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ABSTRACT

This dissertation consists of two parts. Part one deals with three-dimensional laser
induced chemical vapor deposition (3D-LCVD), whereas part two deals with a Pennes
model of a 3D skin structure. LCVD is an important technique in manufacturing complex
micro-structures with high aspect ratio. In part one, a numerical model was developed
for simulating kinetically-limited growth of an axisymmetric cylindrical rod by pre-
specifying the surface temperature distribution required for growing the rod and then by
obtaining optimized laser power that gives rise to the pre-specified temperature
distribution. The temperature distribution at the surface of the rod was assumed to be at
the unsteady state, and a least squares method was implemented to obtain the optimized
laser power by minimizing the deviation between the calculated temperature distribution
and the pre-specified temperature distribution. Results from this model were compared

with results from Chen’s %

model, which assumed that the temperature distribution at
the surface of the rod was at steady state. Also, two different mesh sizes were used in
these models to measure the effects of mesh size on the final results.

Investigations on instantaneous skin burn are useful for an accurate assessment of
burn-evaluation and for establishing thermal protections for various purposes. The
Pennes’ bioheat model is a widely used model for predicting the degree of skin burn. In
part two, a domain decomposition method was developed for solving a 3D Pennes’

bioheat transfer equation in a triple-layered skin structure. The Pennes’ bioheat transfer

equation was discretized by the Crank-Nicholson scheme. A least squares method was

1ii
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incorporated in the model so that one could calculate the required laser power for the skin
structure to reach a pre-specified temperature at a pre-specified location after a pre-
specified laser exposure time. Numerical results of this model were obtained and

discussed.

iv
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PREFACE

The objective of this dissertation is the modeling and application of inverse heat
conduction problems. Two applications were studied. One is modeling of a laser-induced
chemical vapor deposition (LCVD). The other is a simulation of a bioheat transfer in a
3D triple-layered skin structure. Therefore, this dissertation consists of two parts. Part
one is concerned with LCVD modeling, whereas part two addresses the bioheat transfer
problem. Chapters one to four addresses issues related to LCVD, and chapters five to
eight deal with bioheat transfer. Outlines of contents of chapters in part one and two of

the dissertation are in chapter one and five, respectively.

xxi
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CHAPTER ONE

INTRODUCTION

1.1 General Qverview

Three-dimensional laser-induced chemical vapor deposition (3D-LCVD) is a
technique for depositing a certain material in a certain shape on a substrate by inducing
chemical reactions with a laser beam. This technique is very important in free-form
fabrication of high aspect ratio microstructures.

A 3D-LCVD system usually consists of a laser beam as energy source, a vacuum
chamber, and a moveable target. The laser beam (usually of a Gaussian profile) is
focused through a chamber window onto a substrate target as shown in Fig. 1-1. A
reactive gas is introduced into the chamber, and it reacts at (or near) the focal spot on the
substrate, leaving behind any solid-phase reaction product. The laser induces this
decomposition by either thermal- or photo-excitation. Precursors are chosen so that the
by-products of the reaction are volatile and easy to return to the surrounding gas mixture.

Microstructures with different specific shapes can be manufactured by 3D-LCVD.
The most common and simple application of 3D-LCVD is fiber growth. Bauerle!!! and
Wallenberger!?! have reported on growing of Si and C rods. Baum and Comita'™ reported
the growth of Au rods. Maxwell™* investigated the growth of Ni rods. Marcus!® reported

on the growth of Ti and C rods from various precursors, and Boman'® reported on the
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growth of B rods. Recently, some complex microstructures were grown by the three-
dimensional LCVD technique. Hanabusa et al. "' have grown micro-lenses; Pegna et
al.’®! are known for there active research in growing trussed structures and micro-wall
structures. Helical carbon fiber coils were also grown by Maxwell'” yielding high
elastic springs by simultaneously moving and rotating the substrate. Freestanding

conductive coils of polycrystalline tungsten and tungsten carbide were also grown!''"'2,

Figure 1-1 A schematic diagram of 3D-LCVD system.

Several analytical models of pyrolytic LCVD have been proposed. Cline ef al.!"*!
developed a model base on Green’s function; Calder et al™ build a model based on
Bessel transforms, and El-Adawi et al!'”! proposed a model based on Fourier series.
Karet et al.'® build a mathematical model for heat transfer in the substrate during LCVD,
in which the three-dimensional and transient heat conduction equation is solved for a slab
having finite dimension and moving at a constant velocity. Karet’s paper studied only the

three-dimensional transient heat transfer in the substrate and did not include the deposit.
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Generally, analytic solutions can be obtained only for some simple physical problems

with simple boundary conditions!'’"®!

. For more complicated problems, numerical
methods are needed.

Much research has been done numerical modeling of LCVD. Bauerle studied the
usage of LCVD in growing mechanical structure!'”. Arnold and et al.*%*'! simulated the
growth of pyrolytic LCVD by one and two-dimensional approaches. Allen et al.*? built
a model for the temporal growth of nickel deposits by CO, laser pulses. Tonneau and
Auvert'*! developed a computer simulation and presented laser-induced temperatures in
the case of laser direct writing. Leon and Perez-Amor** developed models to calculate
the temperature distribution in spots as well as in lines by using the finite difference
method to solve the thermal diffusion equation. Weissaman and Hsul*) developed a finite
element method to model a multi-layered laser sintered parts. Zeiri et al.**! developed a
numerical model for LCVD using a Monte Carlo technique. Maxwell®” presented a
mathematical model based on a stationary laser focal spot to predict the transport and
thermal phenomena which underlie the 3D-LCVD process. Dai and Nassar et al.l*®
developed a numerical model for simulating axisymmetric rod growth at a stationary
laser focal spot in an LCVD process. By this model a solution for the temperature
distribution on the rod was obtained, and the shape of the rod grown was predicted based
on the temperature distribution.

Models of 3D-LCVD are classified into two categories: direct heat conduction
problems (DHCP) and inverse heat conduction problems (IHCP). DHCP are concerned
with the determination of the temperature-distribution in the interior of the solid when the

boundary and initial conditions, the energy generation rate (such as laser power), and
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thermo-physical properties of the medium are specified. In contrast, IHCP are concerned
with the determination of boundary condition, energy-generation rate, or thermo-physical
properties by utilizing the measured (or estimated) temperature distribution at different
locations (grid points) in the solid (substrate or deposit). Recently Chen et al. [29]
developed a numerical model for simulating axisymmetric rod growth at a stationary
laser focal spot in an LCVD process. This IHCP model could predict the laser power for
growing a rod with a pre-specified shape. Experimental results showed that rod growth
based on the optimized laser power calculated from the model over time was quite
cylindrical in shape. However, there were some deviations from cylindrical shape at the
bottom of the rod. These deviations may have been caused by the fact that the model
assumed that the temperature distribution of the rod under the laser focus was at steady

state.

1.2 Research Objectives

The goal of part I of this dissertation is to develop a numerical model to simulate
axisymmetric rod growth at a stationary laser focal spot in an LCVD process. This model
can predict the laser power for growing a rod with a pre-specified shape with the
assumption that the temperature distribution of the rod under the laser focus is at
unsteady state. The optimum laser power calculated from this model is compared with the
power calculated from the model under steady statel?], Futher, two different mesh sizes

are used to determine the effect of mesh size on the result of the model.
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1.3 Organization of Part I of this Dissertation

Chapter one, as an introduction, generally describes three-dimensional LCVD,
introduces modeling of LCVD, and states the goals of part one of this dissertation.
Chapter two describes how to construct a model on the inverse heat conduction problem
(IHCP) by using a least squares method, and gives a solution to the IHCP in general case.
Chapter three gives an application of the model constructed in chapter three, based on the
current experimental conditions. This chapter also gives the specific solution to grow a
cylindrical rod with adjustable laser power. Chapter four compares the results of the
calculations from the unsteady state model with those from the steady state model®”. This
chapter also analyzes the results from two mesh sizes. Conclusion and future studies for

part I of this dissertation are also addressed in this chapter.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER TWO

MODELING OF THE INVERSE HEAT-CONDUCTION PROBLEMS

2.1 Inverse Heat Conduction Problems (IHCP)

As stated in chapter one, to achieve the objective of this work, the THCP
technique must be employed. This chapter gives general introduction of IHCP, explores
how to transform IHCP to a least squares problem, describes how to solve a least square
problem, and at last presents an algorithm to solve IHCP. Because the objectives of part I
and part II of this work are to obtain obtimized laser power, the same solutions and
algorithms in this chapter are applied in both parts of this dissertation.

Inverse heat conduction problems have been widely applied to various thermal
systems in order to determine boundary conditions, energy-generation rates, or thermo-
physical properties by using the measured or estimated temperature history at one or
more locations in the solid. Hensel et al.’% solved a two-dimensional steady state THCP
using a least squares method incorporated with regularization. Martin and Dulikravich?®!!
also used binary element method( BEM ) for two-dimensional steady-state IHCPs with
unknown heat sources and with unknown heat transfer coefficients. Yang et all*Z
estimated surface conditions of a hollow cylinder using a least squares method with a
matrix rearrangement technique. Chantasiriwan!>’! proposed an inverse method for

evaluating steady-state heat transfer in a two-dimensional system.
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Solutions for IHCP can> be classified into function estimation and parameter
estimation. If the problem involves the determination of an unknown function, such as
the timewise variation of surface heat flux with no prior knowledge of the functional
form of the unknown quantity, the problem is referred to as a problem of function
estimation. On the other hand, if some prior knowledge is available on the functional
form, it can be parameterized and the inverse problem is called a problem of parameter
estimation. Both parts of this dissertation deal with parameter estimation, because the
geometry is pre-specified. A least-squares method is incorporated with DHCP to solve

the THCP system.

2.2 Transformation from THCP to a Least Squares Problem

Inverse problems are typically ill-posed. That is, a small change in the input data
can produce a large change in the output ®**°, A variety of techniques are used to
transform an inverse problem into a well-posed approximate solution***®), In this work,
the inverse problem is transformed to a least squares problem. The existence of the
inverse solution is guaranteed by requiring that the inverse solution minimized the least
squares norm. Suppose there are M unknown parameters affecting the temperature
distribution on the surface of a material. The M unknown parameters can be expressed as
a parameter vector p, p = { p1, p2..., pu }. Assume the temperature on the surface of
deposit at each grid point can be measured as Y;, i=1, 2, ..., N. The problem is how to
compute the unknown parameter vector p, assuming that elements of p are independent

of each other.
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To solve the inverse problem on such a basis, the estimated temperature Ti(p) on
each grid point is required. T{p) can be computed from the solution of the direct
problem by using the estimated values of p;, pjep, j = 1, 2, ..., M. The estimated
temperature distribution 7j(p) should match the measured temperature distribution Y; as
closely as possible. One way to realize such a matching is to require that the traditional
least squares norm is minimized with respect to each of the unknown parameter
components p;. Here the least squares norm is modified by the addition of a zeroth-order

[39]

regularization term*”'. The least squares norm is set up as

S@) =LY - TN +a' b7 @1

where
i = the index number of grid points, and N is the total number of grid points.

J = the index number of unknown parameters, and M is the total number of
unknown parameters to be predicted.

Y;= measured temperatures for each grid point.

T,(p) = estimated temperature obtained from the solution of the direct problem
by using the estimated values of the unknown parameters
f’ = {ﬁl’ﬁZ:"'a f)M }

D ;= element of the estimated parameter vector p = {Dis Proers Py }-

o' = the regularization parameter, a > 0.

Here, the superscript * over T or p denotes the estimated values. In Eq. (2.1), the
first summation term on the right-hand side is the traditional least squares. The second
summation is the zero-order regularization term, added to reduce instability or
oscillations inherent in the solution of ill-posed problems when a large number of

[40]

parameters are to be estimated*”. The coefficient @ is called the regularization
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parameter. As a 0, the solution exhibits oscillatory behavior and becomes unstable if a
large number of parameters are to be estimated. However, for large values of o, the
solution is damped and deviates from the exact results. By proper selection of a,
instability can be alleviated "'**. Thus, selection of &' is critical when the number of
parameters is large. Since we are interested only in optimized laser power in this
dissertation, therefore, ¢ is chosen to be zero.

Equation (2.1) is minimized by differentiating it with respect to each of the

unknown parameters p; and then setting the resulting expression equal to zero.

as (el u
B 3| LD 1) -1+ 20" Y 22)
Pp; i\ 0P; oy 6p ;
where j, k = 1, 2, ..., M, since components of unknown parameter vector p are
independent,
D 0 for k=#j
D - . (23
op, |l for k=]

Here, the total number of grid points N should be larger than the number of unknown
parameters M\, In addition, the number of grid points should also ensure uniqueness of
[44]

the estimated thermal property parameters

Equation (2.2) can be rearranged in the form

[ OT,(B) AN Y.
e P A (I BT WA (2:3b)
;( apj ; kapj

wherei=1,2,...,Nandj, k=1,2, ..., M and

OT,(B) _ OT.(Brs Prvs Pag) _ 5 _ SCVSIHVitY coefficients 239)
op; op; ¥ withrespect to p; '
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Equation (2.3b) can be written in matrix form as:

X'(Y-T)=ap (2.4a)
where
I Y, Py
A v .
T=| "] Y=|.7| p=7 (2.4b,c,d)
_TN_ YN ﬁM
of, o of, |
B B " by
oT, oI, T,
X=%= op, O, Py , (2.4¢)
of, oI, - of,
L o, P, P

Here, X is called the sensitivity coefficient matrix with respect to vector p, and the

elements of this matrix are

X, =2t i=1,2,..,N and j=1,2,..,M. 2.5)

The sensitivity coefficient X;; defined by Equations (2.3c), (2.4¢) and (2.5) is the
first derivative of the dependent variable (i.e., temperature) with respect to the unknown
parameter (i.e., laser power, beam width, etc.). It represents the changes in 7; with
respect to the changes in the unknown parameter p;. A small value of Xj; indicates
insensitivity of the dependent variable to changes in the value of the unknown parameter.
For such cases the inverse analysis becomes very sensitive to measurement errors and the
estimation process becomes difficult. Therefore, it is preferable to have large,

uncorrelated values of the sensitivity coefficients Xj;.
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Thus through the above derivations, the ITHCP is reduced to that of solving the

system of least-squares Equations (2.2) or (2.4) by a suitable algorithm.

2.3 Solution of the Least-Squares Equations

It is desirable to express Equation (2.2) in a more convenient form for the
calculation of the parameter p;. This form can be achieved by expanding f}(p) in a

Taylor series with respect to an arbitrary value of a parameter as

s oA ol . .
T =15+ 3By = by) (2.62)
=1 OPy
This result is expressed in matrix form as

T=T,+ 2 (p-p,) (2.60)
op

If one chooses To= 0 and p,= 0, Eqgs. (2.6a) and (2.6b) reduce, respectively, to

~ LoTf .
T, = Z aA‘ Dy (2.7a)
h=1 h
and
1= h-xp 2.7b)
op

substituting Eq. (2.7a) into Eq. (2.2) gives

X of T, Lo
LD vt AR AN e (2.82)
,Zl:é‘p,-[ ;317;, h] ; “ op,

The matrix form of this equation is obtained by introducing Eq. (2.7b) into Eq. (2.4a)

X(Y-Xp)=a'p (2.8b)
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The solution for p; or p of Eq. (2.8a) or (2.8b) gives the estimated values of parameters
based on the measured temperature Y:
p=(XX+a1)'X'Y (2.9)

Based on Eq. (2.9), an iterative algorithm, the Levenberg-Marquardt’s
algorithm!*!, is developed to calculate the unknown parameter vector p iteratively:

P = pF + (XX +T)Y'XN(Y-T) (2.10)

This algorithm is a combination of the Newton method which converges fast but
requires a good initial guess, and the steepest descent method which converges slowly but
does not require a good initial guess. For @ — 0, Equation (2.10) reduces to the

Newton’s method and for & — o, it becomes the steepest descent method.

2.4 Algorithm to Solve IHCP

The solution algorithm with the Levenberg-Marquardt method is as follows.
Suppose the unknown parameter vector p* at the kth iteration is available.
Step 1. Solve the direct problem with a finite-difference scheme by using the estimated
values of the parameters p* = (p/*, P 5, pMk ) at the Ath iteration and compute
the temperature distribution T.
Step 2. Since the problem involves M unknown parameters, solve the direct problem M
more times, each time perturbing only one of the parameters by a small amount

and compute.
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T(p1+4pi, p2, ..., P1)

T(p1, p2t4ps, ..., Py)

T(p1, p2, ... PutApy)
Step 3. Compute the sensitivity coefficients defined by Equation (2.5) for each

parameter. For example, with respect to parameter p;,

E: ‘T;(pl +Apl>p2a--- apM)_I:'(plspb ---)pM) (211)
op, Ap,

fori=1,2, ..., N and determine the sensitivity matrix X defined by Eq. (2.4).
Step 4. Compute (X'X + &'T)"X" (Y = T ) with a chosen ¢ .
Step 5. Compute pk+1 by Equation (2.10).

