swept from 0 

Hz to 500 Hz. The input signal from the vibration source was taken from the left end of 

the horizontal beam (𝑥 =  0), while the output signal was taken from the right end of the 

horizontal beam (𝑥 =  𝐿). The results show the presence of one prominent frequency 

bandgap, i.e. 300 Hz-415 Hz. This bandgap surrounds the resonant frequency of the local 

resonator, i.e., 309 Hz. The results shown in Figure 5-13 reveal that the local resonators 

trap these vibrations within this frequency bandgap; making the bandgap a local-

resonator-influenced bandgap. The bandgap in Figure 5-13 agrees with the frequency 

bandgap reported and experimentally validated by Yu et al. [11]. Moreover, using the 

same material dimensions and material properties reported in Table 3-1, a similar local 

resonator bandgap was reported by  Zhou et al. [12]. 

To study the behavior of the bandgap generated by the double-layered 

metamaterial beam structure Eq. 3-12, Eq. 3-16 and Eq. 3-2 were applied in developing 

the transmissibility results. The resulting FRF of the transmissibility, generated using Eq. 

3-17, is shown in Figure 5-14. 
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Figure 5-14: Transmissibility and frequency bandgaps generated from model 

simulations of a double-layered metamaterial beam structure with 8 resonators and 

using the parameters shown in Table 1. Results show two significant frequency 

bandgaps, i.e. 238 Hz – 275 Hz and 300 Hz – 410 Hz, marked by the shaded area. 

The results from Figure 5-14 show two major bandgaps at (238 Hz – 275 Hz) and 

(300 Hz – 410 Hz). These two major bandgaps are marked by the shaded areas in Figure 

5-14. The first important bandgap occurred at 300 – 410 Hz. This bandgap is maintained 

within the resonant frequency region of the local resonators, i.e. local-resonator bandgap. 

In addition to this fundamental frequency bandgap, an extra significant bandgap in the 

lower frequency region appears in Figure 5-14, i.e. 238 Hz – 275 Hz. This second 

bandgap is the result of the Bragg’s scattering phenomena [22] . In effect, with double-

layering, the metamaterial beam structure showed the ability to generate multiple 

bandgaps and at a lower frequency level. Having these multiple bandgaps with some of 

them happening at lower frequency is desirable for practical applications of metamaterial 

structures [14].   
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Comparing the results from Figure 5-13 and Figure 5-14, the advantage offered 

by a double-beam layered metamaterial beam structure over a single-beam metamaterial 

structure is evident. First, Figure 5-14 shows a clear additional lower frequency bandgap 

in double-layered metamaterial structure, i.e. 238 Hz – 275 Hz. Moreover, Figure 5-14 

exhibits two frequency bandgaps, i.e. 238 Hz – 275 Hz and 300 – 410 Hz, for the double-

layered metamaterial structure, compared to a single frequency bandgap, i.e. 300 Hz– 415 

Hz in the single-beam metamaterial structure shown in Figure 5-13. This is particularly 

useful in a situation where a specific frequency range is required while an extra bandgap 

is also desirable. It is worth noting that in Zhou et al. [12] a low frequency bandgap in the 

single beam metamaterial was achievable using the negative stiffness design adopted in 

their work. This negative stiffness resulted in only a single frequency bandgap. Thus, a 

main advantage of the double-beam layered metamaterial structure presented in this 

article is the ability to create a low frequency bandgap in addition to the local-resonator 

frequency bandgap as shown in Figure 5-14. 

5.4.2 Additional Advantages of Layered Metamaterial Structures  

To gain more insight on the comparative differences between single-beam and 

layered-beam metamaterial structures, the effect of increasing the number of local 

resonators per beam is explored next. Here, the number of local resonators that are 

attached to the single-beam metamaterial structure, shown in Figure 3-4, is increased 

from 8 to 12 and then 16. In effect, the number of unit-cells increased while the length of 

unit-cells remains the same. This leads to changes in the overall length of the horizontal 

beams. The results are shown in Figure 5-15. 
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Figure 5-15: Transmissibility and frequency bandgaps of a single-beam metamaterial 

structure obtained using model simulations when the number of local resonators is 

increased: (a) A single-beam metamaterial structure with 8 local resonators, (b) A 

single-beam metamaterial structure with 12 local resonators, and (c) A single-beam 

metamaterial structure with 16 local resonators.   
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Figure 5-15 shows that a single notable frequency bandgap is developed when the 

number of local resonators that are attached to the beam is increased from 8 to 16. The 

frequency bandgaps, marked by the shaded area in Figure 5-15, are 300 Hz– 415 Hz, 

