Louisiana Tech University
Louisiana Tech Digital Commons

Doctoral Dissertations Graduate School

Fall 2005

A FE-FD hybrid scheme for solving parabolic two-
step micro ﬁeat transport equations in irregularl
shaped three dimensional double -layered thin films
exposed to ultrashort -pulse lasers

Brian R. Barron
Louisiana Tech University

Follow this and additional works at: https://digitalcommons.latech.edu/dissertations

b Part of the Materials Science and Engineering Commons, and the Mechanical Engineering

Commons

Recommended Citation

Barron, Brian R., " (2005). Dissertation. 582.
https://digitalcommons.latech.edu/dissertations/ 582

This Dissertation is brought to you for free and open access by the Graduate School at Louisiana Tech Digital Commons. It has been accepted for
inclusion in Doctoral Dissertations by an authorized administrator of Louisiana Tech Digital Commons. For more information, please contact

digitalcommons@latech.edu.


https://digitalcommons.latech.edu?utm_source=digitalcommons.latech.edu%2Fdissertations%2F582&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.latech.edu/dissertations?utm_source=digitalcommons.latech.edu%2Fdissertations%2F582&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.latech.edu/graduate-school?utm_source=digitalcommons.latech.edu%2Fdissertations%2F582&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.latech.edu/dissertations?utm_source=digitalcommons.latech.edu%2Fdissertations%2F582&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/285?utm_source=digitalcommons.latech.edu%2Fdissertations%2F582&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/293?utm_source=digitalcommons.latech.edu%2Fdissertations%2F582&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/293?utm_source=digitalcommons.latech.edu%2Fdissertations%2F582&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.latech.edu/dissertations/582?utm_source=digitalcommons.latech.edu%2Fdissertations%2F582&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digitalcommons@latech.edu

NOTE TO USERS

This reproduction is the best copy available.

®

UMI

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A FE-FD HYBRID SCHEME FOR SOLVING PARABOLIC TWO-STEP MICRO
HEAT TRANSPORT EQUATIONS IN IRREGULARLY SHAPED THREE
DIMENSIONAL DOUBLE-LAYERED THIN FILMS
EXPOSED TO ULTRASHORT-PULSE LASERS
by

Brian R. Barron, B.S., M.Div, M.S.

A Dissertation Presented in Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy

COLLEGE OF ENGINEERING AND SCIENCE
LOUISANA TECH UNIVERSITY '

November 2005

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 3192316

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alighment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized

copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform 3192316
Copyright 2006 by ProQuest Information and Learning Company.

All rights reserved. This microform edition is protected against

unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LOUISIANA TECH UNIVERSITY

THE GRADUATE SCHOOL

September 22, 2005

Date

We hereby recommend that the dissertation prepared under our supervision

by Brian Barron

entitled A FE-FD Hybrid Scheme for Solving Parabolic Two-Step Micro Heat Transport

Equations in lrregularly Shaped Three Dimensional Double-Layered Thin Films Exposed to

Ultrashort-Pulse Lasers

be accepted in partial fulfillment of the requirements for the Degree of

Doctor of Philosophy 4

Head of Department

WD—J Mr) J/”(oé/")
7 Department

Reco endatlon concurred mn:
~

/ Advisory Committee

.;.AA
Dlrector o Graduate Studxes

S

Dean of the College /¢

GS Form 13
(5/03)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ABSTRACT

Multi-layer thin films are important components in many micro-electronic
devices. These films are often used when a single film layer is insufficient to meet
devices specifications. The continued reduction in éomponent size has the side effect of
increasing the thermal stress on these films and consequently the devices they comprise.
Understanding the transfer of heat-energy at the micro-scale is important for thermal
processing using a pulse-laser. Often, micro-voids may be found in processed devices.
This is due to thermal expansion. Such defects may cause an amplification of
neighboring defects resulting in severe damage and consequently the failure of the
device. Thus a complete understanding of thermal dissipation and defects is necessary to
avoid damage and to increase the efficiency of thermal processing.

A hybrid finite element - finite difference (FE-FD) method has been develbped
for solving three dimensional parabolic two-step heat transport in irregular double- |
layered thin film exposed to ultrashort pulsed lasers. This scheme first discretizes the
thin film system along the xy-plane by a finite element method. Then the z-direction is
discretized via a weighted finite difference scheme. The two are combined into a
numerical scheme which is then coded into a computer simulation. It is shown that the
scheme is unconditionally stable with respect to the initial condition and the heat source.
Three distinct numerical examples are studied. The first being a 0.05 um gold thin film
disk, with 1 mm diameter, atop a same-dimensioned chromium padding layer. This disk
is exposed to an ultra-fast laser burst and the thermal properties are demonstrated.

iii
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Secondly, the same thin-film disk array is exposed to a double burst laser pulse and the
thermal properties examined. Finally the ultrashort laser is moved in a complete circle
about the center of the double-layered thin disk and the thermal properties are examined.

The outcome of this study provides an efficient and reliable numerical method for
solving micro-scale heat transport equations, and gives a better understanding of the
nature of heat transport in such a system. Also, the hybridization procedure offers a new
way to examine three dimensional heat transport systems — one that utilizes the strengths
of both the finite element and the finite difference methodologies. The research results
have a significant impact on the development of short-pulse laser applications in

structural monitoring of thin metal films, laser patterning of such films and laser

synthesis and processing of thin film deposition.
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NOMENCLATURE

A coefficient for numerical scheme
B coefficient for numerical scheme
c specific heat per unit mass, J/kg-K
c constant
Cep volumetric heat capacity of electron gas (¢) and metal lattice (1), J/m* K
Co volumetric heat capacity, J/m> K
Cr thermal wave speed, m/s
dm element mass, kg
E energy stored in element, J
G electron phonon coupling factor, W/m> K
h Planck’s constant, J-s
J laser influence, Jim?
k Boltzmann constant, J/JK
K conductance matrix in FEM
M capacitance matrix in FEM
me electron mass, kg
N number of elemental nodal points
n outward pointing normal vector
g atomic number density per unit volume, m
e, number density per unit volume, m
Xi
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ps picosecond
Q heat flux, w
reflectivity
Rx,y,z,t) residual function
Yy change in time divided by change in direction squargd, gz—
S source term, wim’
t physical time, s
T temperature function, X
To initial temperature, K
b laser pulse duration, fs
u generalized expression for the actual solution to PDE system
U generalized expression for estimation of PDE system solution
14 generalized expression for estimation of PDE system solution
Vg speed of sound, m/s
w weight function
w work function, J
Greek Symbols
S5? central difference-in-space operator
Y% delta operator (first order derivative)
o, Kronecker delta
\%& Laplace operator (second order derivative)
At time increment
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Az

xiii
z-axis space increment
area of triangular element, m’
thermal diffusivity, m’/s
generalized coordinates
laser penetration depth, nm
difference values between proposed solutions to system of equations
eigen vector
specific heat coefficient, J/m’-K’
basis and weighting function designation
thermal conductivity, W/m-K
eigen value
density, kg/m’

relaxation time, s

Subscripts and Superscripts

0

Au

Cr

initial value att =0
gold

chromium

Debye Temperature, K
energy norm

electron

index along z-plane
final value in system

lattice
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CHAPTER ONE

INTRODUCTION

1.1 Overview

Multi-layer thin films are important components in many micro-electronic device.
These films are often used when a single film layer is insufficient to meet devices
specifications. The continued reduction in component size has the side effect of
increasing the thermal stress on these films and consequently the devices they comprise.
Thus the transportation of heat energy through thin films is of vital importance in micro-
technological applications.