Step 6. Repeat the calculations until the following convergence criterion is satisfied.

ISk+1 _Sk l

S <¢g (2.12)

Thus, theoretically the unknown parameter vector p can be calculated through

above procedures if the temperature distribution on the surface is known.
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CHAPTER THREE

MODELLING OF A THREE-DIMENSIONAL LCVD

AND MODEL APPLICATION: GROWTH OF A

CYLINDRICAL ROD BY LCVD

In this chapter, an IHCP model constructed in chapter two is applied to grow a
cylindrical rod by 3D-LCVD. The goal of this model is to predict P, over time in order to
grow a cylindrical rod with an assumption that the temperature distribution is at unsteady

state.

3.1 Governing Equations for 3D-LCVD

The governing equations that describe the heat flow through the deposit and

[28].

substrate are the heat conduction equations

oT
cdpda_;zv(deTd)+Qin _Qlosx (31)
and
.p, 22 = V(L VE) 32)

Where T, and T, are the temperatures of the deposit and substrate, respectively. O, and

0, are distributed heat sources at or within the deposit boundaries (such as absorption

14
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of the laser light, or convective/radiative losses at the deposit surface). ¢, , ¢,, p,;, P,>

k, and k, are the specific heats, mass densities, and conductivities of the deposit and

substrate, respectively. The interfacial equations between the deposit and substrate are

or,  oT
T, =1, ki t=k (3.3)

In our case, the reaction rate is limited by the activation energy and surface
temperature. Therefore, the process is in the kinetically limited state, and the magnitude

of the normal growth vector R, may be expressed by the Arrhenius relation as follows:

R,= (K,e %™ )n (3.4)
Where K, is a concentration-dependent rate constant, T, is the surface temperature of the

deposit, and £, and R are the activation energy and the universal gas constant,
respectively. Here, n is the unit outward normal vector on the instantaneous surface of

deposit.

3.2 Model Application: Growth of a Cylindrical Rod by LCVD

The following procedures were performed to realize the IHCP model built in
chapter two: (1) Pre-specify the geometry of the rod, (2) calculate the expected growth,
(3) compute the required temperature distribution, (4) obtain the temperature profile
based on the solution of the unsteady state heat equation, (5) and then optimize the laser

power by using the least squares method.
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Figure 3-1 Schematic of cylindrical rod growth and a mesh for the current surface!*”’.

3.2.1 Specification of the Geometry of the Rod®*”]

The geometry of a cylindrical rod is specified as in Fig. 3-1. The surface r(x) is

defined as:
R, 0<x<
r(x)=<4cvA—x, L <x<L (3.9
tipr, x=L

In Eq. (3.5), L is the total length of the rod. The rod consists of two portions:
when 0< x< L, the rod is straight with radius R and L; is the length of that portion; when
L;< x<L, the curve is the portion of a parabola used to simulate the surface of the rod
near the tip. The intersect point of these two portions is known as the critical point which
1s at (L;, R) in the x-r coordinate. The tip of the rod is considered flat. The radius of the
rod tip is tipr. A and c are constants to be calculated as the follows.

From Fig. 3-1, it is seen that when x = L}, r(x) = R, and when x = L, r(x) = tipr.
After substituting in Eq. (3.5) and rearranging, one arrives at the following equations:

Ly =A-(Rc) (3.62)
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L = A~ (tipr/c)? (3.6b)
solving (3.6a) and (3.6b), 4 and ¢ can be calculated by:

tipr’(L- L))
R* — tipr?

7 .2
o= R” —tipr . (3.7b)
L-1,

Once R, L, L; and tipr are specified, the geometry of the rod is pre-specified by

A=L+ (3.72)

Eq. (3.5). Since the normal unit vector n(x) at the rod surface r(x), 0< x< Ly, is
perpendicular to the x-direction, there is no heat absorbed in the [0, L) surface interval.
In order to simulate growth so as to agree with the pre-specified cylindrical geometry,
equidistant grid points in the x-direction on [L;, L] are chosen as follows: (x;, r(xy), i = 0,
1,2, ..., M, and h = x;4; — x;, with x, = L; and xj; = L. Thus, r;(x;) can be obtained at each
grid point from Equation (3.5) as 4 and c¢ are calculated form Eqgs. (3.7a) and (3.7b),

respectively.

3.2.2 Calculation of Growth on Each Grid Point®”

As seen in Fig. 3-1, a certain grid point i (x;, 7;(x;)) on the surface of the deposit
grows along its normal direction towards the new surface. The intersection of the normal
line and the new surface is at point (x;***, r"**). Growth at this grid point is defined as the
distance between this point (x;, ;) on the current surface and a point (x,**", ") on the
grown new surface. To calculate the growth at each grid point, the following steps are
needed.

Step 1. Determine the normal line through each grid point.
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If the slope of the normal line through grid point i (x;, #;) is s;, then s; can
be easily obtained from Eq. (3.5) as

$i= c2/2ri , (3.8a)
thus the normal line through point i can be obtained by

X=s8i(r—ry) +x; (3.8b)

Step 2. Determine the intersection (x/"*”, 7"

) of the normal line and the new surface.
Assuming that growth along the x-axis is @, from the current surface layer

to the next layer, then the new surface is determined as:

R, 0<x<L +a (3.9a)
r(x)=3cvA+a-x, L +a<x<L+a (3.9b)
tipr, x=L+a (3.9¢)

Solving Egs. (3.8b) and (3.9), one can calculate the intersection point of the
normal line and the new surface for each grid point. The solution should be on
both the straight portion and parabolic portion of the rod.

On the straight portion of the rod,

2

n c
x " ==—(R-1)+x
2r,

hew
no =R

, (3.10)

on the parabolic portion of the rod,

new T S; +\/Si2 _(4/c2)(xi —S;p—a _A)
¥, =
! (2/¢%) (3.11)

X w =Si(r;'new _7;)+xi

H

Step 3. Calculate the growth distance at each grid point by

Ax, = (5"~ %)+ (5 - ) (3.12)
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fori=1, 2 ..., M-1 with Ax,= 0, Axy= a.

3.2.3 Calculation of the Required Surface Temperature Distribution

Once the growth distance Ax; is obtained from Eq. (3.12), in a certain time period
At, the required temperature for that much growth can be calculated from Equation (3.4)
as follows:

=——_t —fori=012 ... M .
(T, ,' EAx fi 01 2 M. (3.13)
Rln—
K At

o

3.2.4 Calculation of the Temperature Distribution Based
on the Unsteady State Heat Equations

The governing heat equation (3.1) is simplified as following:

k, de‘(ﬂ'ﬁ(X) %) +272r(x)Q, = 22r(x)Q, . =C,p, (ﬂ'rZ(x) 6;_?] (3.14)

where 0 =T, -T,, T, 1is the surrounding temperature, Equation (3.14 ) is an unsteady

state heat equation.

Eq. (3.14) can be discretized as follows:

K, {L[’ﬁmeﬁl - (’331/2 + ’3?»1/2)01'” + rii1/29i'1rl ]
Copp n
ranbr = (s + 10000 + 10,00
+ifmeta 1/2 h21/2 2% 1y (3.15)
n+l n
+ (g, -0 = Y%
CoPp At

wherei=2,3,...,N.

Further simplification was made to Eq.(3.15) by considering following equations:
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K,
C —a 3.16a
ol = 5o (3.162)
Coeff;? = (3.16b)
CDPD

Therefore, Eq.(3.15 ) becomes

2
Coeff 1/20n+1 [AI +C0effl(rﬁ1/2 +l/2)+ 3 Coeff conv 6””‘1
- Coeff t+1/201'-:—+1-l

2

= Coeff ', ,0 +[————C0eﬂ (72, + 1) — 5 Coeff?h,,,, 10, (.17)

con V

+Coeff' 12,05, + Coeff*Q,,, wherei=2,3---N.

Further simplification of Eq.(3.17) generates the following equations:

AO. = Coeﬁ‘lr.zl , (3.18a)
=Coeff'r’ e (3.18b)
=1Coeff’h,,, , (3.18¢c)

Dm = Coeff;(,, , where i=2,3,..., N. (3.18d)

Therefore, Eq.(3.17) becomes

»2
— 4y, 0n+l it + 4y + By, +C,, )‘9in+l - BOiei':l
r2 (3.19)
=407, + (—Al; — Ay, — By —C,)0 + B,,07, + Dy,

wherei=2,3,...,N.
For a Gaussian beam absorbed completely at a rod tip, and simultaneous

convection and radiation from the rod surface, 0, and Q, . can be expressed as follows:

0, =2P(A/ me*)e " 2, (3.20)

«/1+S,~2

and
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Ql';)ss =hconv (% ein +%0in+l) . (3.21)
The laser input flux may be treated as a boundary condition at the rod tip. The

boundary condition for a flat rod tip may be expressed as:

h AP, .9_2(%)2
— L0 (G = (3.22)
7k ,tipr rk,tipr

when x is at the tip, where for constant beam radius ©, 1 =2A/ 7.
Conduction to the substrate at the base of the rod is represented by the boundary
condition:

3k

0, = (1+—=5)6"" (3.23)

al
Equations (3.19), (3.22) and (3.23) form a linear system with N+/ unknowns and
N+1 linear equations. The matrix form for this system is:
A0 =d, (3.24)

where A is the coefficient matrix which is tri-diagonal with size (N+1) x (N+1),

C 1 o 0 0 i
7'2
- ~+4,+B, +C, -B, 0
A=|"h Gt TEBAG B , (3.25a)
0 .
h
0 -5 Pt
i 7K ,tipr* |

and © 1s a N+/ dimensional column vector of unknowns, d is also a N+/ dimensional

column vector of non-homogeneous terms:
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0
61n+1 7'-2 . ,
AOHI}:‘-I +(§“Ao _Bo _Co)gi + Boam +Do
0= - |, d= . (3.25b,¢)
01:‘/:11 AP, e_z(”_f)l)z
| 7K tipr* ]

The coefficient matrix A can be considered to be strictly diagonally dominant.

Equation (3.24), therefore, can be solved by the following equations:

V= M, (3.26)
a,—bp.,
— Ck
B = @b (3.27)
where k=1,..N+1, V, =0, 5, =0.
Therefore,
e, =V, +8,0,. ,wherem=N+1N,--1. (3.28)

Based on this condition, the Thomas Algorithm

can be applied to solve this linear
system efficiently. The solution is the temperature distribution on the whole rod surface,
from the bottom to the tip of the rod. However, only the temperature distribution (7y),, i
=0, 1, ..., M, on the parabolic portion of the rod is selected to match the required

temperature distribution (7}),, with i = 0, 1, ..., M. Here, M is the number of grid points

on the parabolic portion of the rod.

3.2.5 Optimization by the I east Squares Method

In section 3.2.3, the expected temperature distribution (7,);/ required for the
growth of a straight rod is obtained. In section 3.2.4, the temperature distribution (7}); is

calculated based on the heat equation for a given P,. In this section, the least squares
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method minimizes the difference between the expected temperature distribution (7),"
and the calculated temperature distribution (7y);, so that P, is optimized. The least

squares norm is set up as follows:
M
SBY=2 [T/ ~(T)] ,i=0,1,...M (3.29)

In Eq. (3.13), the temperature distribution (7});" is pre-defined by the pre-specified
geometry of the rod and does not depend on the parameters P,. On the other hand, the
temperature distribution (7}); is calculated for a given P, and therefore, it depends on P,

Minimizing S(P,) of Eq. (3.29), one obtains

——a )22{“ifﬁT>—w)]o (3.30)

Expressing Eq. (3.30) in matrix form, gives
X (Tdr — Td) = 0, (331)

where X is the sensitivity coefficient matrix, which is a 1 x (M+1) vector:

_| 9T, AT AT,y (3.32)
op, P, oF, | |

Here, T4" is the required temperature distribution, and Ty is the calculated temperature

distribution from the heat equations:

(T,), ] (T,),
T;=@V, Tﬁfml. 333)
_(Td)M’_ (Ty)

According to Equation (2.10), the solution of P, can be calculated iteratively by:

PV =p® + (XX +aT)'X(T4 - Ta®) (3.34)
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3.3 Algorithm for the Solution to Grow a Cylindrical Rod

The following algorithm is developed to calculate the laser power P, over time in
order to grow cylindrical rods.
Step 1. Pre-specify the geometry of the rod surface »(x) and choose grid points as in
Fig. 3-1. Find the normal straight line for each grid point from Equation (3.8).
After specifying a, the growth length expected at the tip of the rod, calculate the
expected growth surface 7,,(x) according to Eq. (3.9).
Step 2. Find the intersection of the normal line on the expected growth curve 7,,(x) from
Eq. (3.10) and Eq. (3.11) for each grid point. Then calculate the growth
on each grid point from Equation (3.12). After specifying the time interval A,
calculate the required temperature distribution T4" for growth of a cylindrical
rod from Eq. (3.13).
Step 3. Solve the direct problem from Egs. (3.24)-(3.28) with finite-differences by
using the estimated values of the parameters p® = P,®at the kth
iteration and compute the temperature distribution on the whole rod surface.
Select the temperature distribution on the parabolic portion as the (7,);, i =0, 1,
..., M, to be compared with the required temperature distribution.
Step 4. Solve the direct problem one more time by adding a small amount of laser power
and compute Ty(P,+A4P,)
Step 5. Compute the sensitivity coefficients defined by Equation (2.5) for each

parameter.
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oy); _T,(F,+AF,w), - T,(F,,0),
oP, AP

o

(3.35)

fori=0,1,2, ..., M and determine the sensitivity matrix X defined by
Eq. (3.32).
Step 6. Compute ( XX + a'T)"'X'( Tq" - Tq®) for a chosen o'
Step 7. Compute peY by Eq. (3.34).
Step 8. Repeat the calculations until the following convergence criterion is satisfied.

RCASERNCAD]
S(P (k+l))

(3.36)

In this work, £is chosen to be 107.

Step 9. After the optimized P, is calculated by repeating steps 3 to 8,
the new surface R(x, r,.u(x)) is grown using the optimum P,. The new
surface is reset as the current surface, R(x, #(x)), and the process continued by
repeating the above eight steps layer by layer until the desired cylindrical rod is
obtained.
Through the above nine steps, theoretically, one can obtain P, over time, required

for the growth of cylindrical rods.
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CHAPTER FOUR

RESULTS AND DISCUSSION

In this chapter, results from both steady state and unsteady state models are
presented. To compare the effect of mesh size on the calculated results, two mesh sizes
(0.0002 mm and 0.002mm ) were used for calculations in both steady and unsteady state
models. In the following sections of this paper, for simplification, we refer to the first

mesh as fine mesh and to the second mesh as original mesh.

4.1 Results From Model Calculations

In this work, all calculations were conducted by computer programs, which were
written in C++. The material parameters used for a cylindrical rod growth from
depositing amorphous carbon, from methane CHy, onto a graphite substrate are listed in
Table 4.1%> *1. The geometry parameters for a cylindrical rod are pre-specified as in
Table 4.2.

Based on the parameters listed in Table 4.1 and Table 4.2, numerical simulation
was obtained for a cylindrical rod growth within the length of 0.6 mm. The required
temperature distribution T4" for growth of a cylindrical rod is calculated from steps 1-2 in

section 3.3 of chapter three. The results are shown in Table 4.3 and Table 4.4.

26
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Table 4.1 Parameters for the deposition of amorphous carbon
from CH, onto a graphite substrate!>> **!,

E,=1.82004 x 10° (J / mole)
R =8.314 (J / mole K)
K,=2.37 x 10* (mm / s)

ks =1.65 (W /mmK)
k=17 x 107 (W/mmK)
T= 300 (K)

@ =0.01 (mm)

kgas = 0.001

Nu=0.36

A=1

Table 4.2 The pre-specified geometry parameters for the calculations.

R =0.04 (mm), radius of cylindrical rod

tipr = 0.015 (mm), radius at the rod tip

h,=0.02 (mm), the height of the parabolic
portion of the rod

a = 0.002 (mm), distance between adjacent layers

A4t =0.002 (s), time interval for growth of a

The temperature distribution in Table 4.3 and Table 4.4 are on the parabolic
portion of the rod (top part of the rod). One can see that the tip of the rod has the same
expected temperature, 1768.87 for both mesh sizes. However, the expected temperatures
for the fine mesh are closer to each other than for the original mesh.

No matter how long the rod length is, the shape of the rod top is fixed. As such,
the temperature distribution T4" is dependent on the geometry parameters listed in Table
4.2 and is independent of the rod length. Once those parameters are pre-specified, Tq" is
calculated and it is fixed. However, the temperature distribution T4 on the parabolic

portion calculated from the heat equations is dependent on the rod length. At a certain
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layer with a certain rod length, T4 is calculated with the estimated laser power and the

least squares method is applied to minimize the error sum of squares between T4" and Tj.