298-438 Hz, and 296 - 438 Hz for 8, 12 and 16 local resonators, respectively. No 

additional significant frequency bandgaps open up when the number of local resonators is 

increased from 8 to 16 as shown in Figure 5-15. These single frequency bandgaps 

correspond to the region of the resonant frequency of the local resonators. Also, the 

results from Figure 5-15 show that the width of the local resonator bandgap becomes 

broader when the number of local resonators increased from 8 to 12 and then 16 

resonators. This broadband frequency bandwidth can be attributed to the merging of 

small Bragg’s scattering bandgaps that are developing close to the local resonator 

bandgap with the fundamental local resonator bandgap. This widening of central local 

resonator bandgap as a result of Bragg’s scattering bandgaps developing close to it is 

called coupled-resonance-Bragg’s bandgap and has been reported by multiple researchers 

in literature [22], [23], [42].  

In a similar fashion, the effect of increasing the number of local resonators per 

horizontal beam on the transmissibility of the double-beam metamaterial structure, is 

analyzed next. Figure 5-16 displays the frequency bandgaps obtained when the number 

of local resonators is increased from 8 to 16 per horizontal beam. 
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Figure 5-16: Transmissibility of a double-beam metamaterial structure when the 

number of local resonators per horizontal beam is increased: (a) A double-beam 

metamaterial structure with 8 local resonators, (b) A double-beam metamaterial 

structure with 12 local resonators, and (c) A double-beam metamaterial structure with 

16 local resonators. 

Figure 5-16 shows two main outcomes. First, a major broad frequency bandgap 

lives near resonance frequency of the local resonators, i.e. 298 Hz – 410 Hz for 8, 12 and 

16 local resonators, respectively. These frequency bandgaps did not witness a significant 

change in their width as the number of local resonators increased. This is likely because 
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there was no alteration to the shape and design of the local resonators. Moreover, as the 

number of local resonators per horizontal beam is increased from 8 to 16 additional 

bandgaps opened up. These additional bandgaps tend to exist in the lower frequency 

region. For example, as shown in Figure 5-16, a second frequency bandgap opened up at 

238 Hz – 275 Hz, 267 Hz – 281 Hz, and 279 Hz - 286 Hz for 8, 12 and 16 local 

resonators, respectively. Figure 5-16b, a third bandgap opened up at 126 – 157 Hz. This 

opening of extra bandgap at the lower frequency in layered-beam metamaterial structure 

as the number of resonators increases has been witnessed in another generic work on 

layered-metamaterial bandgaps [54]. It is of importance to note that increasing the 

number of local resonators (unit-cells) per horizontal beam comes with an increase in the 

overall vertical linking beam. Increased forces act on the beam; increasing the overall 

internal changes on the structure in layered-metamaterial beam structures. In Figure 

5-16c, in addition to the three major bandgaps, marked by the shaded area, the sign of a 

fourth bandgap at frequency below 100 Hz begins to open-up. Though this is not 

considered a major bandgap because the depth is not significant enough, following a 

similar approach adopted by Zhou et al, it is enclosed by the square in Figure 5-16c. 

These extra bandgaps are likely the result of Bragg’s scattering phenomena. Additionally, 

as the number of local resonators is increased from 8 to 16, the transmissibility depth of 

the fundamental local resonator bandgap (292-430 Hz) decreased. This is mainly due to 

the increase in the number of vertical beams as the number of unit cells increased. That 

is, the vertical beams make the metamaterial structure stiffer.  

The advantage of increasing the number of local resonators that are attached to 

the double-beam metamaterial structure, shown in Figure 5-16, compared to increasing 
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the number of local resonators that are attached to the single-beam metamaterial 

structure, shown in Figure 5-15, is evident. As the number of local resonators in the 

double-beam metamaterial structure is increased, the number of vertical beams 

connecting these beams increases as well. This, consequently, manifests the development 

of Bragg’s scattering frequency bandgaps in the double-beam metamaterial structure. 

This leads to the development of multiple frequency bandgaps in the double-beam 

metamaterial structure. 
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Figure 5-17: The effect of length of unit cells on transmissibility and frequency 

bandgaps: (a) A single-beam metamaterial structure with 8 local resonators per 

horizontal beam, (b) A double-beam metamaterial structure with 8 local resonators per 

horizontal beam. The lengths of the unit-cell are changed from 𝐿𝑢, to  1.25 𝑥 𝐿𝑢 and 

1.50 𝑥 𝐿𝑢.   