Understanding the transfer of heat-energy at the micro-scale is important for the
thermal processing using a pulse-laser [Qui 1993a]. Often, microvoids may be found in
processed devices. This is due to thermal expansion. Such defects may cause an
amplification of neighboring defects resulting in severe damage and, consequently, the
failure of the desired device. Thus a complete understanding of thermal dissipation and
defects is necessary to avoid damage and to increase the efficiency of thermal processing.

Micro-scale heat transfer differs from macro-scale heat transfer in some important
ways. On the micro-scale, energy transport is governed by phonon-electron interaction in
metallic films. Macroscopic energy transport relies upon a heat diffusion model based on
Fourier’s law. This law loses accuracy on a micro-scale because of its emphasis on

averaged behavior over many grains. Research has resulted in an energy equation which
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captures both the classical heat equation and thermal waves in the same framework [Qui
1993a], [Tzou 1996]. When the heating time from the pulse-laser is greater than the
relaxation time of the metallic film, the energy transfer formulation takes the form of a

parabolic two-phase partial differential equation system [Qui 1993a]. It is expressed

oT,

C, = =kV’T, -G(T, -T, )+S (1.1)
aT,
¢ —-=6(T. -1 (1.2)

where T, is electron temperature and 7; is lattice temperature; x is the thermal
conductivity; C.and C;are the volumetric electron heat capacity and the volumetric
lattice heat capacity respectively; G is the electron-lattice coupling factor and S is the
strength of the laser heating source. The details of which are discussed in chapter two.
The standard notation V* is the Laplace operator.

In classical (macro scale) heat transfer, the electron and lattice temperatures are
assumed to be equal. Thus this system reduces to the classical model when such an
assumption is made. However, for sub-picosecond pulses and sub-microscale, the laser
energy is absorbed primarily by free electrons confined within the thin material layer.
This energy is then transferred to the lattice resulting in a lag between the excitement of
the electrons and the transfer of energy to the lattice. As the duration of the laser pulse is
short, the source of heat is turned off before thermal equilibrium between electrons and
lattice is reached. This necessitates a two step model for describing energy transfer in

such a situation. Equations (1.1) and (1.2) and their consideration over classical energy

transfer models have been discussed in [Tzou 1996].
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1.2 Objective of Research

The objective of this research is to develop a hybrid scheme for solving the
parabolic two-phase heat equation in an irregular shaped double layer thin film. The
finite element methodology is implemented as well as the finite difference methodology.
The benefits of both methods are utilized while minimizing their draw backs by
hybridizing them.

To achieve this objective, the following development is pursued:

1. Develop a finite element scheme for an irregularly shaped geometry in the x-y
dimensions which will generate the matrix coefficients for the hybridized
method.

2. Develop a finite difference scheme for the z-axis, (depth plane) and time level
for the hybridized method. This scheme has at least a second order accuracy
in time and space.

3. Combine these two methodologies to formulate the hybridized method.

4. Analyze stability and accuracy for the hybridized method.

5. Apply the hybridized method to the investigation of teinperature rise of a
gold/chromium layered disk system subjected to short-pulse laser irradiation
on the surface.

The outcome of this study will provide an efficient and reliable numerical method
for solving micro-scale heat transport equations, and give a better understanding of the
nature of heat transport in such a system. Also, the hybridization procedure offers a new
way to examine three dimensional heat transport systems — one that utilizes the strengths

of both the finite element and the finite difference methodologies. The research results
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have a significant impact on the development of short-pulse laser applications in
structural monitoring of thin metal films, laser patterning of such films and laser

synthesis and processing of thin film deposition.

1.3 _Organization of the Dissertation

The dissertation is organized in the following manner. Chapter Two introduces
the process of micro-scale heat transfer by phonon-electron interaction model, the dual-
phase-lagging behavior, and a review of previous research. Chapter Three introduces the
proposed model for solving the dual-phase heat equation in three dimensions. A hybrid
method is described which combines the benefits of the finite element scheme for an
irregularly shaped planar surface and the finite difference scheme to describe the depth
and time dimensions. To show the applicability for this scheme, we examine a specific
case in Chapter Four. Temperature change and distribution in a two layered disk (gold-
chromium), subjected to pulse laser irradiation is modeled. The stability and accuracy of
this scheme is examined. Chapter Five exémines the modeled results for three distinct

cases. Finally, conclusions are drawn and possible future study is examined in Chapter

Six.
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CHAPTER TWO

BACKGROUND AND PREVIOUS WORK

2.1 General Heat Transfer Model

The heat transfer model attempts to predict the energy transfer which may take
place between and within materials as a result of a temperature difference. Heat transfer
“supplements the first and second principles of thermodynamics by providing additional
rules which may be used to establish energy-transfer rates” [Holman 1997, pg. 1].
Classically, there are three basic heat transfer situations — conduction, convection and
radiation [Holman 1997]. When a temperature gradient exists, there is an energy transfer
from the high-temperature region to the low-temperature region. This reality describes
the conduction type of heat transfer.

If we consider an element in a Cartesian coordinate system as described in Figure

2.1, we can illustrate a general (macro-scale) heat transfer model.

z
Q:, out
/Qx, in

-  ——
y: in k/ .y' out
X, ou

Qz, in

Y

X

Figure 2.1 An example element in three dimensions
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The First Law of Thermodynamics, also known as the Energy Conservation

Principle, may be understood as follows [Holman 1997]

Q.-W., =AE (2.1)

net

where Q

net

represents the net energy transfer as heat in the system, W,

', Tepresents the net
energy transfer as work and AE represents the change in energy stored within the
element.

The heat transfer into the element, along one spatial direction, may be determined

from the Fourier rate equation for conduction. It is represented

; or oT
- =—KkdA — =-kdydz— . 2.2
Qx.m X ax yaz ax ( )

The quantity « is the thermal conductivity of the material, T is the temperature at a
particular location and time ¢. This above example is along the x-direction. However
similar procedures can be followed for the y- and z-directions.

The heat conducted out of the element, again in one direction, may be written

: » 0Q ~ 0 oT
Qx,om Qx,m 5 Qx,m Bx (K 5 ) yaz ( )

Combining (2.2) and (2.3) yields the net heat transfer rate

~ - - o or
t = x,in_ = x out = "~ dxd d 24
Q. ner = Pein— O, 6x(K 6x) lydz 2.4)

The work transfer rate may be written in the general form in terms of the rate of energy
dissipation per unit volume, S. It is also considered the “source” term. The net work

transfer rate for the element is

W et = —Sdxdydz 2.5)

Also, the rate of change of energy stored in the element is
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oT or oT oT
AE =dmc— = (pdxdydz)c — = pc—dxdydz = C , — dxdydz 2.6
me—-=(p ydz)e === pe - dxdy b P (2.6)
The quantity dm is the element mass, p is the density of the material and c is the specific
heat per unit mass. C, is the product of p and ¢ and represents the specific heat per unit
volume.