Table 4.3 The required temperature distribution T4" for growth
of a cylindrical rod with M = 10 for original mesh.

(Ta):
1708.81
1712.17
1715.75
1719.55

1723.6
1727.94
1732.61
1737.66
1743.18
1749.23
1768.87

O 00 ~1I N N W= o~

—
—_— O

Table 4.4 The required temperature distribution T4" for growth
of a cylindrical rod with M = 10 for fine mesh.

(Ta):
1767.91
1768.00
1768.08
1768.16
1768.24
1768.32
1768.41
1768.49
1768.57
1768.66
1768.87

T oO0ONOOAWN 2~

Table 4.5-4.8 lists the temperatures at all grid points on the parabolic portion

calculated from both the unsteady state and steady state heat equations with original and

b
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fine mesh for different rod lengths under their corresponding optimized laser powers.
Also, the error sum of squares S, for each length is listed. For comparison, the required
temperatures at corresponding grid points are also listed in this table. One can see that the
required temperature distribution is the same for each rod length. With the same mesh
size, optimized laser powers calculated from the unsteady state model are slightly larger
than those from the steady state model. Also, in general, the original mesh gives a slightly

larger power than the fine mesh for short rods.

Table 4.5 Temperature distribution calculated from the unsteady state heat equations for
original mesh and different rod lengths.

i X (Td)i (Ta)i
(a) 1 0.080 1708.81 1626.99
2 0.082 1712.17 1637.91
L =0.1 (mm) 3 0.084 1715.75 1649.31
4 0.086 1719.55 1661.84
P,=0.7595(W) 5 0.088 1723.60 1675.74
6 0.090 1727.94 1691.35
Se = 36689.61 7 0.092 1732.61 1709.15
8 0.094 1737.66 1729.86
9 0.096 1743.18 1754.59
10 0.098 1749.23 1785.31
11 0.100 1768.87 1825.82
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i Xi (Id): (T
(b) 1 0.180 1708.81 1656.15
2 0.182 1712.17 = 1664.08
L =0.2 (mm) 3 0.184 1715.75 1672.36
4 0.186 1719.55 1681.47
P,=0.6184 (W) 5 0.188 1723.60 1691.57
6 0.190 1727.94 1702.92
Se=15305.00 7 0.192 1732.61 1715.86
8 0.194 1737.66 1730.9
9 0.196 1743.18 1748.88
10 0.198 1749.23 1771.21
11 0.200 1768.87 1800.66
! Xi (Td): (Ta):
(¢) 1 0.280 1708.81 1672.41
2 0.282 1712.17 1678.65
L =0.3 (mm) 3 0.284 1715.75 1685.17
4 0.286 1719.55 1692.34
P,=0.5385(W) 5 0.288 1723.60 1700.29
6 0.290 1727.94 1709.22
S, =7281.92 7 0.292 1732.61 1719.4
8 0.294 1737.66 1731.24
9 0.296 1743.18 1745.39
10 0.298 1749.23 1762.96
11 0.300 1768.87 1786.13
i X; (T): (T
(d) 1 0.380 1708.81 1682.76
2 0.382 1712.17 1687.92
L = 0.4 (mm) 3 0.384 1715.75 1693.3
4 0.386 1719.55 1699.22
P,=0.4871 (W) 5 0.388 1723.60 1705.79
6 0.390 1727.94 1713.16
Se=3688.22 7 0.392 1732.61 1721.57
8 0.394 1737.66 1731.35
9 0.396 1743.18 1743.04
10 0.398 1749.23 1757.56
11 0.400 1768.87 1776.7
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i b (T4 (Ta)i
(e) 1 0.480 1708.81 1689.91
2 0.482 1712.17 1694.31
L = 0.5 (mm) 3 0.484 1715.75 1698.91
4 0.486 1719.55 1703.96
P,=0.4514(W) 5 0.488 1723.60 1709.56
6 0.490 1727.94 1715.86
Se=1908.42 7 0.492 1732.61 1723.04
8 0.494 1737.66 1731.39
9 0.496 1743.18 1741.36
10 0.498 1749.23 1753.76
11 0.500 1768.87 1770.1
i X (Td); (T):
() 1 0.578 1708.81 1695.04
2 0.580 1712.17 1698.89
L =0.598 (mm) 3 0.582 1715.75 1702.92
4 0.584 1719.55 1707.35
P,=0.4257(W) 5 0.586 1723.60 1712.26
6 0.588 1727.94 1717.78
Se=990.11 7 0.590 1732.61 1724.07
8 0.592 1737.66 1731.39
9 0.594 1743.18 1740.13
10 0.596 1749.23 1751
11 0.598 1768.87 1765.32

Table 4.6 Temperature distribution calculated from the steady heat equations for
original mesh and different rod lengths.

i X (Td)i (Ta)i
(a) 1 0.080 1708.81 1628.65
2 0.082 1712.17 1639.54
L=0.1 (mm) 3 0.084 1715.75 1650.93
4 0.086 1719.55 1663.44
P,=0.7576(W) 5 0.088 1723.60 1677.31
6 0.090 1727.94 1692.89
Se=36378.77 7 0.092 1732.61 1710.66
8 0.094 1737.66 1731.31
9 0.096 1743.18 1755.99
10 0.098 1749.23 1786.64
11 0.100 1768.87 1827.05
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i Xi (Tdr)i (T2)
(b) 1 0.180 1708.81 1658.07
2 0.182 1712.17 1665.96
L =0.2 (mm) 3 0.184 1715.75 1674.19
4 0.186 1719.55 1683.25
P,=0.6154(W) 5 0.188 1723.60 1693.29
o 0.190 1727.94 1704.56
Se = 14961.37 7 0.192 1732.61 1717.42
8 0.194 1737.66 1732.36
9 0.196 1743.18 1750.22
10 0.198 1749.23 1772.39
11 0.200 1768.87 1801.63
i X (T4): (Ta)
(¢) 1 0.280 1708.81 1674.56
2 0.282 1712.17 1680.73
L =0.3 (mm) 3 0.284 1715.75 1687.18
4 0.286 1719.55 1694.26
P,=0.5344 (W) 5 0.288 1723.60 1702.12
6 0.290 1727.94 1710.94
Se=6961.78 7 0.292 1732.61 1721
8 0.294 1737.66 1732.69
9 0.296 1743.18 1746.67
10 0.298 1749.23 1764.01
11 0.300 1768.87 1786.89
[ X; (T): (Ta)
(d) 1 0.3980 1708.81 1685.11
2 0.3982 1712.17 1690.17
L =0.4 (mm) 3 0.3984 1715.75 1695.46
4 0.3986 1719.55 1701.27
P,=0.4820(W) 5 0.3988 1723.60 1707.72
6 0.3990 1727.94 1714.96
Se = 3406.69 7 0.3992 1732.61 1723.21
8 0.3994 1737.66 1732.8
9 0.3996 1743.18 1744.27
10 0.3998 1749.23 1758.5
11 0.400 1768.87 1777.27

l
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[ X; (T4 (T
(e) 1 0.4980 1708.81 1692.45
2 0.4982 1712.17 1696.74
L =0.5 (mm) 3 0.4984 1715.75 1701.22
’ 4 0.4986 1719.55 1706.14
P,=0.4454(W) 5 0.4988 1723.60 1711.59
14) 0.4990 1727.94 1717.72
Se=1670.83 7 0.4992 1732.61 1724.71
8 0.4994 1737.66 1732.83
9 0.4996 1743.18 1742.54
10 0.4998 1749.23 1754.59
11 0.500 1768.87 1770.48

i X; (TS): (Ta):
(f) 1 0.578 1708.81 1697.76
2 0.580 1712.17 1701.49
L =0.598 (mm) 3 0.582 1715.75 1705.38
4 0.584 1719.55 1709.65
P,=0.4187 (W) 5 0.586 1723.60 1714.39
6 0.588 1727.94 1719.71
Se=797.76 7 0.590 1732.61 1725.78
8 0.592 1737.66 1732.83
9 0.594 1743.18 1741.26
10 0.596 1749.23 1751.72
11 0.598 1768.87 1765.52
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Table 4.7 Temperature distribution calculated from the unsteady state heat equations
for fine mesh and different rod lengths.

[ X; (Td); (Ta):
(a) 1 0.0980 1767.91 1758.05
2 0.0982 1768 1759.16
L =0.1 (mm) 3 0.0984 1768.08 1760.32
4 0.0986 1768.16 1761.59
P,=0.7502 (W) 5 0.0988 1768.24 1763.01
6 0.0990 1768.32 1764.59
Se = 588.82 7 0.0992 1768.41 1766.4
8 0.0994 1768.49 1768.51
9 0.0996 1768.57 1771.02
10 0.0998 1768.66 1774.14
11 0.100 1768.87 1778.26
i X (T (T):
(b) 1 0.1980 1767.91 1760.85
2 0.1982 1768 1761.66
L =0.2 (mm) 3 0.1984 1768.08 1762.5
4 0.1986 1768.16 1763.43
P,=0.6142 (W) 5 0.1988 1768.24 1764.46
6 0.1990 1768.32 1765.62
Se =303.69 7 0.1992 1768.41 1766.94
8 0.1994 1768.49 1768.47
9 0.1996 1768.57 1770.3
10 0.1998 1768.66 1772.57
11 0.200 1768.87 1775.57
i Xi (T (Ta)i
(c) 1 0.298 1767.91 1762.44
2 0.2982 1768 1763.08
L =0.3 (mm) 3 0.2984 1768.08 1763.74
4 0.2986 1768.16 1764.47
P,=10.5368 (W) 5 0.2988 1768.24 1765.29
6 0.299 1768.32 1766.2
Se=183.31 7 0.2992 1768.41 1767.24
8 0.2994 1768.49 1768.44
9 0.2996 1768.57 1769.89
10 0.2998 1768.66 1771.68
11 0.3 1768.87 1774.04
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i Xi (T4 (Ta):
(d) 1 0.3980 1767.91 1763.46
2 0.3982 1768 1763.99
L = 0.4 (mm) 3 0.3984 1768.08 1764.54
4 0.3986 1768.16 1765.15
P,=0.4871 (W) 5 0.3988 1768.24 1765.82
6 0.3990 1768.32 1766.57
Se=121.82 7 0.3992 1768.41 1767.43
8 0.3994 1768.49 1768.43
9 0.3996 1768.57 1769.62
10 0.3998 1768.66 1771.1
11 0.400 1768.87 1773.06
i b (Td)i (Ta):
(e) 1 0.4980 1767.91 1764.17
2 0.4982 1768 1764.62
L =0.5 (mm) 3 0.4984 1768.08 1765.09
4 0.4986 1768.16 1765.61
P,=0.4524 (W) 5 0.4988 1768.24 1766.18
6 0.4990 1768.32 1766.83
Se = 86.42 7 0.4992 1768.41 1767.56
8 0.4994 1768.49 1768.42
9 0.4996 1768.57 1769.44
10 0.4998 1768.66 1770.7
11 0.500 1768.87 1772.37
I X; (TS (Ty)i
(£) 1 0.5978 1767.91 1764.6
2 0.5980 1768 1765.01
L =0.58 (mm) 3 0.5982 1768.08 1765.43
4 0.5984 1768.16 1765.89
P,=0.4315(W) 5 0.5986 1768.24 1766.41
6 0.5988 1768.32 1766.98
Se=67.99 7 0.5990 1768.41 1767.64
8 0.5992 1768.49 1768.41
9 0.5994 1768.57 1769.32
10 0.5996 1768.66 1770.46
11 0.5998 1768.87 1771.96
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Table 4.8 Temperature distribution calculated from the steady heat equations for fine
mesh and different rod lengths.

i X (T4 (T):
(a) 1 0.0980 1767.91 1759.55
2 0.0982 1768 1760.65
L =0.1 (mm) 3 0.0984 1768.08 1761.81
4 0.0986 1768.16 1763.08
P,=0.7484 (W) 5 0.0988 1768.24 1764.49
6 0.0990 1768.32 1766.07
Se=584.42 7 0.0992 1768.41 1767.88
8 0.0994 1768.49 1769.97
9 0.0996 1768.57 1772.48
10 0.0998 1768.66 1775.59
11 0.100 1768.87 1779.7
l X; (T (Ta):
(b) 1 0.1980 1767.91 1762.37
2 0.1982 1768 1763.18
L =0.2 (mm) 3 0.1984 1768.08 1764.01
4 0.1986 1768.16 1764.94
P,=0.6112(W) 5 0.1988 1768.24 1765.96
6 0.1990 1768.32 1767.11
Se =298.49 7 0.1992 1768.41 1768.41
8 0.1994 1768.49 1769.94
9 0.1996 1768.57 1771.75
10 0.1998 1768.66 1774.01
11 0.200 1768.87 1776.99
i Xi (T): (Ta)
(¢) 1 0.298 1767.91 1763.99
2 0.2982 1768 1764.61
L =0.3 (mm) 3 0.2984 1768.08 1765.27
4 0.2986 1768.16 1765.99
P,=0.5328(W) 5 0.2988 1768.24 1766.79
6 0.299 1768.32 1767.69
Se=177.90 7 0.2992 1768.41 1768.72
8 0.2994 1768.49 1769.91
9 0.2996 1768.57 1771.34
10 0.2998 1768.66 1773.1
11 0.3 1768.87 1775.44
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i X; (Td): (T
(d) 1 0.3980 1767.91 1765.03
2 0.3982 1768 1765.54
L = 0.4 (mm) 3 0.3984 1768.08 1766.08
4 0.3986 1768.16 1766.68
P,=0.4820(W) 5 0.3988 1768.24 1767.33
6 0.3990 1768.32 1768.07
Se=116.37 7 0.3992 1768.41 1768.92
8 0.3994 1768.49 1769.89
9 0.3996 1768.57 1771.06
10 0.3998 1768.66 1772.52
11 0.400 1768.87 1774.43
i X (T )i (Ta):
(e) 1 0.4890 1767.91 1765.76
2 0.4892 1768 1766.2
L =0.5 (mm) 3 0.4894 1768.08 1766.65
4 0.4896 1768.16 1767.16
P,=0.4465(W) 5 0.4898 1768.24 1767.71
6 0.4990 1768.32 1768.34
Se=180.99 7 0.4992 1768.41 1769.05
8 0.4994 1768.49 1769.88
9 0.4996 1768.57 1770.87
10 0.4998 1768.66 17721
11 0.500 1768.87 1773.73
i X (T4): (Ta):
(1) 1 0.5978 1767.91 1766.2
2 0.5980 1768 1766.59
L =0.58 (mm) 3 0.5982 1768.08 1767.0
4 0.5984 1768.16 1767.45
P,=0.4248 (W) 5 0.5986 1768.24 1767.94
6 0.5988 1768.32 1768.5
Se=62.59 7 0.5990 1768.41 1769.14
8 0.5992 1768.49 1769.87
9 0.5994 1768.57 1770.76
10 0.5996 1768.66 1771.85
11 0.5998 1768.87 1773.3

Figure 4-1 (a)-(f) shows comparisons between the required temperature

distribution and the calculated temperature distribution under optimum laser power

|
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intensity for different rod lengths. From these plots and Table 4.5-4.8, one can see that
the longer the rod grows, the closer the temperature distribution (calculated from both the
steady and unsteady state heat conduct equations) is to the required temperature
distribution. One can also see that the temperature deviations from the expected
temperatures are larger for the original mesh than that for the fine mesh. Furthermore, the
calculated temperatures from the steady state model are slightly higher than those from

unsteady state model.

1820 A

1770

<
g A expected
B 1720 - —@— steady
q%, 4 —M— unsteady
2 1670 -
1620 T T T T T 1
0.08 0.085 0.09 0.09 0.1 0.105 0.11

X(mm)

Figure 4-1(a) Comparison of the expected and calculated (from the heat equations)
temperature distribution on the parabolic portion of the rod with
L= 0.1 mm for original mesh.

1820 {
£ 1770 - A
o ¢ expected
S
E 1720 - —u— steady
g —a&— unsteady
§ 1670

1620 T T T T 1

0.277 0.282 0.287 0.292 0.297 0.302

X{mm)

Figure 4-1(b) Comparison of the expected and calculated temperature
distribution on theparabolic portion of the rod with
L= 0.3 mm for original mesh.

L
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Figure 4-1(c) Comparison of the required and calculated (from the heat equations)
temperature distribution on the parabolic portion of the rod with
L= 0.598 mm for original mesh.
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temperature (K)

Figure 4-1(d) Comparison of the expected and calculated temperature distribution on
theparabolic portion of the rod with L= 0.1 mm for fine mesh.
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temperature(K)
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1755 ‘ ‘ ‘ | ‘ .
0.2975 0298 02985 0299 0.2995 03 0.3005
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Figure 4-1(e) Comparison of the required and calculated (from the heat equations)
temperature distribution on theparabolic portion of the rod with
L= 0.3 mm at fine mesh.
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temperature( K)
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.
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0.5775 0.578 0.5785 0.579 0.5795 0.58 0.5805

X(mm )

Figure 4-1(f) Comparison of the expected and calculated temperature distribution on the
parabolic portion of the rod with L= 0.58 mm for fine mesh.