Next, the effect of the length of unit cells on the frequency bandgaps is 

investigated. In Figure 5-17, the length of the unit cell 𝐿𝑢 is increased by 25% and 50%, 

respectively. Here, the number of local resonators per horizontal beam remained fixed at 

8 and the design of local resonators was unaltered. In Figure 5-17a, the results show that 
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as the unit-cell’s length of the single-beam metamaterial structure was varied, no 

significant extra bandgaps opened up. The region of the local resonator bandgap 

remained mostly unaltered when the length of the unit cell was changed. However, in 

Figure 5-17b, results show that altering the unit-cell’s length for a double-beam 

metamaterial structure leads to development of noticeable lower frequency bandgaps. For 

example, increasing the length of the unit cell by 25% resulted in a low frequency 

bandgap around 190 Hz – 225 Hz in addition to the fundamental local-resonator 

influenced frequency bandgap at 298 Hz – 410 Hz.  In both Figure 5-17a and Figure 

5-17b, the length of the unit-cell 𝐿𝑢 was increased while the number of local resonators 

per horizontal beam remained unaltered. A 25% increase in the length of the unit-cell for 

double-layered structure shifted the Bragg’s scattering lower frequency bandgap from 

238 Hz – 275 Hz to 190 – 225Hz Hz. This is not uncommon, as multiple works in 

literature have shown that an increase in the length of unit-cells while the number of unit-

cells remained constant leads to the development of Bragg’s bandgap at the lower 

frequencies below the central local resonator bandgap[22], [23], [42]. Moreover, one can 

notice that the number of bandgaps generated by altering the length of the unit cell, i.e.  

Figure 5-17b, is less than the number of bandgaps generated from increasing the number 

of local resonators per beam, i.e. Figure 5-16. Nonetheless, as shown in Figure 5-17b, 

changing the length of the unit cell offers a good alternative for lowering frequency 

bandgaps when it is desired to keep the number of local resonator constant. However, it 

has been noted in literature that as the number of unit-cells is fixed while the length of 

unit-cells vary, the damping effect decreases with decrease in frequency [9], [22], [23]. In 

applications where attempts to lower the transmissibility bandgap by increasing the 
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number of local resonators is not feasible, small changes to the length of the unit cells can 

be a viable option. This can be done while maintaining a fixed number of local resonators 

per horizontal beam. In conclusion, while changing the stiffness and design of the local 

resonators may offer a route for lowering the frequency bandgaps [11], [12], [23], the 

work presented in this article offers an additional venue for controlling and adding more 

frequency bandgaps through layering of metamaterial structures. 

  

 

 



73 

 

CHAPTER 6 

 

CONCLUSIONS 

The scope of this doctorate project covered the development of a generic 

modelling approach to layered-beam metamaterial structures, the validation of the model 

using predictive dispersion curves developed both through COMSOL and Eigen-Value 

equation. The semi-analytical model was developed to be generic enough for use by any 

researcher modeling any number of layered metamaterial structure with varying 

resonators per horizontal beam. The ability of the layered-metamaterial structure to 

concurrently harvest electric power was studied and the effects of varying design 

parameters were analyzed. Ultimately, a lot of vital conclusions on the behavior of 

layered-beam metamaterial structures were derived from this research project. These 

conclusions are detailed in this section.  

6.1 Model Platform for Layered-Beam Metamaterial Structure 

In this doctorate project, design criteria and generalized modelling platform for 

layered metamaterial structures with local resonators have been established. A 

fundamental semi-analytical model has been developed using Galerkin method and 

superposition of modes to describe the dynamic response and transmissibility of the 

layered metamaterial vibration attenuation structure in response to an external vibration.  

The transverse vibrations of the layered metamaterial beams were represented with Euler-

Bernoulli equation of beams. A prototype of the layered metamaterial structure has been 
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fabricated and validated experimentally. The prototyped layered metamaterial vibration 

attenuation structure constituents included four horizontal beams, local resonators 

forming unit cells, and vertical beams linking the horizontal beams together. Each local 

resonator consisted of cantilevers with tip masses, while horizontal beams were 

connected to each other via the vertical beams. Results show good agreement between 

model simulations and experimental data. Results also reveal the roadmap for successful 

design of layered metamaterial structures. The effects of various core design parameters 

in the layered metamaterial structure on the first and second frequency bandgaps have 

been investigated in this work. Main conclusions from the model design of layered 

metamaterial structures and their parametric analysis studies include:  

 The depth, width and position of the local resonator frequency bandgap is 

primarily determined by the design of the local resonators. 

 An increase in the number of local resonators tends to open up extra frequency 

bandgaps at lower frequencies with the drawback of reducing the depth in 

vibration transmissibility. 