Making substitutions from Equations (2.4), (2.5) and (2.6), including the y- and z-

directions, we obtain

E(ngl +—(—3— K.‘—al +—a—(rc—a—T—)+S=Cp—a—]—w 2.7
ox\ ox) oy\ dy) oz\ oz ot
We may define the Laplacian operator applied to the variable u as
2 2 2
vy =01, Ou O (2.8)
ox® oy° Oz

Applying the Laplacian operator to the notation of equation (2.7) yields the

general formulation for the heat transfer equation

C, 2=V (vT)+5 2.9)
If we consider the thermal conductivity, «, as constant, we obtain
cp%—fquﬂs (2.10)

2.2 Microscale Heat Transfer

2.2.1 Differences with Macroscale Heat Transfer

While the conventional, (macroscale) model is widely used to understand the
transfer of heat energy, it is often not physically realistic. Equation (2.10) is a parabolic
equation. As a result, any temperature disturbance will propagate at an infinite speed.
This is physically unrealizable [Herwig 2000].

Because Fourier’s law does not predict finite wave speeds, the law does not

accurately approximate the heat transfer in certain cases. The assumption of
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instantaneous energy transmission fails during a short duration of initial transient, or
when the thermal propagation speed is not high, such as in low temperatures [Barron
1985]. In other words, Fourier’s law breaks down at temperaturcvesﬁnear absolute zero or
when the observation time is extremely small dﬁring a transient. For these cases, the
wave nature of thermal transport becomes dominant, rendering Fourier’s law incomplete
as an approximation for these cases [Glass 1985]. Specific to this work, Fourier’s law
does not accurately predict the transient temperature during microscale (<1 0"'%s) laser
heating of thin metal films (<10°m) [Qui 1993c].

2.2.2 Wave Nature of Microscale
Heat Transfer

In solids that are not good electrical conductors, the principal mode of conduction
heat transfer is that of vibrational energy transfer from one atom to its neighbors. Atoms
in solids are constantly vibrating at very high frequencies and with relatively small
amplitudes. The atomic vibrations of adjacent atoms are coupled through atomic
bonding. These vibrations are coordinated in such a way that traveling lattice waves are
produced, which propagate through the lattice at the speed of sound. A single quantum
of vibrational energy is called a phonon.

However, in metals, the free electron mechanism of heat transport is much more
efficient than the phonon mechanism, because phonons are more easily scattered than
free electrons and because electrons have higher velocities. Figure 2.2 illustrates the
different mechanisms by which electrons can be scattered. All of these mechanisms are

important in the study of microscale heat transfer [Smith 2004].
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Figure 2.2 Primary scattering mechanisms of free electrons within a metal

The mean free path of an electron in a bulk material is typically on the order of 10
to 30 nm, where electron lattice scattering is dominant. However, when the film
thickness is on the order of the mean free path, boundary scattering becomes important
[Tzou 1996]. Thin films are manufactured using a number of methods and a wide
variety of conditions. The manufacturing method and environmental conditions during
manufacture can have serious influence on the microstructure of the film, which in turn
influences defect and grain boundary scattering. Also, when heated by ultrashort pulses,
the electron system becomes so hot that electron-electron scattering can become
significant. Thus, microscale heat transfer requires consideration of the microscopic

energy carriers and the full range of possible scattering mechanisms.

2.3 Dual Phase Lagging Behavior

2.3.1 Phase L.ag

Qui and others have proposed a phase lag model to explain the wave-like

propagation of heat on a microscale. This model expresses two primary phases for heat
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conduction. The first involves the deposition of energy on electrons while the second
involves the transfer of this energy from electrons to the lattice of the material. As early
as 1957, Kaganov et at proposed that free electrons can be heated to a temperature that is
much higher than the iattice temperature in certain situations [Kaganov 1957]. This high
heating results in a double phase heating of the material. According to Qui, there exist
two characteristic times for the transfer of heat: thermalization time and relaxation time.
[Qui 1993c]. Thermalization time represents the time for electrons and the lattice to
reach thermal equilibrium. It represents the time necessary to convert heat energy to the
internal lattice. Relaxation time represents the time for electrons to change their states.

During a relatively slow heating process, the thermalization time can be thought
of as instantaneous. This is modeled well by a Fourier’s law model. However, for very
short laser-pulse heating, these assumptions are subject to question [Qui 1993c¢]. In fact,
because the physical dimension in microscale heat transfer is of the same order of
magnitude as the electron free path, the response time is of this same magnitude. This
indicates that the temperature gradient is not descriptive for a thin film of the same
thickness as the mean free path [Tzou 1996].

2.3.2 Model Formulation

The model in Equation (2.10) can be described to as a parabolic one-step
equation. This is due to the assumptions it makes. These being that heat energy is
converted to lattice energy instantaneously and that heat energy is assumed to be a
diffusive process [Qui 1993¢]. Other, non-Fourier models have been proposed to deal
with the failings of the Fourier model on a microscale. One model is based on the

modified flux law [Tzou 1993]
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Q+r%—?=—WT (2.11)

Where 7is the relaxation time and Q is the heat flux. The heat flux vector in this case
maintains a memory of the time-history of the temperature gradient. Relaxation time is
the effective mean free path /, divided by the phonon speed v,. Mathematically 7= I/v.
In the absence of relaxation time (or 7 =0), which implies a mathematical idealization
from either a zero mean free path ( = 0) or an infinite phonon speed (v — «) for phonon
collisions, then Equation (2.11) reduces to the classical Fourier rate equation. Therefore,
an infinite speed of heat propagation is an assumption made in the classical theory of
diffusion utilizing Fourier’s law [Tzou 1993].

When Equation (2.11) is combined with Equation (2.10), we obtain the hyperbolic

heat equation

C—aaz= -VO+S,
g 2.12)

T aa—? +xVT+0 =0

This equation is known as a hyperbolic equation because of the additional term
that modifies the parabolic Fourier heat Equation (2.10) [Tang 1996]. The double
derivative terms are the wave terms. This modification predicts a finite speed of heat
propagation because of the relaxation time 7, associated with heat transfer. Typical wave
speeds in metals are on the order of 10° m/s [Ozisik 1994].

While the hyperbolic model answers some issues arising from a microscale
examination of heat transfer, it still leaves questions. It is not based on the details of
energy transport in the material, such as the interaction of electrons and phonons [Qui

1993a]. Also, material properties may not be able to be regarded as constant. The
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relaxation time and thermal conductivity are generally temperature-dependent [Tzou
1993]. In addition, the value of thermal conductivity depends on processing parameters
such as laser pulse duration and intensity, during short-pulse laser heating [Qui 1993b].
These considerations have led to the dual-phase lag equation. This equation is
derived from the lag equation which holds a lag in heat flux behind the temperature
gradient. Compared to the hyperbolic heat equation, this model has an additional mixed
derivative term. Now, as with the hyperbolic model, the time lag associated with heat
flux causes wavelike behavior. However, the additional time lag creates a mixed
derivative term that smoothes the sharp wave fronts caused by the first lag term. The
mixed derivative term renders the equation in the form of a parabolic equation. This

parabolic dual phase equation is modeled thus

Ce(z)a;e =V(VT)-G(T.-T)+S (2.13a)
1) St=G(1,-1) (2.13b)

Here, C. and C;are the volumetric electron heat capacity and the volumetric lattice heat
capacity respectively, and G is the electron-lattice coupling factor. The coupling factor
will be described in detail later.