It is worth mention that for a certain rod length, the heat equations give the

temperature distribution on the whole surface of deposit, from the bottom to the tip of the

rod, through step 3 in section 3.3 of chapter three. However, only the temperature

distribution on the parabolic portion, where growth occurs, is chosen to compare with the
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required temperature distribution, and to apply the least squares method to obtain the

optimum laser power intensity by using step 4-8 in section 3.3 of chapter three.

1900
1700 |
1500
1300
1100 | 7
900 | 7.
700 |

500 T T T T T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

x(mm)

temperature(K)

Figure 4-2 (a) Temperature distributions for different rod lengths,
calculated from the steady state heat equations for original mesh.

1900 -
1700 -

% 1500 - —1=0.1

S 1300 - Tmbo2

‘E ------- L=0.3

g 1100 - . ——-.L=0.4

£ 900 - —e—.L=05
700 1 - =06
500 T T ] 1

0 0.2 0.4 0.6 0.8

L{mm)
Figure 4-2(b) Temperature distributions for different rod lengths,
calculated from the unsteady state heat equations for original mesh.
Figure 4-2 (a)and (b) show the temperature distributions for different rod lengths
or heights (from 0.1-0.6 mm), calculated from the steady and unsteady heat conduction

equations under optimum laser powers. It is seen that short rods have higher base

L
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temperatures than long rods because for short rods, the base of the rod is closer to the rod
tip which has the highest temperature. Also, one can see that for a rod with a certain
length, the temperature increases as one move from the base to the tip of the rod. It is
noticed that each curve in these figures consist of a linear section and non-linear section.
The linear section is related to the straight portion of the rod, and the non-linear section is
related to the parabolic portion of the rod. Both steady state and unsteady state model
generate very similar temperature distribution results.

The optimum laser power over rod length is obtained by step 9 and step 10 in
section 3.3 of chapter three. Results are shown in Figure 4-3(a)-(d). One can see that to
grow a cylindrical rod, the laser power must be decreased (almost linearly) as the rod
grows. At the early stage of growth (the rod is short), the heat flux flows readily from the
tip to the bottom of the rod and then to the conductive sink (substrate). Thus, the laser
power needs to be large enough in order to maintain close agreement between rod
temperature (7;); and the required growth temperature, (7;); as seen in Table 4.5-4.8. As
the rod grows, it becomes harder for the heat to flow from the tip to the sink, causing the
temperature at the top of the rod to increase. As such, less laser power is needed to keep
the temperature in agreement with the required temperature, (7;);. One can see from Fig
4.3 (a)-(d) that the optimized power results calculated from both steady state and
unsteady state models are similar.

It is interesting to note that the optimum laser power increases with rod length at
the beginning of growth. This phenomenon may be attributed to the relatively high errors
at the beginning of growth. The sum of squared deviations between required and

calculated (based on the heat conduction equations) temperatures as a function of rod
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length is shown in Fig. 4-4(a)-(d). One can see that the errors are relatively high at the
early stage of growth and decrease as-the rod length increases up to a certain level after
which the errors stabilize. Also, the sum of squared deviations calculated from the fine
mesh are much less than that from the original mesh because the model which uses fine
mesh generates more accurate control of the optimized laser power at different rod
length. With the same mesh size, the sum of squared deviations from the unsteady state

and steady state models are similar.

1.2

1
0.8
0.6
0.4
0.2

0 T T T T 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
L(mm)

PO(W)

Figure 4-3(a) Optimum laser power (calculated from the steady state model) as a
function of the rod growth length for original mesh.
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E 0.6 A

0.4

0.2

0 = T T T T
0 0.1 0.2 0.3 04 0.5 0.6 0.7
L{mm)

T T Bl

Figure 4-3(b) Optimum laser power (calculated from the steady state model) as a
function of the rod growth length for fine mesh.
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Figure 4-3(c) Optimum laser power (calculated from the unsteady state model) as a
function of the rod growth length for original mesh.
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Figure 4-3(d) Optimum laser power (calculated from the unsteady state model) as a
function of the rod growth length for fine mesh.
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Figure 4-4 (a) Least squares error (calculated from the steady state model) as a
function of the rod growth length for original mesh.
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Figure 4-4(b) Least squares error (calculated from the steady state model) as a
function of the rod growth length for fine mesh.
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Figure 4-4(c) Least squares error (calculated from the unsteady state model) as a
function of the rod growth length for original mesh.
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Figure 4-4(d) Least squares error (calculated from the unsteady model) as a
function of the rod growth length for fine mesh.

4.2 Conclusions

Conclusions drawn from this work can be stated as follows:

46

An unsteady state numerical model two different mesh sizes for simulating

cylindrical rod growth in three-dimensional kinetically-limited laser-induced
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chemical vapor deposition was developed using IHCP (inverse heat conduction
problem) techniques and compared to the steady state model™®®.

e The optimum laser power, P,, over time was calculated by the unsteady state model
and compared to that of the steady state model®],

o The optimum laser power calculated from the steady state model is similar to that
from the unsteady state model. Hence, the unsteady state assumption did not cause a
significant change in the power from that of the steady state assumption. Laser power

calculated for fine mesh is slightly more accurate than that for original mesh,

especially at the early stage of the deposition.

4.3 Future Study

To test the accuracy of the steady and unsteady state models, future studies should
include experiments to grow cylindrical rods based on the optimized laser power
calculated from these models. Limited experimental work on growing a cylindrical rod
based laser powers predicted by the steady state model® shows some deviations from
cylindrical shape at the early stage of rod growth. If upon further testing with the
unsteady state model these deviations continue to exist, then one should seek
modification of the model. This modification could involve the use of a 3-D heat

equation with inclusion of the substrate, particularly at the early stage of rod growth.
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CHAPTER FIVE

INTRODUCTION

5.1 General Overview

Heating from flash fire or laser radiation, etc., can cause severe skin burn to a
person'***"!. Even though such heating process is often short (i.c., less than 5 seconds),
the heat flux incident on the skin surface can be very high (i.e.83.2 kW/m?) “®. Much
research has been conducted on predicting such instantaneous thermal burn by using

different bio-heat transfer models>!!

, and almost all of these models are based on the
Pennes’ bioheat equation, in which the conduction term is based on the classical Frourier
Law.

Liu and his coworkers?®?! have introduced a general form of the thermal wave
model of bioheat transfer in living tissues. They further presented an analytic solution of

[53]

the bioheat transfer equation in a single layer. They"™ also employed a finite difference

method to solve the thermal wave model. Liu and Xul"

also applied the dual reciprocity
boundary element method to solve the integral inverse or direct bio-heat transfer

problems. Recently, Dai ez al.”*! developed a domain decomposition method for solving

the 3D Pennes’ bioheat transfer equation in a triple-layered skin structure.

48
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5.2 Research Objectives

The goal of part II of this dissertation is to incorporate an inverse problem into the
3D Pennes’ model. A numerical model is developed for solving the 3D Pennes’ bioheat
equation in a triple-layered skin structure composed of epidermis, dermis and
subcutaneous. From this model, one can calculate the required laser power to obtain a
pre-specified temperature at a pre-specified location of the skin after a pre-specified laser

exposure time.

5.3 Organization of Part II of this Dissertation

Chapter five, as an introduction, describes numerical models for simulating
instantaneous skin burn and states the goals of part two of this dissertation. Chapter six
describes how to construct a model on direct heat conduction problems (DHCP) for a 3D-
Pennes’ model. Chapter seven describes an application of the model constructed in
chapter six, and chapter eight analyzes the results from the model. Conclusions and future

studies for part II of this dissertation are also addressed in chapter eight.
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CHAPTER SIX

MODELING OF A DIRECT HEAT CONDUCTION PROBLEM
FOR A THREE-DIMENSIONAL PENNES’

BIOHEAT TRANSFER MODEL

In this chapter, the physical description of heat flow for Pennes’ model and an
algorithm will be introduced first; then a model of the direct heat conduction problem
(DHCP) will be presented in detail. A model for the inverse heat conduction problem

(IHCP) will be addressed in the next chapter.

6.1 Physical Description of Heat Flow in a Three-Dimensional
Pennes’ Bioheat Model

A physical description of heat flow in Pennes’ bioheat model can be
schematically expressed as in Fig. 6-1. Skin is composed of three layers of structures:
epidermis, dermis and subcutaneous. The laser beam focus on top of the skin and

penetrate into the inner structure.

50

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51

Laser

[
»

™ Epidermis

™~ Dermis

x '\\ Subcutaneous

Figure 6-1 Schematic configuration of a 3d triple-layered skin structure
and laser power.

6.2 Modeling of Direct Heat Conduction Problems in a Pennes’ Model

6.2.1 Governing Equations for a 3D-Pennes’ Model

The governing equations that describe the thermal behavior of triple-layered skin

structures are described as follows:

2 2 2
p,Caag +W,C,6,~ k(aa Zyg o0 ’) 0.,1=12,3 6.1)

where 6, is the elevated tissue temperature above ambient temperature due to heating by
laser, p,, C,and k, denote density ,specific heat , and thermal conductivity of tissue.

C, is the specific heat of blood , 7, is the blood perfusion rate, Q' is volumetric heat due
to spatial heating.

3
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The interfacial conditions and boundary conditions can be listed as follows:

06,

g O, — 0’ 6.2
> z (6.2)
6,=6, k1%=k2%722112 (6.3)
© 0z oz
0, =0, k2%=k3%,z=Ll+L2; (6.4)
Y Oz Oz
%=O,z=L1+L2+L3. (6.5)
574
On the lateral walls we have
00,
—2=0. 6.6
. (6.6)
The initial conditions are
6,=0,t=0;1=12,3. 6.7)

6.2.2 Numerical Model for a 3D-Pennes’ Model

We will simplify the above governing equations and develop a numerical model

n

for simulating a 3D-Pennes model. Let (u,);;, be the numerical approximation of

(6)(iAx, jAy,kAz,nAt) , where Ax,Ay,Az and At are the spatial and temporal mesh sizes,
respectively.
Here i, j, k are chosentobe 0<i<N*+1,0<j<N”+1, 0<k <N/ +1, so that
(N, +D)Az=1L,, I=1,23.
The following operator is used in the following equations for simplification:

202 .0 __ .0 n n
Ax"S uy =ug, , —2uy +ul, , and so on.

|
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Using Crank-Nicholson finite difference method, a scheme for solving the above
initial and boundary triple-layered skin structure problem was developed according to the

following equations:

(uI)E}ZI - (ul)yk W 'C, e+l

G Y (O MEN ORI 65)
~3k,(3; +6; +5f)[(u1)2}21 + ()] = (@51 =1,2,3
The discrete interfacial equations are assumed to be, for any time level n,
N Y 7 R
kl ijN; IAZ NG _ k2 2 11AZ 2740 ’(ul);Nlm = (u2 );0; (6.9)
and
e =0 )~ ()]
k2 iiN, 1AZ ijiN; =k3 3 leZ 3740 ( z)le . ( 3)y0’ (610)
The initial and boundary condition are chosen to be
()5 =0 (6.11)
and
(ul)Z'O = (u1);1,(u3 )Z-stﬂ = (u3);1v§ 5(ul)gjk = (ul):ljk (6.12)
(ul)'llvxﬂjk = (ul)’;/"jk ’ (ul )?Ok = (ul);‘lk > (u[ );Vka = (ul )t,';\/yk (6 1 3)

for any time level n.
Eq.(6.8) is a three dimensional implicit scheme. To simplify the computation, we used a

preconditioned Richardson iteration based on the idea of Dai las follows:
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Lo ()™ = Ly (o)) = {3 ) =

WIC! At e n
+ %[((ul)ykl)(l) + (ul)ijk]
(g}
Ar " ) (6.14)
—p—Ckl (5)‘2 + 5y2 + 522)[((“1)yk1)(1) + (”l)ijk]
g
At NS
-—(Qr)i' 2}
PG "
where
1~
Llpre =1+——_W;) Cb At+2( k]At 2 + kIAt 2/ klAt 522 (615)
2p,C, pCAx™  pCAy 2,

Here /=1,2,3 and the iterative index /=1,2,3,.... In Eq.(6.14), @is a relaxation

parameter( 0 < w <1). The iteration converges rapidly if w=1.

6.2.3 Algorithm to Solve the DHCP

A numerical procedure for predicting the temperature distribution of skin
structure under laser focus can be written as follows:
Step 1: Choose an initial 3D skin structure. Define the grid points in the X,Y Z direction.

Let I be the iteration number and set / =1
Step 2: Solve (1)}, )" using Eq. (6.14) and (6.15).
Step 3: Update I = [+1, repeat step 2 until the maximum of the absolute difference
between (1)} )" and ((,)j;')" is less than the pre-specified iteration error.
Thus, under constant laser power, a 3D Pennes’ model can be solved layer by

layer using the above procedures.

L
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CHAPTER SEVEN

MODEL APPLICATION: DETERMINING LASER POWER REQUIRED
TO OBTAIN A PRE-SPECIFIED TEMPERATURE
DISTRIBUTION IN A THREE-DIMENSIONAL

TRIPLE-LAYERED SKIN STRUCTURE

7.1 Problem Description

The model constructed in chapter two is a general case for solving an inverse heat
conduction problem. In this chapter, this model will be applied for determining the
required laser power to reach a pre-specified temperature distribution on pre-specified
grid points of a 3D skin structure after a pre-specified time period.

To apply thé IHCP model, one needs the following procedures: (1) Pre-specify
the geometry of the skin structure, the grid points, the laser exposure time and
temperature distribution on the pre-specified grid points. (2) Obtain the temperature
profile based on the solution of the heat conduction equation using the DHCP model. (3)

Optimize the laser power by using the least squares method.

55
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7.2 Pre-specification of the Geometry of the 3D Skin Structure,

the Grid Points, the Laser Dwell Time and the

Temperature Distribution on the

Pre-specified Grid Points

Let (u,);; be the numerical approximation of (6,)(iAx, jAy,kAz,nAt) , where
Ax,Ay,Az and At are the spatial and temporal mesh sizes, respectively.
Here i, j, k are chosentobe 0<i<N*+1,0<j<N” +1, 0<k <N/ +1, so that
(N/+D)Az=L,, I=1,2,3. Then we pre-specify at grid points ( x,,y,,z,i =1,2,3---M ),

after a period of # seconds, the temperature at 7' (i =1,2,3---M).

7.3 Calculation of the Temperature Distribution Based on

the Heat Equations in the DHCP Model

As mentioned in chapter two, an iterative method must be used to solve this
inverse heat problem (Eq. 2.10). The parameter vector p consists of one parameter, the

laser power P,. Suppose at the kth iteration the estimated values of the laser power P, is
available, then one can calculate the temperature distribution 1:1" (i=12,3---M)on the 3D
skin structure from Eqs (6.14)-(6.15). It is necessary that the grid points be the same as
the grid points defined for the required temperature distribution 7' (i =1,2,3---M) in the
last section, so that the least squares optimization can be used to minimize the difference

between T and T .

|
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Equation (6.14) can be divided into two parts: left hand side and right hand side.
The left hand side can be expressed as follows:

Lefi™ =— ’ZZAZ’ @)™ +(2p,C +8 khA +W,C,At

(7.1)
2k At n+1 m+1 kAt n+l m+1
Uiy - A22 yk+1)
The right hand side can be expressed as follows:
. m 4k At n+1 k At n+1 n+l
nght - yk ) Ui jk) +(ul 1jk) (72)

+(utn;-1+1k) +(”,njl1k) 1+/

where f'is a combination of all terms not containing #™ and it is expressed as follows:

4Atk 2k At
f (2pl A22 )uyk
w U U, U +u;
+k1At( i+1jk I—ljkh2 ij+k ij-1k + yk+1AZ2 ijk— 1) (73)
+ 20K

In this work, we assume that the laser power is continuous and spatial with a
normal distribution. The heat source Q' can be described as follows (Here /=1,2,3) (61,

- +y")

-0z 1 2
O =ae" —2”0_2 e 2 P(l-Reff)); (7.4)
-2 +y?)
0, =a,e e ﬁ—e 20" P(1- Reff,); (7.5)
0"151 ~a,y6, 1 _(sz:zy : _R . 6
O, =a,e” e py—y e P(1-Reff,); (7.6)

where «;,,,q, are laser absorbtivity of the three layers, Reff|, Reff,, Reff, are laser

reflectivity of three layers of the skin, o is the standard deviation of the width of a

|
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normally distributed laser beam, and &, J,, 6, are the depth of the three layers of the

skin.
As shown from Egs. (7.1) and (7.2), Eq.( 6.14) is a tri-diagonal system which can

be simplified as

—buge +aug —culey =dy, (7.7)
where
kAt
b = Alz .
kAt 2k At
a,=(2p,C,+8—;l~2——+I/VbeAt+ Alzz ) 78)
kAt
e
d; = Right"

Here /=1,2,3, the iterative index m=1,2,3,... and i, j, k are chosen to be

0<i<N*+1,0<7<N”+1,0<k <N/ +1.