 Another essential factor in shaping the transmissibility curves of these layered 

metamaterial structures is the horizontal beams hosting the local resonators. 

Direct changes to the horizontal beams tend to, mainly, affect the higher 

frequency bandgaps. An increase in the length of the horizontal beams, while the 

number and design of the local resonators are fixed, noticeably broadens the 

second frequency bandgap and shifts it to lower frequencies. 



75 

 Since most mechanical vibrations occur at low frequencies, i.e., less than 300 Hz, 

adjusting the design of local resonators within the layered metamaterial structures 

is more likely to yield desired lower frequency bandgaps. 

6.2 Power Output in Dual-Purpose Metamaterial Structures 

The literature is replete with attempts by researchers to develop more accurate and 

better dual-purpose beam-type metamaterial structures for vibration isolation and energy 

harvesting. While a lot of these efforts have been focused on the use of piezo-electric 

actuators to convert trapped vibration energy into electricity, this research has gone on to 

show that magneto-electric actuators are promising alternatives.  

Our research work proved that, as anticipated, electric power can be generated at 

frequencies around the resonant frequency of local resonators in layered metamaterial 

structures. Electric power outputs of, approximately, 2.5 µW and 0.6 nW were measured 

at 223 Hz (first bandgap) and 615 Hz (second bandgap) at optimum load resistance of 15 

Ω. These results prove that when external vibrations are incident on the layered-beam 

metamaterial structure, most of the vibrational energy is localized within the local 

resonator bandgap. This vibration localization causes the cantilevers to locally resonate 

and kinetic energy in these resonating cantilevers to be, effectively, converted into useful 

electric power through the coils at the free-ends of these cantilevers. Results also show 

that vibration attenuation and energy harvesting characteristics of the metamaterial 

structure are coupled. Stronger vibration attenuation has led to enhanced vibration energy 

harvesting capabilities. Frequency sweep measurements at optimum load resistance of 15 

Ω reveal that maximum power generated within the first frequency bandgap reaches, 

approximately, 5.2 µW at 245 Hz.  
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Compared to state-of-the-art and reported literature, the layered-beam 

metamaterial structure studied in this work has shown an order of magnitude 

improvement in electric power generation, at substantially lower optimum load 

resistance, while maintaining the ability to attenuate undesired vibrations in a frequency 

bandgap of 205-257 Hz. 

6.3 Bandgap Development Comparison between Single-Beam Structures and 

Layered-Beam Structures 

In order to present a knowledge-base for engineers and researchers developing 

applications requiring beam-type metamaterial structures, the limitations and advantages 

of both single-beam metamaterial structures and layered-beam metamaterial structures 

are presented. The single-beam metamaterial structure presented in this article consists of 

a free-free horizontal beam with equally spaced local resonators attached to the horizontal 

beam. This single-beam structure is compared with a double-layered metamaterial beam 

structure is comprised of two layers of horizontal beams linked by vertical beams.  

Results from this work show differences between the bandgap developed in single-beam 

metamaterial structures and layered-beam metamaterial structures. These differences are 

vital points of interest for designers who are considering the choice of single-beam 

metamaterial structure or layered-beam metamaterial structure for a specific engineering 

application. The following conclusions were derived from the comparative study carried 

out in this work: 

 For a single-beam metamaterial structure with equally spaced local resonators of 

the same design, there is a single notable frequency bandgap near the region of 

the resonant frequency of the local resonators. 
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 Increasing the number of local resonators that are attached to the horizontal beam 

of the single-beam metamaterial structure does not yield multiple bandgaps. 

Nonetheless, increasing the number of local resonators that are attached to the 

horizontal beam of the single-beam metamaterial structure may slightly increase 

the width of the local resonator bandgap. This increase in width is likely due to 

the merging happening between the fundamental local resonator bandgap and 

adjacent, smaller, Bragg’s scattering bandgaps. 

 When it is desirable to maintain the design of the local resonators in the 

metamaterial structure, layering the horizontal beams offers a means for both 

lowering the frequency bandgap and developing additional bandgaps. 

 While increasing the number of local resonators per horizontal beams in the 

layered metamaterial leads to the birth of additional lower frequency bandgaps, 

the same effect is not applicable to single-beam metamaterial structures. 

 When increasing the number of local resonators is not practicable in application 

use cases of beam-type metamaterial structures, small changes to the length of the 

unit cells can be a viable option. Changes to the length of the unit cells while 

keeping the number of local resonators constant also leads to lower frequency 

bandgap. 

 
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