Qui and Tien [Qui 1993a] derived a model described as the hyperbolic two step
model from the Boltzmann transport for electrons. Each of these models have
functionality. Each is, however, contingent upon the interrelatedness of thermalization
time and relaxation time. Figure 2.3 illustrates the applicability stemming from these

relationships.
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Figure 2.3 Interrelationship between laser heating models [Qui 1993a]

The complexity of solutions for Equation (2.13) lies in the temperature-dependent
heat capacity of the electron gas. Tzou argues that for an electron gas temperature lower
than the Fermi temperature, (of the order of 10* K), the electron heat capacity (C.), is
proportional to the electron temperature [Tzou 1996]. This makes the equation non-
linear. In metals, the specific heat can be given by [Barron 1985]

C =T, (2.14)

Where 7. is known as the electron specific heat coefficient and is experimentally
obtainable.

In the parabolic dual-phase model, the energy exchange between phonons and
electrons is characterized by the phonon-electron coupling factor G [Kaganov 1957]

2 2
G=L 2% for 7 oss7T (2.15)
6 T

e e

where m, represents the electron mass, #, the number density (concentration) of electrons

per unit volume, and v, the speed of sound

(627n,) 7, (2.16)
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with the quantity 4 being Planck’s constant, £ being Boltzmann constant, 1, being the
atomic number density per unit volume, and Tp representing the Debye temperature. The
electron temperature (T,) is much higher than the lattice temperature (7)) in the early time
response. The condition T,>>T; in Equation (2.15) for the applicability of G is thus valid
in the fast-transient process of electron-phonon dynamics. Within the limits of
Wiedemann-Frenz’s law, which states that for metals at moderate temperatures
(77>0.48Tp), the ratio of the thermal conductivity to the electrical conductivity is
proportional to the temperature and the constant of proportionality is independent of

particular metal, the electron thermal conductivity can be expressed

2 2
A AN 2.17)

3m

e

Or simply

r’nk’c,T,
m, =tk
3k

€

(2.18)

Substituting (2.18) into (2.15) for the electron mass yields

4 2
_z (nvk,) (2.19)
18%

This coupling factor is dependent upon the thermal conductivity, (k) and the number

density of the electron gas. The coupling factor does not show a strong dependence on
temperature and is not effected by relaxation time [Tzou 1996].

In order to estimate the value of G, the number density of the electron gas is a key
quantity. Qui and Tien assumed one free electron per atom for noble metals and
employed the s-band approximation for the valence electrons in transition metals [Qui

1993c]. Thus the value for number density of the electron gas is chosen as a fraction of
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the valence electrons. The phonon-electron coupling factor is calculated, and

experimentally measured values are listed in Table 2.1 for comparison.

Table 2.1 Phonon-electron coupling factor (G), for some noble and transition metals
[Tzou 1996]

Metal Calculated, x 10" W/m K  Measured, x 10'° W/m’K

Cu 14 4.8 £ 0.7 (Brorson et al., 1990)
10 (Elsayed-Ali et al., 1987)

Ag 3.1 2.8 (Groeneveld et al., 1990)

Au 2.6 2.8 £ 0.5 (Brorson et al. 1990)

Cr 45 (ne/n, = 0.5) 42 + 5 (Brorson et al. 1990)

'Y 27 (ne/n, = 1.0) 26 + 3 (Brorson et al. 1990)

v 648 (ne/n, = 2.0) 523 + 37 (Brorson et al. 1990)

Nb 138 (ne/n, = 2.0) 387 + 36 (Brorson et al. 1990)

Ti 202 (ne/na=1.0) 185 + 16 (Brorson et al. 1990)

Pb 62 12.4 + 1.4 (Brorson et al. 1990)

Equation (2.13a) is governed by diffusion in the electron gas and heat is
transferred to the lattice in a lumped capacity sense through the coupling factor, G. In
other words, the rate of energy increase in the metal lattice is proportional to the
temperature difference between the metal lattice and the electrons. By eliminating the

electron gas temperature, T, from Equation (2.13) for constant thermal properties, one

can show that

L ar,, 1o,

gT; g;(vz:r,) (2.20)

=V’T +
a, &t C.> o :
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Where ¢, is the thermal diffusivity of the electron gas and aris the equivalent thermal

diffusivity represented by

K
o, = 2.21
N oo (2.21)
Cr is the thermal wave speed and is represented by
c, = | X (2.22)
Cc.C,

However, for simplicity of discussion and ease of numerical analysis, this single
equation form is seldom utilized. In this work, Equation (2.13) is used.

Researchers determined the parabolic two-step model to be a good estimate [Qui
1992]. To compare experimental results with a numerical model, the normalized

temperature change in the electron gas is identical to the normalized reflectivity change

on the film surface

AR __ AL 2.23)
(AR),, (AT),., '

where R denotes the reflectivity. The left side of Equation (2.23) can be measured by the
front-surface-pump and back-surface-probe technique [Tzou 1996]. The right hand side
of Equation (2.23) represents the solution to the numerical model for estimating heat
propagation.

Figure 2.4 shows the resulting applicability of the parabolic two step model. The
predicted temperature change at the surface of a thin gold film is compared with the

experimental data collected.
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Figure 2.4 Normalized temperature change (reflectivity change) in gold film predicted
by dual-phase-lag model [Tzou 1996]

2.4 Previous Work

There are many numerical solutions to the various forms of the microscale heat
equation, [Tzou 1994, 1995a, 1995b, 1995¢, 1995d, 1996, 1999, 2000a, 2000b, 2001,
2002] [Ozisik 1994] [Chiffell 1994] [Wang 2000, 2001a, 2001b, 2002] [Antaki 1998,
2000, 2002] [Dai 1999, 2000a, 2000b, 2000c, 2001a, 2001b, 2004a, 2004b] [Qui 1992,
1993, 1994a, 1994b] [Joshi 1993] [Chen 1999a, 1999b, 2000a, 2000b, 2001a, 2001b,
2001c, 2003] [Al-Nimr 1997a, 1997b, 1999, 2000a, 2000b, 2000c, 2001, 2003] [Tang
1996, 1999] [Lin 1997][Ho 1995, 2003] [Tsai 2003][Shen 2003]. Among these Tzou and
Ozisik [Tzou 1994] considered the heat equation in only one dimension. They studied
the lagging behavior by solving over a semi-infinite interval. Their solutions were

obtained using the Laplace transform method and the Reimann-sum approximation for

the inversion.
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Ozisik’s [Ozisik 1994] work gives a thorough overview of the thermal wave
theory emphasizing its applications in the field of engineering applications. Special
features in thermal wave propagation such as the sharp wavefront and rate effects, the
thermal shock phenomenon, the thermal resonance phenomenon, and reflections of
thermal waves across a material interface were discussed. Joshi and Majumdar [Joshi
1993] obtained numerical solutions using the explicit upstream difference method.
Antaki and others [Antaki 1998, 2000, 2002] investigated the heat conduction in a semi-
infinite slab. Tang and Araki [Tang 1999] derived an analytic solution in finite rigid
slabs by using Green’s function and a finite integral transform technique. Ho and
colleagues [Ho 1995, 2003] studied heat transfer in a multilayered structure using the
lattice Boltzmann method. Tsai and Hung [Tsi 2003] studied thermal wave propagation
in a bi-layered composite sphere using the dual-phase-lag heat transport equation.
Recently, Dai and Nassar [Dai 2004bj' have developed a finite difference scheme for
solving the parabolic two-step heat transport equations in a 3D double-layered
rectangular thin film. Tzou and Chiu studied thermal lagging in ultra-fast laser heating
[Tzou 2001]. This was implemented to describe the experimental data of femtosecond
(fs) laser heating of gold films. An explicit finite difference scheme was developed. It
was found that the lag model including temperature-dependant thermal properties yields
numerical values that are consistent with the experimental data for ultra-fast heating on
gold films. Wang and associates [Wang 2001b] showed that the dual-phase heat
conduction equation is well-posed in a finite region under Dirichlet, Neumann or Robin
boundary conditions. Later, Wang [Wang2002] showed the dual-phase heat conduction