From Eqgs. (6.9-6.10), the interfacial equations can be rewritten as tri-diagonal equations

as follows:
Interface 1:

—k, (”;;11—1 )+ (K + kz)(u;;{,:l ™ —k, (”Z‘;iwl Yy =0, (7.9)
and interface 2:

-k, (u;f;,:z_l )+ (ky + k3)(u;;,12 "k, (u;;;H )™ =0, (7.10)

Therefore, we obtain the following equations for the interfaces:
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bintetface] = kl 4
ainterfacel = kl + k2 4
Cinte)facel = k 22
dinterfacel = 0’ (71 1)
ainterface2 = k2 b
bintetfaceZ = k2 + k3 ’
cinterfaceZ = k3 ’
dinterface2 = O’
with boundary conditions on each side of the skin structure:
()50 = ()5 (us )Z'N3’+1 = (u, )Z-st ()0 = ()15 (7.12)
(uz):,xﬂjk = (ul);:,xjka(ul Yiow = (1 );’lk’(ul);\ka = (uz),’-:\,yk; (7.13)

Equations (7.7) is a linear systems with N, +1 unknowns and N, +1 linear
equations. The matrix form for this system is
Au=d (7.14)

where A is the coefficient matrix which is tri-diagonal with size N, ,,;x N,

234172

al _Cl O ...... O
b, a, —c,
A=10 -b, a, —c, , (7.15)
N .0
_0 - 0 Ay, a1 O, n
and
_ul _ _dl _
u d
wu=|." |, a=1." |. (7.16)
_”N,3+1 | _dN23+1 ]

I
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Here u is a N, +1 dimensional column vector of unknowns, d is also a N, +1

dimensional column vector of non-homogeneous terms. The above tri-diagonal system

can be solved by the following equations:

b
S (7.17)
* a4, =6 Pra
/ALY (7.18)
a4, =, P
ﬂN, a=0 VN, 11 =0, wherek=N23,N23_1,“'1, (7.19)
uij’f}:l =v, + ﬂku;;fl , where k=1,2,---N_,. (7.20)

7.4 Optimization by the Least Squares Method

In section 7.2, the expected temperature distribution 7' is first specified. In

section 7.3, the temperature distribution T} is calculated by solving Eq.(7.14) based on

the heat equation for a given P,. In this section, the least squares method is used to
minimized the difference between the pre-specified temperature distribution 7r and the
temperature distribution T, so that P, is determined. Therefore, the least squares norm is

set up as follows:
M s .
S(BY=DIT' -1, i=0,1,..,.M (7.21)
i=0

In Eq. (7.21), the temperature distribution 7Tr is pre-defined and does not depend
on the parameters P,. On the other hand, the temperature distribution T is calculated for

a given P, and it does depend on P,. Minimizing S(P,) of Eq. (7.21), one can obtain:
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d — & d(T )i i i1__
ES(E)—Zizl(—d; ][(T,) (T;1=0 (7.212)

Expressing Eq. (7.21a) in matrix form, gives
X(T—Ty =0, (7.22)

where X is the sensitivity coefficient matrix, which is a 1x (M+1) vector:

X{@(Td)o o), . a@»} (7.233)
6P, 0P, oP,

Tr is the required temperature distribution, and 7, is the calculated temperature

distribution from the heat equations:

7| 7,0
Ir = :T'l , T, = :le (7.23b)
According to Eq. (2.10), the solution of P, can be calculated iteratively by:
( Pk ) = ( P (k)) + (XX + o T)'X( Tr - Td®) (7.24)

7.5 Algorithm for the Solution to a 3D Pennes’ IHCP Model

The following algorithm is developed to calculate the required laser power P, to
reach a pre-specified temperature distribution at pre-specified grid points on a 3D skin
structure at a pre-specified time.

Step 1. Pre-specify the geometry of the 3D skin structure and choose M grid points on

the skin structure, pre-specify the time t and the required temperature distribution

T(i=1,2,3---M)
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Step 2. Solve the direct problem from Egs. (7.1)-(7.20) with finite-differences by
using the estimated values of the parameters p(k) = (P,%) at the kth
iteration and compute the temperature distribution on the skin structure at the
pre-specified grid points.

Step 3. Solve the direct problem one more time, perturbing P, by a small amount and
compute TH(P,+A4P,)

Step 4. Compute the sensitivity coefficients defined by Eq. (2.5) for P,

a(Td)i - Td(Po +AR;);’ "Td(Po)i
oP AP

o 0

(7.25a)

fori=0, 1,2, ..., M and determine the sensitivity matrix X defined by Eq.
(7.23a).
Step 5. Compute (XX + a'I)'X'( Tr- T/*) for a chosen &’
Step 6. Compute P**" by Eq. (7.24).
Step 7. Repeat the calculations until the following convergence criterion is satisfied.

NOASENIAD]
S(P (k+1))

<& (7.26)

In this work, £is chosen to be 10~.

As all steps above are completed, one can obtain the required laser power P, for
reaching pre-specified temperatures at pre-specified grid points on the 3D skin structure

after a pre-specified time of exposure.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



L

CHAPTER EIGHT

RESULTS AND DISCUSSION

8.1 Results From Model Calculations

In this chapter, the results of the Pennes’ model of a 3D skin structure are
discussed. In this work, all calculations are conducted by computer programs which were
written in Fortran. In section 8.1.1, we discuss the results from the DHCP model and in

section 8.1.2 we discuss the results from the IHCP model.

8.1.1 Results From DHCP Model Calculations

The material parameters used in the model are listed in Table 8.1. The geometry
parameters for a 3D skin structure are pre-specified as in Table 8.2. Because there are 21
mesh points in X and Y directions respectively, for simplification purposes, we define
grid points along X direction or Y direction as Locationl,Location2, ..., Locationl0,
where Locationl is at the center of the skin, while Location10 is at the edge of the skin.
Also, because we are only interested in the temperature rise from the laser exposure, we
refer temperature rise as temperature in all the figures in this chapter for simplification
purposes. Since the 3D skin structure has three layers in the Z direction, the choice of o,

o, C and ¢, ( /=1,2,3) is very important for calculating the temperature distribution

over the different skin layers.

63
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Table 8.1 Parameters for a 3D skin structure.

%,=0.0026 ( Wicm°C)
k2=0.0052 ( W/em°C)
k3=0.0021 ( W/em°C)

p=1.2(g/em’ )
p,=1.2(g/em’ )
p,=1.0(g/em’ )
C,=3.6 (J/g°C)
C,=3.4 Jg°C)
C,=3.06 (J/g°C)
Wb,=0.0 (g/cm’ )
Wb, =0.0005 (g/cm’ )
Wb,=0.0005 ( g/cm’)
Cb,=0.0 (J/g°C)
Cb,=4.2 (J/g°C)
Cb,=4.2 (J/g°C)
a,=1.0

a,=0.38

a, =04

Reff, =0.93

Reff, =0.93

Reff, =0.93

o =0.lcm

Heat conductivity of first layer
Heat conductivity of 2nd layer
Heat conductivity of 3rd layer
Density of first layer

Density of 2nd layer

Density of 3rd layer

Specific Heat of first layer

Specific Heat of 2nd layer

Specific Heat of 3rd layer

Blood perfusion rate of first layer
Blood perfusion rate of of 2nd layer
Blood perfusion rate of 3rd layer
Specific Heat of blood in first layer
Specific Heat of blood in 2nd layer
Specific Heat of blood in 3rd layer
Laser absorbtivity of first layer
Laser absorbtivity of 2nd layer
Laser absorbtivity of 3rd layer
Laser reflectivity of first layer
Laser reflectivity of 2nd layer
Laser reflectivity of 3rd layer

Standard deviation of Laser beam width

Table 8.2 Pre-specified geometry parameters for the skin structure.

X =2cm ,
Y=2cm,

Width of the skin
Length of the skin

Z,=0.008cm, Depth of the first layer of the skin

Z,=02cm,

Z,=1cm,

Depth of the second layer of the skin
Depth of the third layer of the skin

Ax=0.1em Mesh size in X direction

Ay=0.1cm Mesh size in Y direction

Az =0.001lem Mesh size in Z direction

At =0.1sec Time interval for updating temperature

L
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Table 8.3 Parameters for a 3D skin structure for comparing influence of
different ¢,,,,a, values on the temperature distribution.

ki=0.0026 ( W/em°C )
p,=12(g/ecm’)
C,=3.6 (J/ig°C)

Wb, =0.0 (g/cm’ )
Wb, =0.0005 ( g/cm’)
Wb, =0.0005 (g/cm’)
Cb,=0.0 (J/g°C)
Cbh,=4.2 (J/g°C)
Cb,=4.2 (J/g°C)
Reff, =0.93

o =0.1cm
t=10 seconds Laser focus time
P=6.4 Watt  Laser power

Figure 8-1 (a)-(c) shows the relation between different « values of three layers of
the skin structure and the calculated temperature distribution. The temperature

distribution is calculated using the parameters listed in Table 8.3.

Location1
3 1 — — —Location2
----- Location3
— - — Location4
Locationb
Location6
Location7
Location8
Location9
Location10

Temperature( 'C )

1 106 211 316 421 526 631 736 841 946 1051 1156
Grids along the Z-direction(depth)

Figure 8-1(a) Temperature distributions for o, =1L, =1, 0, =1.

L
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25 Location1
‘ — — — Location2
----- Location3

— - - —Location4

Location5
Location6
Location7
L.ocation8
Location9
Location10

Temperature('C)

1 112 223 334 445 556 667 778 889 1000 1111
Grids along the Z-direction(depth)

Figure 8-1(b) Temperature distributions for ¢, =1,a, =0.8,a, =0.7.

Location1
— — —Location2
----- Location3
— - — Location4
Location5
Location6
Location7
Location8
Location9
Location10

Temperature('C)

1 117 233 349 465 581 697 813 929 1045 1161
Grids along the Z direction(depth)

Figure 8-1(c) Temperature distributions for ¢, =1, =0.8,c, =0.4.

1
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In Fig. 8-1(a), all physical parameters are the same, in other words, the three
layers of skin are actually one whole skin structure. One can see from this figure that the
temperature decreases evenly from the surface to the bottom of the skin. Figure 8-1(b),
(c) shows that there is a fast drop in the temperature near the second interface, because of
the difference of the absorbtivity between the second and the third layers. One can see
that the lower the laser absorbtivity of the third layer is, the more dramatic is the
temperature drop below the interface between the second layer and the third layers. This
is because as the heat aborbtivity decreases in value, the heat source from the laser power
decreases, which leads to a lower temperature.

Figure 8-2 shows the calculated temperature distribution for certain specific heat

values over three skin layers. The temperature distribution is calculated using parameters

listed in Table 8-3 except for the values of specific heat. Also ¢, =1, 2, =1,; =1.

Location1
— — — Location2
a ----- Location3
% — - - — Location4
3 Location5
g Location6
E‘ Location7
A Location8
Location9

Location10

1 112 223 334 445 556 667 778 889 1000 1111
Grids along the Z-direction(depth)

Figure 8-2 Temperature distributions for different specific heat values:
C, =3.6,C,=34,C, =3.06.
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Compared with Fig. 8-1(a), it can be seen that a small temperature peak appear
near the second interface inside the skin structure. This can be explained by the fact that
for a given heat source, the lower the heat capacity of the skin structure is, the higher is
the temperature of the skin structure.

Figure 8-3 shows the temperature distribution calculated using parameters listed

in Table 8-3 with densitiess (p =12,p,=12,p,=1.0) and ¢ values

(=L a,=1a,=1).

31
25 | Location1
— — —Location2
G ol Location3
.76 — - — Location4
§ 15 - Location5
g Location6
,,E,- 1 Location7
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Location9
05 1 Location10
0

1 112 223 334 445 556 667 778 889 1000 1111
Grids along the Z-direction(depth)

Figure 8-3 Temperature distributions for p, =1.2, p, =1.2, p, =1.0and

a=lLa,=La,=1.
It can be seen that a temperature peak appears near the second interface inside the
skin structure. This is because for a given heat source, when the density is small, less

energy is needed to heat up a fixed dimensional object. This gives rise to a higher

temperature in the third layer of the skin.
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From the above figures, one can see that for a given heat source, decreasing the
density or heat capacity or increasing the laser absorbtivity, cause an increase in
temperature.

The laser beam width also has a very important effect on the temperature
distribution. Figure 8-4 (a)-(e)shows the temperature distribution for a laser power of 6.4
Watt with o = 0.1cm, and exposure times of 10 seconds, 60 seconds, 2 mins, 4 mins, and

20 mins.

Location1
— — —Location2
----- Location3
— - — Locationd
— - - —Location5
Location6
Location7
Location8
Location9
Location10

Temperature( 'C)

1 112 223 334 445 556 667 778 889 1000 1111
Grids along the Z-direction(depth)

Figure 8-4(a) Temperature distributions over depth for o =0.1cm,
power=6.4W, and 10 seconds exposure time.
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Figure 8-4(b) Temperature distributions over depth foro = 0.1cm,

power= 6.4W, and 60 seconds exposure time.
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Figure 8-4(c) Temperature distributions over depth for o =0.1cm,
power= 6.4W, and 120 seconds exposure time.
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Figure 8-4 (d) Temperature distributions over depth for o =0.1cm,
power = 6.4W, and 4 minutes exposure time.
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Figure 8-4(e) Temperature distributions over depth foro =0.1cm,
power =6.4W, and 20 minutes exposure time.
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Figure 8-5 (a)-(e)shows the temperature distribution under a laser power of 6.4

Watt with o = 0.01cm at exposure time of 10 seconds, 60 seconds, 2 mins, 4 mins and 20

mins.
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Figure 8-5(a) Temperature distributions over depth for o =0.01cm,
power=6.4W, and 10 seconds exposure time.
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Figure 8-5(b) Temperature distributions over depth for o =0.01cm,
power=6.4W, and 60 seconds exposure time.
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Figure 8-5(c) Temperature distributions over depth for o =0.01cm,
power=6.4W, and 120 seconds exposure time.
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Figure 8-5(d) Temperature distributions over depth for o =0.01lcm,
power=6.4W, and 4 minutes exposure time.
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Figure 8-5(¢) Temperature distributions over depth for o =0.01cm,
power=6.4W, and 20 munites exposure time.

It can be seen from Fig 8-4 and 8-5, that the narrower the beam width is, the
higher is the temperature. Also, the wider the beam width, the lower the temperature is at
the laser focus. However, at the same depth in the skin, a wider laser beam width causes
the temperature at the same plane to be more even. This is because the wider laser beam
gives a larger area of exposure. One can see from Fig 8-4(a), that the temperature
difference between the center of the surface of the skin and the next mesh point on the
surface is less than 1 degree, while in Fig 8-5(a), the temperature difference between the
same two points is more than seven degrees. After 20 minutes of exposure, as seen from
Fig. 8-4(e) and Fig. 8-5(¢), the temperature difference from the center to the edge of the
skin surface is less than five degrees when o equals to 0.1 cm, while the temperature
difference of the same locations when o equals to 0.01cm is more than 14 degrees.

Another interesting point one can see from Fig.8-4 and Fig. 8-5 is that the

temperature at the laser focal point rises very fast at the beginning( less than one minute).
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After that, because of the heat distribution along the Z direction and X,Y directions, the
temperature of the laser focal point rises slowly. Also, heat transfers from the center to
the edges of the skin, as well as from the top to the bottom of the skin, so that the overall
temperature of the whole skin structure slowly rises up. One can see that after the first
two minutes, the temperature rise is much slower compared with that of the first few
seconds.

This effect can be seen from Fig. 8-6. Figure 8-6 (a)-(b) shows the temperature
distribution at the center of the skin along the Z-directions, for a laser power of 6.4 Watt

and different laser focus times.

Temperature( °C )

1 102 203 304 405 506 607 708 809 910 10111112
Grids along the Z-direction(depth)

Figure 8-6(a) Temperature distributions over depth for different laser exposure times
with o=0.1lcm.
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Figure 8-6(b) Temperature distributions over depth for different laser exposure times
with o= 0.01cm.

As shown in Fig. 8-6, the longer the laser focuses on the skin, the higher is the
temperature of the skin. Also, the longer the laser focuses on the skin; the smaller is the
temperature drop at the interface between the second and the third layer of the skin. This
is because as time goes on, the heat distribution inside the skin tends to equalize the
temperatures between the two layers.

Figure 8-7 shows the temperature distribution at the center of the skin at t=10
seconds with different laser power inputs foro= 0.1 cm. It is seen that an increase in
laser input causes an increase in skin temperature as well as in temperature drop at the

interface between the second and third layers.
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Figure 8-7 Temperature distributions for different laser powers for =10 seconds
o=0.1cm.

8.1.2 Results From IHCP Model Calculations

The least squares method was used in order to determine the laser power needed
for obtaining a pre-specified temperature distribution. This method leads to the power
that minimizes the sum of squared deviation between the pre-specified temperature Tr
and the calculated temperature T,, from the heat equation. In this work, the required
temperature Tr only consists of one temperature, which is the temperature at the center of
the surface of the skin.

The required laser power is calculated using the procedure listed in chapter four
and the parameters listed in Table 8.1. In this work, the temperature at the center of the
skin was pre-specified as 4, 3, and 2 degrees higher than normal skin temperature, and the
exposure time of the laser beam to reach a given a temperature was 20, 40, and 80

seconds. The results are shown in Fig. 8-8 and Table 8.4.
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Figure 8-8 Required Laser power to reach a pre-specified temperature for different laser

exposure times.

Table 8.4 Required Laser power to reach a pre-specified temperature for
different laser exposure times

Time(s) \ Temperature("C) 2 3 4
20 5.12059 7.680885 10.2302
40 3.91648 5.910307 7.88041
80 3.213145 4.80089 6.377012

From Fig 8-8 and Table 8.4, one can see, as expected, that the longer the exposure time
of the laser, the less laser power is required to reach a pre-specified temperature. Also, for

the same exposure time, more power is needed in order to reach a higher temperature.
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Table 8.5 The sum of squared deviation for Table 8.4

Time(s) \ Temperature ("C) 2 3 4
20 2E-10 9.32E-08 2E-10
40 0.000145 1.7E-09 2.76E-08
80 6.06E-05 7.69E-05 1.17E-05

Table 8.5 shows the sum of squared deviation for the required power obtained
from the least squares solution. It can be seen that, the sum of squared deviations are
small (<0.001), which implies that, therefore the inverse algorithm is very effective.
Figure 8-9( a)-(c) presents the temperature distributions in the Z direction at the center of
the skin, which were calculated by exposing the skin for 20, 40, and 80 seconds to the
laser power, as calculated from the IHCP model, required to reach the pre-specified
temperature rise of 2, 3, and 4 degrees. Figure 8-10 (a)-(c) presents temperature
distributions for laser powers calculated from IHCP model for 20, 40, and 80 seconds of
exposure time. One can see from Fig. 8-9, that the temperature drop as a function of
depth increases with a decrease in exposure time. For example in Fig. 8-9(a), even though
the top surface temperatures are the same, the bottom temperature of the skin exposed by
laser for 80 seconds are obviously higher than the temperature under 20 seconds exposure
time. It can be seen from Fig. 8-10, that under the same laser exposure time, the higher
the surface temperature is, the larger is the temperature difference from the surface to the

bottom.
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Figure 8-9(a) Temperature as a function of depth calculated by using the required laser
powers of 5.1, 3.9, and 3.2 Watts obtained from the IHCP model, to reach 2°C.
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Figure 8-9(b) Temperature as a function of depth calculated by using the required laser
powers of 7.7, 5.9, and 4.8 Watts obtained from the IHCP model, to reach 3°C.
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Figure 8-9(c) Temperature as a function of depth calculated by using the required laser
powers of 10.2, 7.9, and 6.4 Watts obtained from the [HCP model to reach 4°C.
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Figure 8-10(a) Temperature as a function of depth calculated by using the required laser
powers of 5.1, 7.6, and 10.2 Watts obtained from the IHCP model for 20 seconds.
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Figure 8-10(b) Temperature as a function of depth calculated by using the required laser
powers of 7.7, 5.9, and 4.8 Watts obtained from the IHCP model for 40 seconds.
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Figure 8-10(c) Temperature as a function of depth calculated by using the required laser
powers of 10.2, 7.8 and 6.4 Watts obtained from the IHCP model for 80 seconds.
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8.2 Conclusions

Conclusions drawn from this work can be stated as follows:

e A numerical model for simulating bioheat in a 3D skin structure is developed using

the IHCP (inverse heat conduction problem) techniques.
e The required laser power, P,, over a pre-specified laser exposure time, to obtain pre-

specified temperatures at pre-specified grid points was calculated.

8.3 Future Study

Future studies need to address the following points:
e Conduct experiments using this model for verification purposes.
e This model assumes a continuous laser power input. Further work may consider a
pulsed laser power input.
e Apply this modeling approach to a tumor 3D structure for hyperthermia cancer

treatment.
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Table A.1 Program I: Source code for IHCP of LCVD unsteady state model for original
mesh

/*************************************************************************************

Peng Zhen
05/27/03

This program calculates the optimum laser powers for the growth of a rod till at length of 0.6mm.

An assumption is made that the temperature distribution at the surface of the rod is at unsteady state.

Mesh size is chosen to be 0.002mm( Original mesh)

This program realizes the algorithm presented in chapter five

*/

#include <math.h>
#include <iomanip.h>
#include <fstream.h>
#include <stdlib.h>

//intial conditions and forward declarisons
const int N=300, M=10;
const long double R =0.04, tip_r =0.015, hight=0.02, a = 0.002, Ea = 182004.0, Rgas = 8.314,
KO0 =237000.0, delta_t =0.002, delta_tgrow = 0.002,w = 0.01, h=0.002,Nu =0.36,absor
=1.0,kd =1.65, ks=1.7e-3,
densityD = 1.95e-3, densityS=2.21e-3, CPD=1460, CPS=1460;

void SolveTrid (long double [N+1], long double [N+1], long double [N+1], long double [N+1],
long double [N+1]); A

void TempDistr(long double, long double, long double, long double [N+1]);

void GetTgrowth(long double [M+1]);

long double growth (long double, long double, long double, long double);

long double One _iterat (long double, long double &);

ofstream fout("unsteadyresulth20.txt");

ofstream fout2("unsteadytemph20.txt");

int N _real; // the real grid points number

double L; // the length of the rod

long double T[M+1]={0}, Pdelta T[M+1]={0},Tgrow[M+1]={0};

bool updateTheta0 = false;

int iteration_time =0;

long double thetaO[N+3] ={0};

long double thetaOOId[N+3]={0};

void main()

{
long double PO, PO _new, S, S new;

P0=1.62; // initial guess for PO

double delta_S = 1e-5; // the error for stopping the iterations
if(!fout||!fout2)

{

exit(1);

]
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for( int i =0; i<290; i++ )// so L range from 0.002 to 0.1 //i<290
{
L= hight+i*a; /because the parabollic hight is 0.02, 10 grid points, thus h =0.002

N_real =i+10;

iteration_time = 0;

if( i==1)
P0=0.97;

GetTgrowth( Tgrow);

S =One _iterat(PO, PO_new);

cout<<"S= "<<S<<endl;

do

{
PO =P0_new; //assign the new P
cout<<"P0 is "<<P0<<endl;
iteration_time ++;
S_new = One_iterat(P0, PO_new);

//fout<<"the "<<iteration time<<" iteration"<<endl;
cout<<"P0O_new is "<<P0O_new<<endl;
cout<<"S new is "<<S_new<<endl;
if{ fabs(S_new -S)/S_new<delta_S |[fabs(P0_new-PO )<delta S)
{

updateTheta0 = true;

PO =P0 _new;

TempDistr(L,P0,w,T);

fout2<<L<<endl,

for(int j=1; j<=N_real; j++)
fout2<<thetaOfj +300<<" ";

E’out2<<end1;

updateTheta0 = false;

fout<<"S="<<S new;
break; //jump out of the loop

else

S=S new;

}while( iteration_time<1000 );
fout<<" L is "<<setiosflags(ios::showpoint)
<<setprecision(10)<<L<<"P0 is: "<<setiosflags(ios::showpoint)
<<setprecision(10)<<P0 new<<endl;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



fout.close();
fout2.close();

}
1*
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This following subroutine is going through one cycle from step 1 to step 7 in section 5.6 of chapter five,
calculating Pok from Pok-1.

*/
long double One _iterat (long double PO, long double &new_P)
{

long double X[M+1]={0}, XXtX[M+1], T Tgrow[M+1];
long double delta PO, temp1=0.0, XXt=0.0, S=0.0, Uk=2;

delta PO =P0/100000;

TempDistr(L, PO, w, T);
TempDistr(L, PO+delta PO, w, Pdelta T);
for (int n=0; n<M-+1; n++)

{

X[n]=(Pdelta T[n]-T[n])/delta_PO;
}

for (int i=0; i<M+1; i++)
XXE=XX+X1]*X1];
for (i=0; i<M+1; it++)

XXtX[1]=X[i]/(XXt+0.01);//alpha is 1 here
}

for (i=0; i<M+1; i++){
ffout<<"Tgrow[ "<<i<<"]"<<Tgrow[i]<<end];
T Tgrow[i] = Tgrowl[i]-T[i];
S =8+ (T Tgrow[i]*T Tgrow[i]);

}

temp1=0.0;

for (i=0; i<M+1; i++)

{
}

new_P =P0 + templ;
return S;

templ = templ + XXtX[i]*T Tgrow[i];

}

/*
The following subroutine calculates the temperature distribution on the whole surface of the rod.
*/

/mow first we should calculate out the ri, xi,
void TempDistr(long double L, long double PO, long double w, long double Temp[M+1])

{
long double L1, ¢, h, Lumda;

A
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long double kgas = 0.001; // used to calculate the conviction
long double pai = 3.1415926;

long double x[N+2]={0}, r[N+2]={0}, x_half[N+2]={0}, sq_r_half{[N+2]={0},
h conv[N+2]={0}, Qin[N+2]={0},
slope[N+2];
long double aCoeff[N+2]={0}, bCoeffiN+2]={0}, cCoeffIN+2]={0}, dCoeff[N+2]={0};
long double M1,N1,N2; //M1,N1, D1 are coefficent generated from BC for thetal and thetaN

long double coeffl;

long double AO[N+1]={0}, BO[N+1]={0}, CO, DO[N+1]={0};
long double temp;
long double maxDiff,diff;

long double y = R*R-tip _r*tip r;
L1 = L-hight;

¢ = sqrt(y/hight);

h=L/N_real;

Lumda = 2*absor/(pai*w*w);

cout<<endl;

// now calculate the X[i], r[i]
for (int i=1; i<N_real+2; i++)

{
x[i] = (i-1)*h;
if (x[i]<=L1)
{
slope[i]=0;
[i] =R;
}
else
{
if( i==N_real+1)
{
1[i] = tip_1;
}
else
{
rfi] = c*sqrt(L+tip_r*tip r/(c*c)-x[i]);
}
slope[i] = c*c/(2*1[i]);
}
h _conv[i] = Nu*kgas/(2*r[i]);
}

// now calculate the x_halffi] and square of half[i]

for (i=2; i<N_real+2; i++)
{x_halfli] = (i-1)*h - h/2;

A
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if (x_halffi]<=L1)
sq_r_half[i] = R*R;
else
sq r halffi] = c*sqrt(L+tip_r*tip r/(c*c)-x_half[i])*c*sqrt(L+tip r*tip r/(c*c)
-x_halffi]);

//mow calculate the coeffl
// The Matrix should be looks like AO[i]*theta][i-
1](n+1)+sth[i]*theta[i](n+1)+B[i]*theta[i+1](n+1)

coeffl = kd /(h*h*2*CPD*densityD);
C0 = Nu*kgas/(2.0*CPD * densityD );

long double v[N+2], beta[N+2], theta[N+3];

/I now the A0, BO, DO
for (i=2; i<N_real+1; i++)
{
AQ[i] = coeffl*sq r halffi];
BO[i] = coeffl*sq r_halffi+1];
DO[i] = PO * Lumda* exp(-2*r[i}*r[i)/(w*w) )* slope[i]/(sqrt(1+slope[i]*slope[i]))
*2*1[i]/(CPD*densityD );

M1 = (1+ (h*3*ks)/(8*kd*R*R*R) );
N1 =1/h+h_conv[N_real+1]/(pai *kd *tip r*tip r);
N2 = Lumda*P0 * exp( -2*tip_r*tip_r/(w*w) )/(pai*kd*tip r*tip r);

/I now we try to solve the tri-diagonal matrix

// the matrix is in the format of
// -b[i] * x[i-1] +a[i] *x[i] - c[i]*x[i+1] = d[i];
// x[0] = 0; x[n=2]=0;
int iter=0;
temp=100;
do{
maxDiff =0;
iter++;

for( int loop = 0; loop<2000; loop++)
{

for(i=2; i<N_real+1; i++ ) // the general case first

bCoefi[i] = AO[i];
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cCoeff[i] = BO[i];

aCoeff[i] = r[i]*r[i}/delta_t+ AO[i] + BO[i] + CO;

dCoeff[i] = DO[i]+AO[i]*thetaO[i-1]

+( r[i]*r[i]/delta_t - AO[i] - BO[i] -CO)*thetaO[i]+BO[i]*thetaO[i+1];

bCoeff[1] =0;
cCoeff[1] = 1/M1;
aCoeff[1]=1;
dCoeff[1] = 0;

bCoeff[N_real+1] = 1/h;
cCoeff[N_real+1] =0;

aCoeff[N_real+1]=N1;
dCoeff[N real+1] =N2;

v[0]=0;
beta[0]=0;

for( int k=1; k<N _real+2 ;k++)
v[k] =(dCoeffk] +bCoeff[k] *v[k-1] )/(aCoefi[k] - bCoeff[k] * betalk-1]) ;
beta[k] = cCoeff[k]/(aCoeff[k] - bCoefflk] * beta[k-1] );

}

theta[N real+2] =0;
for( int m=N_real+1; m>0; m--)

{
theta[m] = v[m] +beta[m] * theta|m+1] ;
diff = fabs( theta[m]-thetaO[m] );
if( diff>maxDiff)
maxDiff = diff;
thetaO[m] = theta[m];
}

}
} while(maxDiff>0.00001);

for (i=0; i<M+1; i++)
Temp[i] = theta[N_real+i+1-M]}+300;

/I judge if to update the theta
if( updateTheta0— false )

{ for( int i =0; i<N_real+3; i++)
{ thetaO[i] = theta0OId[i];
}

}

else

{
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for(inti=0; i<N_real+3; it++)

{
thetaOOILd[i] = thetaO[i];
}
}

}
/*
The following subroutine calculates the required temperature distribution Tdr on the parabolic portion of
the rod.

*/

void GetTgrowth(long double Td[M+1])
{
long double L1, e, f, c, h;
long double x[M+1], r[M+1], slope[M+1], x newl[M+1], r newl[M+1], x_new2[M+1],
r new2[M+1], delta x[M+1];

long double y = R*R-tip_r*tip_r;

L1 =L-hight;
¢ = sqrt(y/hight);
h = hight/M;

for (int i=0; i<M+1; i++)

{
x[i] = L1+i*h;

r{i] = c*sqrt(L+tip r*tip r/(c*c)-x[i]);
slope[i] = c*c/(2*1fi]);

delta x[0]=0;
delta x[M] =a;

for (int j=1; j<M; j++)

r_newl[j]=R;
x_newl[j] = slope[j]*(R-r[j]) + x[31;
if (x_newl[j] <=(L1+a))
delta_x[j] = growth (1[j], x[j], r_newl1[j], x_newl[j]);
else break;

}
for (int k=j; k<M; k++)

e=(x[k]-slope[k]*r[k]-L-a-tip_r*tip_r/(c*c))/(c*c);
f=sqrt(slope[k]*slope[k]-4*¢);

r_new2[k] = c*c*(f - slope[k])/2;

x_new2[k] = slope[k]*(r_new2[k]-r[k]) + x[k];
delta_x[k] = growth (r[k], x[k], r_new2[k], x_new2[k]);

L
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}

for (int p=0; p<M+1; p++)
Td[p] =- Ea/(Rgas * log(delta_x[p]/(KO*delta_tgrow)));
Td[0]=Td[1]«(Td[2]-Td[1])*(Td[2]-Td[1])/(Td[3]-Td[2]);
h
The following subroutine calculates the growth of each grid point from current layer to the next layer.