equation offers a unique solution under these same boundary conditions. Tang and Araki
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[Tang 1999] introduced a generalized macroscopic model in treating the transient heat
conduction problem in finite rigid slabs irradiated by short-pulse lasers. The analytical
solution is derived from Green’s function method and a finite integral transform
technique. Energy transfer features such as wave, wavelike and diffusion behaviors were
exhibited by adjusting the relaxation parameters. Their numerical methods were
compared with experimental data and showed agreement. Lin and associates [Lin 1997]
obtained an analytic solution using Fourier series. An exact solution, using a separation
of variables technique, to the universal equation between heat flux and the temperature
gradient for the one dimensional case was considered. Al-Nimr and Arpaci [Al-Nimr
1997a, 1997b, 1999, 2000a, 2000b, 2001, 2003] proposed an approach based on the
physical decoupling of the hyperbolic two-step model, to describe the thermal behavior
of a thin metal film exposed to picosecond thermal pulse. This approach was based upon
the assumption that the metal film thermal behavior occurs in two distinct stages. In the
first phase, the electron gas transmits its energy to the lattice through electron-phonon
coupling. In the second phase, the electron gas and lattice are at thermal equilibrium. In
this phase diffusion dominates the transfer of energy within the system. This method,

which eliminates the coupling of energy equations to simplify the system, applies to

2
metal films with the parameter (;(—L much less than one. Chen and Beraun [Chen 1999a,

[

1999b, 2000a, 2000b, 2001a, 2001b, 2001c, 2003] used a corrective smoothed particle
method to find a numerical solution to the interaction of short laser bursts and thin
metallic films. Dai and Nassar [Dai 1999, 2001, 2002, 2004] and associates have
developed many finite difference models for examining a numerical solution for a dual

thin film system irradiated by an ultrashort laser burst.
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Thus there is considerable research covering the dual-phase model for heat
conduction. Research has supported the fact that the dual-phase model is applicable in
this case. The model is well-posed, it produces a unique solution, and the numerical
results accurately describe experimental results. However, research concerning
numerical solutions to this dual-phase equation has been bounded. In the case of
analytical methodologies, single dimensional systems are the primary consideration. The
numerical methodologies concentrate on finite difference models for specific geometries.
These utilize many different methodologies for the specific situation. They include
modified Crank-Nicholson schemes, alternating direction implicit schemes, and three
level finite difference scheme in spherical coordinates.

There is a need for a generalized numerical solution to this model — one that is
flexible for many geometries and dimensionalities. This work extends the body of
research to the case that ﬁle double-layered thin film is irregular in the planar direction

and develops an unconditionally stable FE-FD hybrid scheme for solving the parabolic

two-step model.
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CHAPTER THREE

MATHEMATICAL MODEL

3.1 Problem Description

In this dissertation, we consider an irregularly shaped double-layer thin film
exposed to ultrashort-pulse lasers as shown in Figure 3.1. We will determine the

temperature rise in the thin-film.

Laser Pulse

0.05Um
0.05Um

1.0 mm

Figure 3.1 Graphical Representation of Modeled Example

The mathematical model which governs the heat transfer on the double-layered
thin film exposed to ultrashort-pulse laser can be described by adding layer information

to Equation (2.13).

21
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It is expressed

(m)
€ Eem VTV =G I T 5 (3.1a)
(m)
CI(M) aja;t _ G(M)(T;(m) __];("I)) (3.1b)

where C, =47, and C,” initially and here m=1,2 and represents the two layers of the
system.

In this problem, we consider the case in which the temperature of the electrons
and the temperature of the lattice are initially uniform and equal to Ty before the laser
pulse is applied. Thus, the initial conditions are as follows

T,(x,y,2,-2t ) =T)(x,y,2,=2t ) =T, (3.2)
where #, indicates the laser pulse duration. At the top of the gold layer, (z = 0), and at the
bottom of the chromium layer, (z = L), the heat transfer rate is generally very small. In
this problem, the heat transfer rate at these two interfaces is considered to be zero. Thus,

the Neumann boundary conditions exist

VT,

= VI,

,=VT| =VT| =0 (3.3)

The temperature of the gold layer and the temperature of the chromium layer are
equal at the interface between the two layers. This indicates that there is no “temperature
jump” between the two layers due to the bonding of the layers. Thus, at the gold-
chromium boundary, the following condition exists

=T

Au €

G4

€

and 7-1'|Au = Tl’

Cr Cr
In addition, the heat conducted through the gold-chromium interface from the

gold is equal to the heat conducted into the chromium. Thus, at the gold-chromium

interface, the additional condition arises
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k"VT| =«*VT, (3.3)

Au Cr

The source term is defined as

1-R =21, \2
(m) _ —z_ L4
S —0.94( 5 ]Jexp{ z 2.77( ) ] (3.6)

i
r

and R is given as 0.93, and 6 =15.3nm. J represents the total energy carried by laser
pulse divided by the laser spot cross section #,=100 fs and represents the full-width-at-
half-maximum (FWHM) duration of laser pulse time, (#), or ¢ = 0, is when laser arrives

at metal surface [Tzou 1996]. Figure 3.2 gives an example with J =13.4 J/m?.

0.004
0.003
0.002

0.001

500 1000 1500 2000
Time in Picoseconds

Figure 3.2 Plot of laser heat source

It is difficult to obtain an analytic solution for this problem due to the complex
geometry and nonlinear coefficients. Therefore a numerical solution is sought in this

study.

3.2 General Procedure

3.2.1 Approach Described

The following procedure in the numerical method will be used:
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1) Since the thin film is irregular in shape with respect to the xy-directions, we
first discretize the Equation (3.1) in the xy-direction using the finite element
method. To this end, we set up global finite element formulation using a
modified Galerkin Weighted Residual method. The matrix coefficients (in the
x-y plane) are assembled yielding a system of parabolic partial differential
equations in one direction (z-axis).

2) Utilize the finite difference method to discretize this PDE system in the z-
direction.

3.2.2 Reasoning Behind Hybrid Approach

While there are many different means by which partial differential equation
systems can be solved, many situations make the use of analytical methods which are
laborious and difficult to use. One of the most powerful methods for obtaining a
numerical solution is the finite element method. The basic ideas behind this methodology
date back to the early 1940’s, however it’s principles came together during the 1960°s
and have grown to a better applicability due to the advent of faster computers [Comini
1996].

The finite element methodology is based on three ideas [Gockenbach 2002]:

1. The problem is written in its weak or variational form, which expresses the
problem as infinitely many scalar equations. In this form, we have the
boundary conditions given implicitly.

2. A descritation method (in our situation, the Galerkin Weighted Residual), is
applied to solve the above equation on a finite-dimensional subspace. This

results in a linear system of equations which must be solved.
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3. A basis of piecewise polynomials is chosen for the finite-dimensional

subspace so that the matrix system will be sparse and thus easier to solve.