*/

long double growth (long double al, long double bl, long double a2, long double b2)

{
long double d;
d = (a2-al)*(a2-al) + (b2-b1)*(b2-b1);
return sqrt (d);

}

b
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Table A.2 Program II: Source code for [HCP of LCVD steady state model for orignal
mesh

/*************************************************************************************

Peng Zhen
05/27/03

This program calculates the optimum laser powers for the growth of a rod till at length of 0.6mm.
An assumption is made that the temperature distribution at the surface of the rod is at steady state.
Mesh size is chosen to be 0.002mm( Original mesh)

This program realizes the algorithms from Chen’s model

*/

#include <math.h>
#include <iomanip.h>
#include <fstream.h>
#include <stdlib.h>

//intial conditions and forward declarisons

const int N=300, M=10, Iter Num=15;

const long double R =0.04, tip_r =0.015, hight=0.02, a = 0.002, Ea = 182004.0, Rgas = 8.314,
KO0 =237000.0, delta_t=0.002, w=0.01, h=0.002;

void SolveTrid (long double [N+1], long double [N+1], long double [N+1], long double [N+1],
long double [N+1]);

void TempDistr(long double, long double, long double, long double [N+1]);

void GetTgrowth(long double [M+1]);

long double growth (long double, long double, long double, long double);

long double One _iterat (long double, long double &);

ofstream fout("steadyresult.txt");

ofstream fout2("'steadytempdistribution.txt");

ofstream fout3("steadyrequiredtemp.txt");

int N_real; / the real grid points number

double L; // the length of the rod

long double thetaO[N+3]={0};

void main()
{
long double PO, PO _new, S, S_new;
P0=1.5; // initial guess for Po
double delta_S = 1e-6; // the error for stopping the iterations
if(!fout)

exit(1);

for( int i =0; i<290; i++ )/ so L range from 0.002 to 0.1
{
L= hight+i*a; //because the parabollic hight is 0.02, 10 grid points, thus h =0.002
N real =i+10; ‘
int iteration_time = 0;
S = One_iterat(PO, PO_new);
cout<<"S= "<<S<<endl;

b
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PO =P0_new; //assign the new P

cout<<"PQ is "<<P0<<endl;

S new = One_iterat(P0, PO _new);

iteration_time ++;

//fout<<"the "<<iteration_time<<" iteration"<<endl;
cout<<"P0Q_new is "<<P0_new<<endl;
cout<<"S new is "<<S new<<endl;

if( fabs(S_new -S)/S_new>delta_S)

{
S=S_new;
}
else
{
fout<<"S="<<S_new;
fout2<<"L="<<L<<" ";
for( int j=1; j<N_real; j++)
fout2<<thetaO[j]<<" ";
fout2<<endl;
break; //jump out of the loop
}

} while( iteration_time<1000 );
fout<<" L is "<<setiosflags(ios::showpoint)
<<setprecision(10)<<L<<"P0 is: "<<setiosflags(ios::showpoint)
<<setprecision(10)<<P0_new<<endl;

}
fout.close();
fout2.close();
fout3.close();
}
/ *

94

This following subroutine is going through one cycle from step 1 to step 7 in section 5.6 of chapter five,
calculating Pok from Pok-1.

*/
long double One _iterat (long double PO, long double &new_P)
{
long double T[M+1]={0}, Pdelta T[M+1]={0}, X[M+1]={0}, XXtX[M+1],
T Tgrow[M+1], Tgrow[M+1];
long double delta_ PO, temp1=0.0, XXt=0.0, S=0.0, Uk=2;
I fout<<"PQ = "<<P0<<endl;

delta_P0 = P0/1000;
GetTgrowth(Tgrow);
fout3<<L<<"";

for( int j=0; j<M+1;j++)

fout3<<Tgrow[j]<<" ";

|
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}

fout3<<endl;
TempDistr(L, PO, w, T);

TempDistr(L, PO+delta PO, w, Pdelta_T);
for (int n=0; n<M-+1; n++)

{

X[n]=(Pdelta_T[n]-T[n])/delta_PO;
}

for (int i=0; i<M+1; i++)
XXt=XXt+X[i]*X[i];

for (i=0; i<M+1; i++)

{
XXtX[1]1=X[1]/(XXt);//alpha is O here
}

for (i=0; i<M+1; i++){
/fout<<"Tgrow[ "<<i<<"]"<<Tgrow[i]<<endl;
T Tgrowl[i] = Tgrow[i]-TTi];
S=8+ (T Tgrow[i]*T Tgrow{i]);

}
temp1=0.0;
for (i=0; i<M+1; i++)
{
templ = temp1 + XXtX[i]*T_ Tgrowl[i];
}
new_P =PO0 + templ;
return S;
}
/*
The following subroutine calculates the temperature distribution on the whole surface of the rod.
*/
void TempDistr(long double L, long double PO, long double w, long double Temp[M+1])
{

long double L1, ¢, h, Lumda;

long double Ks = 0.0017, absor = 1.0, f, kgas = 0.001, Kd=1.65, Nu = 0.36, pai = 3.1415926;

long double x[N+1], r{N+1], O[N+1], x_half[N+1], sq_r_halffN+1], h_conv[N+1], Qin[N+1],
b[N+1], slope[N+1];

long double U[N+1]={0}, I{N+1]={0}, d[N+1]={0};

long double y = R*R-tip r*tip r;
L1 =L-hight;

¢ = sqrt(y/hight);

h=L/N real,

Lumda = 2*absor/(pai*w*w);

for (int i=0; i<N_real+1; i++)
{
x[i] = i*h;
if (x[i]<=L1)
tfi] =R;
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else

{
r[i] = c*sqrt(L+tip_r*tip_r/(c*c)-x[i]);
slope[i] = c*c/(2*1[i]);

}

h_conv[i] = Nu*kgas/(2*r]i]);
}

for (i=1; i<N_real+1; it+)
{x_halffi] = i*h - h/2;
if (x_half[i]<=L1)
sq_r_halffi] = R*R;

else
sq_r_half[i] = c*sqrt(L+tip_r*tip_r/(c*c)-x_half[i])*c*sqrt(L+tip_r*tip_1r/(c*c)
-x_halffi]);
}
d[0] = 3*Ks/(8*Kd*r[0]*1[0]*r[0]) + 1/h;
U[0] = -1/h;

I[N _real] =-1/h;
d[N_real] =h_conv[N _real}/(pai*Kd*tip_r*tip r) + 1/h;

for (i=1; i<N_real; i++)

I[i] = -(Kd*sq_r_halfi]/h)/h;
d[i] = -r[i}*h_conv[i] + Kd*(sq_r_halffi] + sq _r_half[i+1])/(h*h);
Uli] = -(Kd*sq_r_halfli+1]/h)/h;

}

for(i=1; i<N_real; i++)
{
if (x[i}<=L1)
Qin[i] = 0.0;
else
Qinfi] = 2*P0*absor*(x[i}/sqrt(slope[i]*slope[i]+1))*exp(-
2*1[i]*r[iJ/(w*w))/ (pai*w*w);
}

b[0] = 0.0;
b[N_real] = Lumda*P0*exp(-2*tip_r*tip_t/(w*w))/(pai*Kd*tip_r*tip_r);

for (i=1; i<N_real; i++)
bli]=r[i]*Qinli;
SolveTrid (O, b, 1, U, d);

for (i=0; i<N_real+1; i++)

{
O[i] = O[i] + 300;
thetaO[i]=0[i];

for (i=0; i<M+1; i++)

{
}

Temp[i] = O[N_real+i-M];
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/*
The following subroutine solves the linear system by Thomas Algorithm.
*/
void SolveTrid (long double O[N+1], long double b[N+1], long double 1[N+1], long double U[N+1],
long double d[N+1])
{
long double b1[N+1], d1[N+1];
d1{0]=d[0];
b1[0]=b[0];
for (int i=1; i<N_real+1; i++)
{
d1[i] = d[i] - I[i]*U[i-1}/d1[i-1];
bl1[i] =b[i] - 1[i]*b1[i-1]/d1[i-1];
}
O[N_real] =b1[N_real}/d1[N_real];
for (i=N_real-1; i>=0; i--)
O[i] = (b1[i] - U[i}*O[i+1])/d1[i];
}
/*

The following subroutine calculates the required temperature distribution Tdr on the parabolic portion of
the rod.

*/

void GetTgrowth(long double Td[M+1])
{
long double L1, ¢, f, c, h;
long double x[M+1], ffM+1], slope[M+1], x_newl[M+1], r_newl[M+1], x_new2[M+1],
r_new2[M+1], delta x{M+1];

long double y = R*R-tip_r*tip r;
L1 =L-hight;

¢ = sqrt(y/hight);
h = hight/M;

for (int i=0; i<M+1; i++)

{
x[i] = L1+i*h;
1[i] = c*sqrt(L+tip_r*tip r/(c*c)-x[i]);
slope[i] = c*c/(2*1[i]);

}

delta_x[0] =0;
delta_x[M] = a;

for (int j=1; j<M; j++)
{

r newl[jl=R;
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x_newl[j] = slope[j]*(R-t[j]) + x[j];
if (x_newl[j] <=(L1+a))

delta_x[j] = growth (1[j], x[j], r newl[j], x_newl[j]);
else break;

}
for (int k=j; k<M; k++)
{

e=(x[k]-slopef[k]*r[k]-L-a-tip_r*tip r/(c*c))/(c*c);

f=sqrt(slope[k]*slope[k]-4*¢);

r_new2[k] = c*c*(f - slope[k])/2;

x_new2[k] = slope[k]*(r_new2[k]-r[k]) + x[k];

delta x[k] = growth (r[k], x[k], r_new2[k], x_new2[k]);
}

for (int p=0; p<M+1; p++)
Td[p] =- Ea/ (Rgas * log(delta_x[p}/(KO*delta_t)));
Td[0]=Td[1]-(Td[2]-Td[1])*(Td[2]-Td[1])/(Td[3]-Td[2]);

}
/*
The following subroutine calculates the growth of each grid point from current layer to the next layer.
*/
long double growth (long double al, long double b1, long double a2, long double b2)
{
long double d;
d = (a2-al)*(a2-al) + (b2-b1)*(b2-bl);
return sqrt (d);
}

1
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Table A.3 Program III: Source code for solving the DHCP of a Pennes’ Model

¢ Peng Zhen
¢ 08/27/03

¢ This program is about heat transfer in the skin of a human being.

¢ There are three layers in the skin. The first layer is Epiderms, the second one

¢ is Dermis and the last one is Sub-Cutaneous. The govening equation used is:

¢ pe(paU/pat)=k(Uxx+Uyy+Uzz)-WbCbU

c the final equation used is

¢ Left(m+1)=(-k*deltaT/deltaZ**2)*v(i,j,k-1)+(2*p*c+(8*k*deltaT)/(h*h)+wb*cb*deltaT
c +2*k*deltaT/deltaZ**2)*v(i,j,k)-(k*deltaT/deltaZ**2)*v(i,j,k+1)

¢ Right(m)=((4*k*deltaT)/(h*h))*v(i,j,k)+(k*deltaT/h**2)*(v(i-1,j,k)+v(i+1,j,k)

c +v(i,j-1,k)+v(i,j+1,k))+(i,j,k)

¢ f(i,j,k)=(2*p*c-4*k*deltaT/h**2-2*k*deltaT/deltaZ**2-wb*cb*deltaT)*v(i,j,k)

c +k*deltaT*((v(i-1,j,k)+v(i+1,j,k)+v(i,j-1,k)+v(i,j+1,k))/h**2

c +(v(i,j,k-1)+v(i,j,k+1))/deltaZ**2)+2*deltaT*Ql

¢ deltaX=deltaY=0.25cm=h deltaZ=0.001 Lx=Ly=5cm 121=0.008cm 1z2=0.2 1z3=1.0
c deltaT=0.1

¢ IC: v(i,j,k,0)=0 at time t=0

¢ BC: v(1,},0,n)=v(Lj,1,n) v(1,j,Nz3,n)=v(i,j,Nz3-1,n)

c v(Nx,j,k,n)=v(Nx-1,j.k,n) v(0,j,k,n)=v(1,j,k,n)

c v(1,0,k,n)=v(i,1,k,n) v(i,Ny k,n)=v(i,Ny-1,k,n)

c Interfacel: -k1*v1(i,j,Nz1-1,n)+(k1+k2)*v(i,j,Nz1)-k2*v2(i,j,1,n)=0

¢ Interface2: -k2*v2(i,j,Nz2-1,n)+(k2+k3+*v(i,j,Nz2)-k3*v3(i,j,1,n)=0

dimension vnew(0:20,0:20,0:1208),vold(0:20,0:20,0:1208)

dimension v(0:20,0:20,0:1208),beta(0:20,0:20,0:1208)

dimension b(1208),a(1208),c(1208)

dimension vn(0:20,0:20,0:1208),f{0:20,0:20,0:1208)

dimension Q1(0:20,0:20,0:1208), Q2(0:20,0:20,0:1208 ), Q3(0:20,0:20,0:1208 )
dimension d(0:20,0:20,0:1208 )

double precision b,a,c,d,v,beta,MaxErr,vnew,vn,vold,h,f,e,u0,Q1,Q2,Q3

double precision deltaZ,deltaT

double precision pl,p2,p3,qcl,qc2,qc3,k1,k2 k3, wb1,wb2,wb3,cb1,cb2,cb3

double precision Sigma,Alphal,Alpha2, Alpha3,Reff1,Reff2 Reff3
double precision PO, pi

c data

Sigma= 0.1
Alphal=1.0
Alpha2=0.8
Alpha3=0.4
Reff1=0.93
Reff2=0.93
Reff3=0.93

P0=6.4
pi=3.14159265358979

h=0.1
deltaZ=0.001
deltaT=0.1
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=10
n=100
nx=20
ny=20
nzi=8
nz2=208
nz3=1208
pl=1.2
p2=1.2
p3=1.0
qcl=3.6
qc2=34
qc3=3.06
k1=0.0026
k2=0.0052
k3=0.0021
wb1=0.0

wb2=0.0005
wb3=0.0005

¢b1=0.0
cb2=4.2
cb3=4.2
¢=0.001

open(unit=7,file='qincluded5w100.data")

¢ Initialization and power term, Q

do i=0,nx
do j=0,ny

do z=0,nz1
vn(i,j,z)=0.0

vold(i,j,zy=vn(i,j,z)
Q1(ij,z)= Alphal * exp( - Alphal *z *deltaZ ) /( sqrt(2*pi)*Sigma)

$ * exp( -(( m/2-i)*(nx/2-1)+(ny/2-j Y*(ny/2-))) *h*h/(2*Sigma*Sigma ))
$ * PO*(1-Reffl )
enddo
do z =nz1+1,nz2
vn(i,j,z)=0.0
vold(i,j,z)=vn(i,j,z)
Q2(ij,z)= Alpha2 * exp( - Alpha2 *(z-nz1) *deltaZ )*exp(-Alphal*deltaZ*nz1 ) /(
sqrt(2*pi)*Sigma)
$ * exp( -(( nx/2-1)*¥(nx/2-1)+H(ny/2-j)*(ny/2-)))*h*h/(2*Sigma*Sigma ))
$ * PO*(1-Reff2 )
enddo
do z =nz2+1,nz3
vn(i,j,2)=0.0

vold(i,j,zy=vn(ij,z)

Q3(i,j,z)= Alpha3 * exp( - Alpha3 *(z-nz2) *deltaZ )*exp(-Alphal *deltaZ*nz1 ) *exp(-

Alpha2*deltaZ*(nz2-nz1) ) /( sqrt(2*pi)*Sigma)

$
$

enddo

enddo

* exp( ~(( nx/2-))*(nx/2-1)H(ny/2-))*(ny/2-))) *h*/(2*Sigma*Sigma ))
* PO*(1-Reff3 )
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enddo

¢ Time Iteration
nt=0
99 nt=nt+1
if(nt.gt.n) go to 1
do i=0,nx
do j=0,ny
do z=0,nz3
vn(i,j,z)=vold(i,j,z)
enddo
enddo
enddo

MaxErr=1.0

88 if(MaxErr.1t.€)go to 77
print *, MaxErr
MaxErr=0.0
do i=1,nx-1
do j=1,ny-1

¢ coefficients:

do z=1,nz1-1
f(i,j,2)=(2*p1*qcl-(4*k1 *deltaT)/(h**2)-(2*k1*deltaT)/(deltaZ**2)-wb1*cb1 *deltaT)
*vi(i,j,z)tk1*deltaT*((va(i-1,j,z)tvn(i+1,j,2)+vn(i,j-1,z)+vn(i,j+1,2) )/ (h**2)
+Hvn(ij,z-1)+vn(i,j,z+1))/(deltaZ **2))+2 *deltaT*Q1(i,j,2)
b(z)=(k1*deltaT)/(deltaZ**2)
a(z)=2*p1*qcl+(8*k1*deltaT)/(h**2)+wb1*cb1*deltaT+(2*k 1 *deltaT)/(deltaZ**2)
c(z)=(k1*deltaT)/(deltaZ**2)
d(i,j,z)=((4*k 1 *deltaT)/(h*h))*vold(i,j,z)+(k1*deltaT/(h**2))*(vold(i-1,j,z)
$ +vold(i+1,j,z)+vold(i,j-1,z)+vold(ij+1,z))+f(i,j,z)

@~ n

enddo

a(1)=a(1)-b(1)

b(1)=0

b(nz1)=k1

a(nz1)=k1+k2

c(nzl)=k2

d(i,j,nz1)=0

do z=nz1+1,nz2-1

1(i,j,2)=(2*p2*qc2-(4*k2*deltaT)/(h**2)-(2*k2 *deltaT)/(deltaZ**2)-wb2*cb2 *deltaT)

$ *vn(i,j,z)+k2*deltaT*((vn(i-1,j,z)+vn(i+1,j,z)+vn(i,j-1,z)+vn(i,j+1,2) )/ (h**2)
$  +(vn(ij,z-1)+vn(i,j,z+1))/(deltaZ**2))+2*deltaT*Q2(i,],z)

b(z)=k2*deltaT/deltaZ**2

a(z)=2*p2*qc2+8*k2*deltaT/(h**2)+wb2*cb2*deltaT+2*k2*deltaT/(deltaZ**2)

c(z)=k2*deltaT/(deltaZ**2)

d(i,j,z)=((4*k2*deltaT)/(h*h))*vold(i,j,z)H(k2*deltaT/(h**2))*(vold(i-1,j,z)

+vold(i+1,j,z)+vold(i,j-1,z)+vold(ij+1,2))+{(i,},z)

enddo

b(nz2)=k2

a(nz2)=k2+k3

c(nz2)=k3

d(i,j,nz2)=0
do z=nz2+1,nz3-1

f(i,j,z)=(2*p3*qc3-(4*k3 *deltaT)/(h**2)-2*k3 *deltaT/(deltaZ**2)-wh3*cb3 *deltaT)

A
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$ *vn(i,j,z)+k3*deltaT*((vn(i-1,j,z)+vn(i+1,j,z)+vn(i,j-1,z)+vn(i,j+1,2))/h**2
$  +(vn(ij,z-1)+vn(i,j,z+1))/deltaZ**2)+2*deltaT*Q3(i,j,z)
b(z)=k3*deltaT/(deltaZ**2)
a(z)=2*p3*qc3+8*k3*deltaT/(h**2)+wb3*cb3*deltaT+2*k3 *deltaT/(deltaZ**2)
c(z)=k3*deltaT/deltaZ**2
d(i,j,z)=((4*k3*deltaT)/(h*h))*vold(i,j,z)+(k3*deltaT/(h**2))*(vold(i-1,j,z)
$ +vold(i+1,j,z)+vold(i,j-1,z)+vold(i,j+1,2))+f(i,j,z)
enddo
a(nz3-1)=a(nz3-1)-c(nz3-1)
¢(nz3-1)=0
enddo
enddo

¢ tri-diagonal system

do i=1,nx-1
do j=1,ny-1
v(i,},0z3)=0.0
beta(i,j,nz3)=0.0
do z=nz3-1,1,-1
v(i,j,2)=(d(i,j,z)+c(2)*v(i,j,z+1))/(a(z)-c(z)*beta(i,j,z+1))
beta(i,j,z)=b(z)/(a(z)-c(z)*beta(i,j,z+1))
enddo
enddo
enddo

do i=1,nx-1
do j=1,ny-1
c vnew(i,j,0)=0.0

do z=1,nz3-1
vnew(i,j,z)=v(i,j,z)tbeta(i,j,z)*vnew(i,j,z-1)
if(abs(vnew(i,j,z)-vold(i,j,z)).gt. MaxErr) then

MaxErr=abs(vnew(i,j,z)-vold(i,j,z))
endif

vold(i,j,z)=vnew(i,j,z)

enddo

enddo

enddo

do i=0,nx

do j=0,ny
do z=0,nz3
vnew(i,j,nz3)=vnew(i,j,nz3-1)
vnew(nx,j,z)=vnew(nx-1,j,z)
vnew(0,j,z)=vnew(1,j,z)
vnew(i,0,z)=vnew(i,1,z)
vnew(i,ny,z)=vnew(i,ny-1,z)
vnew(i,j,0) = vnew(i,j,1)
vold(i,j,z)=vnew(i,j,z)
enddo

enddo

enddo

go to 88
77 do z=0,nz3
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c write(7,2) vnew(10,10,2),Q1(10,10,2),Q2(10,10,z),Q3(10,10,2)
c2 format(f14.10,f14.10,£14.10,f14.10)

enddo

go to 99

1 do z=0,nz3
write(7,3) vnew(10,10,z)
3 format(f14.10,f14.10,f14.10)
enddo
close(6)
end

Table A.4 Program IV: source code for solving the IHCP problem of a Pennes’ Model

¢ Peng Zhen
¢ 08/27/03

¢ This program is about heat transfer in the skin of human being.

¢ There are three layers in the skin. The first layer is Epiderms, the second one

¢ is Dermis and the last one is Sub-Cutaneous. The govening equation used is:

¢ pc(paU/pat)=k(Uxx+Uyy+Uzz)-WbCbU

c the final equation used is

¢ Left(m+1)=(-k*deltaT/deltaZ**2)*v(i,j,k-1)+(2*p*c+(8*k*deltaT)/(h*h)+wb*cb*deltaT
c +2*k*deltaT/deltaZ**2)*v(i,j k)-(k*deltaT/deltaZ**2)*v(i,j,k+1)

¢ Right(m)=((4*k*deltaT)/(h*h))*v(i,j,k)+(k*deltaT/h**2)*(v(i-1,j,k)+v(i+1,j,k)

c +v(i,j-1,k)+v(i,j+1,k)+H(i,5,k)

¢ f(i,j,k)=(2*p*c-4*k*deltaT/h**2-2*k*deltaT/deltaZ**2-wb*cb*deltaT)*v(i,j,k)

c +k*deltaT*((v(i-1,j,k)+v(i+1,j,k)+tv(ij-1,k)+v(ij+1,k))/h**2

c Hv(1,),k-1)+v(i,j,k+1))/deltaZ**2)+2*deltaT*Ql

¢ deltaX=deltaY=0.25cm=h deltaZ=0.001 Lx=Ly=5cm 1z1=0.008cm 1z2=0.2 1z3=1.0
¢ deltaT=0.1

¢ IC: v(i,j,k,0)=0 at time t=0

¢ BC: v(i,j,0,n)=v(Lj,1,n) v(i,j,Nz3,n)=v(i,j,Nz3-1,n)

c v(NXx,j,k,n)=v(Nx-1,j,k,n) v(0,j,k,n)=v(1,j,k,n)

c v(1,0,k,n)=v(i,1,k,n) v(i,Nyk,n)=v(i,Ny-1k n)

¢ Interfacel: -k1*v1(i,j,Nz1-1,n)+(k1+k2)*v(i,j,Nz1)-k2 *v2(i,j,1,n)=0

¢ Interface2: -k2*v2(i,j,Nz2-1,n)+(k2+k3+*v(i,j,Nz2)-k3*v3(i,j,1,n)=0

program main
common/ALLDATA/vnew
dimension vnew(0:20,0:20,0:1208)
double precision vnew

double precision POm, T1m, T2m, deltaP, X, Tpoint
double precision S, Snew, Pnew,error
POm=5.0

Pnew=5.0

Tlm=0

T2m=0

Tpoint=2

S=0

Snew=0

error=0.001
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open(unit=38,file="finalPt2n25.data’)
22 continue
POm=Pnew
deltaP=POm/100
S=Snew

call calculate(POm, T1m)
write(8,4) T1m
4 format(f14.10)

call calculate(POmrt+deltaP,T2m)
write(8,5) T2m
5 format(f14.10)

X=(T2m-T1m)/deltaP

Pnew = POm+X/(X*X)*(Tpoint-T1m )
Snew = (Tpoint-T 1m)**2

if ((Snew-S)/S .GT. error ) goto 22
write(8,4) POm

write(8,4) S

close(8)

stop
end

¢ user defined subroutine
subroutine calculate( PO, T1)
double precision PO, T1
common/ALLDATA/vnew
dimension vnew(0:20,0:20,0:1208)
double precision vnew

¢ local variables
dimension vold(0:20,0:20,0:1208)
dimension v(0:20,0:20,0:1208),beta(0:20,0:20,0:1208)
dimension b(1208),a(1208),c(1208)
dimension vn(0:20,0:20,0:1208),£(0:20,0:20,0:1208)
dimension Q1(0:20,0:20,0:1208), Q2(0:20,0:20,0:1208 ), Q3(0:20,0:20,0:1208 )
dimension d(0:20,0:20,0:1208 )
double precision b,a,c,d,v,beta, MaxErr,vn,vold,h,f,e,u0,Q1,Q2,Q3
double precision deltaZ,deltaT
double precision p1,p2,p3,qc1,qc2,q¢3,k1,k2,k3,wb1,wb2,wb3,cb1,cb2,cb3

double precision Sigma,Alphal,Alpha2,Alpha3,Reffl, Reff2 Reff3
double precision pi
integer z, t

c data
Sigma= 0.1
Alphal=1.0
Alpha2=0.8
Alpha3=0.4
Reff1=0.93
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¢ Initialization and power term,Q

$
$

$

Reff2=0.93
Reff3=0.93
pi=3.14159265358979

h=0.1
deltaZz=0.001
deltaT=0.1
=20

n=200
nx=20
ny=20
nzl=8
nz2=208
nz3=1208
pl=1.2
p2=1.2
p3=1.0
qcl=3.6
qc2=3.4
qc3=3.06
k1=0.0026
k2=0.0052
k3=0.0021
wb1=0.0
wb2=0.0005
wb3=0.0005
cb1=0.0
cb2=4.2
cb3=4.2
€=0.001

open(unit=7,file="temp25t2.data’)

do i=0,nx

do j=0,ny
do z=0,nz1
vn(i,j,z)=0.0
vold(i,j,z)=vn(i,j,z)

Q1(i,j,z)= Alphal * exp( - Alphal *z *deltaZ ) /( sqrt(2*pi)*Sigma)
* exp( -(( nx/2-1)*(nx/2-i)+(ny/2-jy*(ny/2-j))¥*h*h/(2*Sigma*Sigma ))
* PO*(1-Reffl )
enddo
do z=nzl+1,nz2
vn(i,j,z)=0.0

vold(i,j,z)=vn(i,j,z)

Q2(i,j,z)= Alpha2 * exp( - Alpha2 *(z-nzl) *deltaZ )*exp(-Alphal*deltaZ*nz1 ) /
sqrt(2*pi)*Sigma)
$

enddo
do z =nz2+1,nz3
vn(i,j,z)=0.0

vold(i,j,z)=vn(i,j,z)
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* exp( ~(( nx/2-1)*(nx/2-1)+(ny/2-jy*(ny/2-j))*h*h/(2*Sigma*Sigma ))
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Q3(ij,z)= Alpha3 * exp( - Alpha3 *(z-nz2) *deltaZ )*exp(-Alphal*deltaZ*nzl ) *exp(-
Alpha2*deltaZ*(nz2-nz1) ) /( sqrt(2*pi)*Sigma)

$ * exp( -(( nx/2-i)*(nx/2-1)+(ny/2-j)*(ny/2-j))*h*h/(2*Sigma*Sigma ))
$ * PO*(1-Reff3 )
enddo
enddo
enddo

¢ Time Iteration
nt=0
99 nt=nt+1
if(nt.gt.n) go to 1
do i=0,nx
do j=0,ny
do z=0,nz3
vn(i,j,z)=vold(i,j,z)
enddo
enddo
enddo

MaxErr=1.0

88 if(MaxErr.1t.e)go to 77
print *, MaxErr
MaxErr=0.0
do i=1,nx-1
do j=1,ny-1

c coefficients:

do z=1,nz1-1

f(i,j,z)=(2*p1*qcl-(4*k1*deltaT)/(h**2)-(2*k1*deltaT)/(deltaZ**2)-wb1*cb1*deltaT)
*vn(i,j,z)+k1*deltaT*((vn(i-1,j,z)+vn(i+1,j,z)+vn(i,j-1,z)+vn(i,j+1,z) )/ (h**2)

+(vn(i,j,z-1)+vn(i,j,z+1))/(deltaZ**2))+2*deltaT*Q1(1,j,2)
b(z)=(k1*deltaT)/(deltaZ**2)
a(z)=2*p1*qc1+(8*k1*deltaT)/(h**2)+wb1*cb1*deltaT+(2*k1*deltaT)/(deltaZ**2)
c(z)=(k1*deltaT)/(deltaZ**2)
d(i,j,z2)=((4*k 1 *deltaT)/(h*h))*vold(i,j,z) +H(k1*deltaT/(h**2))*(vold(i-1,j,z)

$ +vold(i+1,j,z)*+vold(i,j-1,z)+vold(i,j+1,z))+(i,},z)

]

enddo
a(l)=a(1)-b(1)
b(1)=0
b(nz1)=kl
a(nzl)=k1+k2
c(nz1)=k2
d(i,j,nz1)=0
do z=nz1+1,nz2-1
{(i,j,2)=(2*p2*qc2-(4*k2*deltaT)/(h**2)-(2*k2*deltaT)/(deltaZ**2)-wb2 *cb2 *deltaT)
*vn(ij,z)+k2*deltaT*((vn(i-1,j,z)+vn(i+1,j,2)+vn(ij-1,z)+vn(i,j+1,2))/(h**2)
$  H(vn(ij,z-1)+vn(i,j,z+1))/(deltaZ**2))+2*deltaT*Q2(i,j,z)
b(z)=k2*deltaT/deltaZ**2
a(z)=2*p2*qc2+8*k2*deltaT/(h**2)+wb2 *cb2*deltaT+2*k2 *deltaT/(deltaZ**2)
c(z)=k2*deltaT/(deltaZ**2)
d(i,j,z)=((4*k2*deltaT)/(h*h))*vold(ij,z)+(k2 *deltaT/(h**2))*(vold(i-1,j,z)
$ +vold(i+1,j,z)+vold(i,j-1,z)+vold(i,j+1,2))+1(i,j,z)
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enddo
b(nz2)=k2
a(nz2)=k2+k3
c(nz2)=k3
d(i,j,nz2)=0
do z=nz2+1,nz3-1
f(i,j,z)=(2*p3*qc3-(4*k3*deltaT)/(h**2)-2*k3*deltaT/(deltaZ**2)-wb3*cb3 *deltaT)
*vn(i,j,z)+k3*deltaT*((vn(i-1,j,2)+vn(i+1,j,z)+vn(i,j-1,z)+vn(i,j+1,2))/h**2
+(vn(i,j,z-1)+vn(i,j,z+1))/deltaZ**2)+2*deltaT*Q3(i,j,z)
b(z)=k3*deltaT/(deltaZ**2)
a(z)=2*p3*qc3+8*k3*deltaT/(h**2)+wb3*cb3*deltaT+2*k3*deltaT/(deltaZ**2)
c(z)=k3*deltaT/deltaZ**2
d(i,j,z)=((4*k3*deltaT)/(h*h))*vold(i,j,z) H(k3*deltaT/(h**2))*(vold(i-1,j,z)
+vold(i+1,j,z)+vold(i,j-1,z)+vold(i,j+1,2))+f(i,},z)
enddo
a(nz3-1)=a(nz3-1)-c¢(nz3-1)
¢(nz3-1)=0
enddo
enddo

¢ tri-diagonal system

do i=1,nx-1
do j=1,ny-1
v(i,j,nz3)=0.0
beta(i,j,nz3)=0.0
do z=nz3-1,1,-1
v(1,j,2)=(d(1,j,2)+c(2)*v(i,j,z+ 1))/ (a(z)-c(z)*beta(i,j,z+1))
beta(i,j,z)=b(z)/(a(z)-c(z)*beta(i,j,z+1))
enddo
enddo
enddo

do i=1,nx-1
do j=1,ny-1
vnew(i,j,0)=0.0

do z=1,nz3-1
vnew(i,j,z)=v(i,j,z)tbeta(i,j,z)*vnew(i,j,z-1)
if(abs(vnew(i,j,z)-vold(i,j,z)).gt. MaxErr) then
MaxErr=abs(vnew(i,j,z)-vold(i,j,z))
endif
vold(i,j,z)=vnew(i,j,z)

enddo

enddo

enddo

do i=0,nx

do j=0,ny
do z=0,nz3
vnew(i,j,nz3)=vnew(i,j,nz3-1)
vnew(nx,j,z)=vnew(nx-1,j,z)
vnew(0,j,z)=vnew(1,j,z)
vnew(i,0,z)=vnew(i,1,z)
vonew(i,ny,z)=vnew(i,ny-1,z)
vnew(4,j,0) = vnew(i,j,1)
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vold(i,j,z)=vnew(i,j,z)
enddo

enddo

enddo

go to 88
77 do z=0,nz3
c write(7,2) vnew(10,10,2),Q1(10,10,2),Q2(10,10,z),Q3(10,10,2)
c2 format(f14.10,14.10,f14.10,f14.10)

enddo

go to 99

1 do z=0,nz3
write(7,3) vnew(10,10,2)
3 format(f14.10,f14.10,f14.10)
enddo
close(7)
T1=vnew(10,10,0)
return
end
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