Because of the broad choice of weighting functions, there are many residual
methods by which we can apply the finite element methodology. We choose a common
method known as the Galerkin Weighted Residual method [Comini 1996]. According to
this method, the weighting functions are chosen to be the same as the approximating
functions (basis functions). This has several advantages:

1. The avoidance of manipulating two sets of functions — one for the basis and

another for the weighting function.

2. The general property of the shape functions offers a naturally sparse matrix

system.

3. This method leads to symmetric matrices.

4. According to Gockenbach, “the Galerkin approximation is a best

approximation to the true solution,” [Gockenbach 2002, pg. 181].

Perhaps of equal importance is that the finite element methodology is well suited
for oddly shaped or irregularly shaped objects. The mesh generated can be done so as to
minimize the unallocated space on the boundaries. The elements do not have to have a
uniform shape and can thusly be “adapted” to fit the irregular geometry.

However, the finite element system is computationally intense. Also, the more
dimensions, or axis, that are added, the more complicated the methodology becomes. It
is also difficult to combine both a spatial and time level estimation with the finite element
methodology. Often a finite difference methodology is preferred for regular or non-

curved geometries or time-dependant systems.
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The approach is to combine the strengths of the finite element methodology
(accuracy, irregular geometry considerations, sparse matrix system generation) while
avoiding the before-mentioned drawbacks. One way to do this is by taking the finite
element method in two spatial dimensions while holding the third spatial dimension and
time dimension to be estimated through a finite difference scheme. This is possible,
even preferred, if the third dimension is a regular, non-curved geometry. This is the aim

of this work.
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CHAPTER FOUR

NUMERICAL METHOD

4.1 Finite Element Method

4.1.1 Modified Galerkin Weighted Residual Approach

Utilizing a modified Galerkin residual finite element approach entails establishing
a residual function. This residual is then multiplied by a weighting function and then
made to be, on average, zero. After this weak formulation is pronounced, the weighting
and basis functions are established. These will be used to formulate the matrix
coefficients for a system of partial differential equations. Derivatives with respect to time
and the z-axis are deliberately carried. These quantities will be determined by the finite
difference method. After the basis and weighting functions have been formulated, a
triangular mesh is used to assemble the matrix system and solve the finite element portion
of the scheme.
4.1.2 Formulation

For the heating of the electron gas, our residual function is described thus

R(x,y,z,r)=ceaa—7t;—xvzz;+c(1;—T,)-S
4.1
oT, 9T, o'T, o7 .1

=C -K —-K —

e L G(T ~T)-S
o e Ko Kgp tOET)

In this system, C, is a function of time and space. It is represented as

27
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C,=C,(T,(zD) (4.2)
where T, will be defined later.
This residual is multiplied by a weighting function and set to be, on average zero.

It is expressed

j[Rw]dQ =0 (4.3)

where w is the weighting function. By substitution, we obtain

2 2 2
”[ or, ., 82W_K5Tew_,(aaT w+G(T, - T)w— Sw}dxdy 0 (44
/4

ayZ
T, o'T, 8 T,
fle.5 "ﬂ[( % ] }” " 4.5)
- ”Swdxdy =0
or simply
CT dexdy -x H[(Txx +7, ) w}dxdy -xT, dexdy +G(T,-T)) H wdxdy @6)

-S ﬁwdxdy =0

Taking the second term, —« jﬂ:(Txx +T, ) w]dxdy only we note (wT,) ,.=w,T, +wT,

and wl =(wT ), —w,T,. Hence we obtain

—« | J’[(wa)x +(wT ), Yxdy +x J’j[wxy; +w,T, ldrdy

= —KU[W];?IX + wTyny]ds + KJ.J.[WXTX + wyTy]dxdy 4.7)
oD

As w(Tn +T)n,)= wnV'T , this term is expressed

— i Jlwnv s + i [[bw, 1, + w7, Jaeay “38)
aD

The weak formulation is therefore
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€

dexdy—xaclj;[w;;VT s+Kf %z-%:)— %%}dxd _ 52T2e chbcdy

Oz 4.9)
+G(T, - T) [wdsdy - S [[wdxdy = 0

The term, —«x 4 lw;;VT s, contains the information from the boundary conditions.
oD

Next the test function is defined as

T,(x, 2,0 = Y. T(z,00,(x) (4.10)

p=l
where ¢,(x, ) is a basis function, and N is the number of points in our x-y cross section.

The source term is defined to be

N
S, =2.5,0,(x,) 4.11)
p=l

The weighting function, w=¢,(x,y). Therefore, we obtain

N op_ 0 , 0
Z]Ce aT[H (opqoq dxdy +ZKT{'U( 14 ;cq % aﬁ")dxdy}

-3 Zi o)t + So(r,-n) [flow )] a2
=>5[ [[(e,0, ) dxay]=0

p=1

= 3

. op, 0 op, 0
Setting m,_, = ﬂ((op(pq)dxdy and k= K‘“( a(i” ;0: + ;” gj}"jdxdy a matrix

formulation is obtained

aZ_Tz:JrGM(i—Tj):M'S‘ (4.13)

0z

Repeating this process for the lattice equation yields

R,(x,y,z,t)=C,%7t—ﬂ’———G(7: -T))
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j[R wldxdy = ”{C “L-G(T,-T)) }wdxdy 0

= ”{C, ?w}kdy—G m:(T,, —T,)w]dxdy =0 (4.14)

N
If T,(x,y,2,t)= Y T(z,0)¢,(x,y) and w=g,(x,)

p=l

i C,— or [ ﬂ.(opqoqudy} i G(T )[ qupqoqudy] =0 (4.15)
p=1 =1
Letting m_, = H(ppqoqudy we have

CM@-GM(T ~T1)=0 (4.16)
ot

Therefore, the matrix system resulting from the Finite Element Methodology is

_ ,— B ~
cm e 4 kKT -k 2 1E+GM(7;—T,)=MS (4.17a)

ot oz
CM—aﬂ—GM( T):o (4.17b)

ot
Adding layer information, we obtain
oT" = T (m)  m(m) <(m)

CM =+ k™K T” - k"M T+ G(’”)M(Te ~T )=MS (4.182)

ot oz*

o (m)

CM 6It G<"'>M(T""’—T/" )=o (4.18b)

4.1.3 Establishing a Triangular Mesh

A triangular mesh is chosen for the system. This information is used to create the
matrix coefficient system. Figure 4.1 indicates the triangular mesh created for the case

presented herein. For linear triangle elements, we can write the element expansion in the

form
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T, =T o +T;p; + T 05 (4.19)

where p=a’+b°x+cy.

Figure 4.1 Triangula? mesh for x-y plané.

After algebraic manipulation, we obtain [Comini 1996]

op, 0p, Op, 0 1
k,, = U( ax" ax" + ayp ay"}dxdy=zg—e(ﬂ,ﬂj+yi;fj) (4.20)
and
m, = H((op(pq)dxdy = %(1 +5,) (4.21)

where Q = %( Bsvs =B 72”) is the area of the triangular element and &, is the Kronecker
delta (5, =1 fori=jand 5 =0 for i= j). Also, B'=3,-y;, B =y; -,

e _ e e e __ e e e _ e e e __ e e
,33—}/1 . and Vi TX3 =Xy, Vo TX Xy, Y3 =X, X
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This mesh enables the determination of exact values for the nodes in our mesh.
This makes matrix assembly easier and helps keep track of our nodal points for the finite
difference methodology to be implemented later.

The first step is to find the elemental capacitance (M) and elemental conductance
(K). This is done by fovllowing the steps in Equation (4.19) and following.

At this point, the mesh is labeled by element and node. Each elemental matrix is
assembled into a global matrix, (one for conductance and one for capacitance). Appendix
B contains the source code for this generation. Upon completion of this assembly the
Finite Element portion is complete and we move to the z-axis to formulate our

temperature distribution over time.

4.2 Modified Weighted Average Finite Difference Scheme

4.2.1 Finite Difference Method Qutline

A modified weighted average Finite Difference Method is used to approximate
Equation (4.18). The scheme is an implicit scheme which takes three levels in time and
space to obtain a higher degree of accuracy for the overall methodology. This is
accomplished by averaging each point from three space levels (weighting the central
point). Also, the time derivative shall be an averaging of three the time levels
surrounding the current time level.

4.2.2 Notation

The previously described scheme results in the following notations

—n+l —n —n-1
T,oole * 226 1 (4.22)
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—n+l

7 T 22T + T

4.23
I " (4.23)
= —=n+l  —=n-l
o1, I -T. (4.24)
ot 2At
X3 —n+l —n —n-1
0 72’6 ~ &7 T. +2T.+T. (4.25)
0z i 4
TZZk]—l) - 2Tf(+kl) + Tﬂfk‘m T:(k—]) - 2T:(k) + T:(k+l) T:(—kl—l) - ZT:(_‘:) + TZ(_J:H)
= 5 + 5 + > (4.26)
4Az 2Az 4Az
e —n+l —=n-1
o Lo T @.27)
ot 2At
4.3 Combined Hybrid Scheme
4.3.1 Formulation
Combining the two methods yields
Tn+l Tn—l —]—_;n+l + 27" i Tn-l T"H + 27—,,n + Tn—-l
C(T')M| ————— |+ kK| = —— |-kM| 8| = —
2At 4 4
o Lo 1 (4.28a)
+GM{T3 w2+ T T 42T + T }Mgn
4
Tn+1 T—-n—l -T—n+1 + 2Tn +Tn-—l Tn+1 + 2Tn +Tn—1
CM|——L |-GM|= eroe X L2 1=0 (4.28b)
2At 4 4

where & is the central difference-in-space operator.

The procedure for formulation of the combined computational scheme is as

follows:

1) Set up global finite element formulation using a modified Galerkin

Weighted Residual method.
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2) Assemble the matrix coefficients (in the x-y plane) yielding a system
of parabolic partial differential equations in one direction (z-axis).

3) Utilize Finite Difference scheme to solve this PDE system.

4) Formulate the algorithm to solve the system.

5) Implement the algorithm computationally.

4.3.2 Implementation of Scheme

Implementing the modified weighted average Finite Difference Method to

approximate the PDE system yields a basic formulation:

—(m n+l —(m n-1 —(m n+l —m\ —(m n-1
- (T) () (7)) +2(7) +(727)
()™ T +xMK "

—(m n+l — )\ —(m n-1
(Ti’) +2(Ti )) +(Ti’)
-xk""M| &7

4

—(m n+l —(m \ —(m n-1 —(m n+l —(m \? —(m n~1
(Ti )) +2(Ti )) +(Ti )) (T§ ’) +2(T§ ’) +(T§ ’)
+G"M| - -
4 4

—=hn

=M3 (4.29a)

—(m) \"] —m \*!
(7Y -(7")
CM

2At

—(m n+l — () \ —(m n-1 —(m n+l —m\"? —(m n-1
(Ti )) +2(Ti ’) +(Ti ’) (TE )) +2(T§ ’) +(Tf ))
-G"M

4 4

=0 (4.29b)
where m=1,2 and depict the gold and chromium layers respectively of the system.

At the boundary between the gold and the chromium layers, the discrete interfacial

equation is
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) ()
k+1 k — k+1 k 430
u - X, — (4.30)

K4

Taking the second equation to solve for the third time step for the lattice temperature

e\ (m \™! M) o\ ) [y -
(T§ )) = —Q—+G ~G (Tf )) - —i+G (T§ ))
2At 4 2 2At 4
N C[ N G(M) -1 G('ﬂ) (T(m) )n+l . 2(T(m) )n N (T(m) )n—l (4 31)
At 4 4 |\U° ’ ’ '

In the above equation, the subscript (k) is omitted, but is implied throughout.

Equation (4.29a), yields

—(m n+l —(m n-1 —(m n+l —m\" —(m n-1
() -(7) (T7) " +2(T) +(77)
c(rm)ym 2At + k™K ,

—(m n+l —(m n+l —(m n+l —m\? —(m \" —(m\ ]
(T&) —2(T) " +(7) (7)) -2(T7) +(77)
k-1 k k+l + k-1 k
™M 4Az? 207
() o) ) @52
+ k-1 k K+l

L 4AZ*

—(m n+l —m\’ —(m n-1 —(m n+l —(m \? —(m n-1
(TZ ’) +2(Ti ’) +(Ti )) (T§ ’) +2(T§ )) +(T§ ’)
+G"M -
4 4

—-n

=MS
For simplicity, we shall indicate C,((Z,™)")as C.

Multiplying by 24¢ gives

—my V] —(m n-1 (m) —(m n+l —_m \? —my \}
e (7 (7 [ A () (7 ()
k k 2 k k k
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R n+1 — (s n+l1 - n+l 7
(7)) =27 (7)) +
k-1 k k+l

(m) —m \ —m\" —m \"
SEM|(T) —a(T0) 2T
2Az k-1 k e+l

—(m n-t —(m n-1 —(m n-1
(7)) —2(7) +(7")
L k-1 k k+1 i
—(m n+l () \" —(m n-1
G (Ti))k +2(T(e))k+(Ti))k _
+ M

—(m n+l —(m \’ —(m n-1
2 ((TW) w2 +(77) j
k k k

= 2AMS" (4.33)

Combining terms yields

(m)A my V' (") At o\ (m)At o

(m) (m) (m)
N —CeM+A”; K+ X AtM+G 2AtMJ(Te('"))

n-1

AzZ? k
2™ At

+| Atx'™K + -

M +G"”)Ath(Te(’”’)

n
k

e

(m) (m) (m) "
+ CeM+AtK K+Z> ZAtM+G =3 () 1
2 Az 2 k

(M)At Y
+(— ,;Azz M](Te( ))k+i
e O B ) G

G'™ At
2

M[(T,('”’ )’:' £2(T" Y +(T™ ):"]= 2AMS” (4.34)

Putting known values to the left and unknowns to the right, multiplying by M yields

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



37

KA, MAf DAL GPA (vt [ KAy
e T = GRS ey G
( (M)A’] (7Y, (Anc('")M“K+2KA(:)At G<”>At)(7;‘"”):+(%1](71‘”’):+1

( Ry R G TR ey

) » (m) (m) (m A e
Azt T ’ Ly C,+ AK T MK + K ft +8 (Tf’"’) l
2Az " ! 2 Az 2 k

K(M)At (m) n+l
e Rl 9

(T(”’)) from Equation (4 31) is substituted from the second equation. This yields.

KAt n- k™At At GMAr AP(G™) n-1
/™) - -C,+ M K+ + - ™
[2&2 )( ¢ )k-—l ( ) AZ? 2 4C +2MG™ =),

mAf - (m At Y
+(K2AZZ J(va’( ))k+1+(KA22 )(Te( ))k—l

(m) 2 ¢ (m)N2 .
Atrc"”)M“K+2K A Gmap - BGT) G )() (Tj'"’)
AZ 2C, + &IG™ k

(m) . (m) (m) - (m) n—
Az kel 2 2 \2C+MG™ k

2 (m)\2
—(—G(’")At —A-’LG-—)—-)(T(’")) +2AfS"

2C, + AtG™

{ x(’")At}(T(m)) [C . At )M‘IK K(m)At+G(m)At_ AR(G™Y? }(Te(m))nﬂ

247 2 Az 2 4C+2MG™ K
(m) n+l
K\ At my\**
{ 27 ](T ) (4.36)
Letting
(m) (m) (m) 2 (myN2
‘ =(’;Azétj md 8= [KAzzAt - 2At ) 4§t+(§mc;('"’] 7
!

The following scheme is obtained
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(m) (m) _ (m) e 2 (m)\2 .,
N G At+AtG 2C, - MG (T,("") ol amar— At (G )(m) (T,('"))
2 2 2C, +AG™ k 2C, + AIG k

+2AtS"

= (-A)(Te('"’ ):j + (Ce +

Atx™

4.4 Stability of Model

k)

k+1

n+l

(4.38)

The stability of the above scheme is now analyzed with respect to the source term.

The system produced is

= (m) = (m)

2 —(m —(m ~(m
cmB s kKT M GOME T =ME” (439)
¢ 4
and
o —(m)  =(m)
Cl(m)Ma_’_ G('")(Te -T: )=0 (4.40)
t

where M and K are the capacitance and conductance matrices, respectively.

Equations (4.39) and (4.40) are then discretized using the finite difference method

as follows
—(m) \"H —(my \ Y —(m) \"H! —(m) \" —(m \"!
(7) -(7") (F7) +2(T") +(7)
C(M)M £ k4 K(m)K k k k
¢ 2At 4
—(m n+l —(m) \" —(m n-1
(Ti )) +2(T§ )) +(Ti ))
_ K(m)M52 k k k
: 4

() \ —(m\" —(m \*! () \ —(m\"
(T(e )) +2(T§ )) +(TE» )) (Tf )) +2(T§ )) +(
+G('")M _‘ k k k k k

(1) n-1
T )

4 4

2y M(E(“’)n (4.41)
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—(m n+l —(m n-i
(Tf’) —(Tﬁ’)
Cl(m)M k k
2At
—(my \H —m\" —m ! () \ 1 —m\" () V')
(Ti’) +2(Ti’) +(Ti’) (T?’) +2(T§’) +(T5’)
-G"'M k ? k k___ k 7 k k=0 (4.42)

where (Tim))n is the approximation of T¢" (kAz,nAt), k = 0,1, ... N;+1, and &2 is the
k

second-order central difference operator. The interfacial equations are discretized as

follows

AT )
K‘(l) N,+1 N, ¢ i ¢ 0

- =k - (4.43)
(Ti”);m - (T‘f’): (4.44)

The initial condition is
(Ti’”) )Z - (T’E’”) )Z =T, (4.45)

The boundary conditions are assumed to be

(Ti’"’) =(Ti’”’) , (7"5"')) =(7~§’”’), (Ti’"’) =(:7£'"’) , (Tf"')) =(T§'"’) (4.46)
0 1 0 | N N+l N N+l

z z

To this end, we consider the following eigenvalue problem
K¢, - 1,Mp, =0 (4.47)
where 1, is the eigen value corresponding to the eigenvector ¢,. Since K and M are

symmetric positive definite, we assume that the eigenvectors are orthonormalized with

respect to the capacitance matrix M such that

Mg, =5, (4.48)
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where 5, is 1if p =jand 0 if p=j. Then multiplying Equation (4.47) by ¢! and using
Equation (4.48) yields

¢ K¢, - 2,6, =0 (4.49)

implying that the eigenvectors are also orthogonal with respect to the matrix K. Further,

A» >0 since K is positive definite. As the eigenvectors form a basis for the semi discrete

system in our system, the solution a may be represented as a linear combination of the

eigenvectors

T ) =Y @™ (0),8,0609), T (y,50=3 @™ (0), ¢ (5y) (4.50a)

Si =Y 5" (2,0, (x,y) (4.50b)

where (aﬁ'"’)p and (a,(”'))p are the generalized electron and lattice coordinates
respectively. Substituting Equation (4.50) to Equations. (4.39) and (4.40), pre-
multiplying by ¢, , and using the orthogonal properties in Equations. (4.47) and (4.48)

leads to the result

(m) a(aim)P T (m) (. (m} T (m) 62 (a‘SM))P T
M)+ (), (BKe,) - BMe) )
+G™((@t), (@), )(4M8,) = SgiMy,
and
8(05,('"))
cm —é—t-——P(qb; Mg,)-G™ ((agm)p (™), )(¢;M¢P) =0 (4.52)
or
d (f'") o2 e(M)
cm ——————(aat )” + (ai"’))p A,k — k™ —-——(:22 )” +G™ ((ae‘”’))p —(a,('"))p) =8 (4.53)
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and

L ((ag"'))p ——(a,""))p) =0 (4.54)

Using a similar argument, we obtain from Equations (4.41) — (4.46)

I TN K<m>[‘“5m’>:;‘ wafer ), (o)
‘ 2At b 4
} :A(Z)Z % ((“im)):: +2(e”)) +(a£"'))::) (4.55)

G )\ m\7 m\7 m\" my\" my\"* my\"
(@) 2 (o), # (@) () -2 )~ () )= (s,

pk pk
(a(m) )n+1 _ (a(m) )n—l
C[(m) ! pk ! )

2At

e A R e W C N SR

n h n n
(@)~ (") (@), ()
K(l) PN, +1 PN, pl po

= =, - (4.57a)
(=, (5m)

and
() =) =((@)), (459
(= () (e, (55
(@ =t (el =l (%)

for any time level n. Hence, the analysis of the stability of the scheme, Equations (4.41)-
(4.46), can be switched to analyze the stability of the scheme Equations (4.55)-(4.59).

We now employ the discrete energy method [Lees 1961], to analyze the stability of

the above scheme with respect to the source term.
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Let Sy be a set of {u" ={un}, with by =u), and ), = uZNM} . For any #",v"€S§,,

the inner products and norms are defined as

(u", v") = Az%iu:kv;k , “u"“2 = (u", u") (4.602)
p=l k=l
”V;u" 12 = (V;u",V;u” )1 =Az Y’ NzH(V;u;k )2 (4.60b)
p=l k=1

We also define V.U, =U,,, -U, and V.U=U, -U,,, the forward difference and
backward difference operators respectively. It can also been seen that the central

difference operator satisfies 5;U, =V, V.U,.

Lemma 1. Forany u"eS,,

L+ 20, g Ly~ | =lumt v, T ~[u +u' T (4.61)
Proof.
[ b+ 2un, +ul :l[u,';;‘—u;;']
__I:unn:l +2un+l n +un+lun—-l __un+1un -1 —Zu;',ku;;l _[u;;l :'2
[: ””] +2u""l k+|:u:k] —{I:u:k] +2u:ku;;'+[u;;‘]2}
[ "+‘+upk:l [u +u, ]

Lemma 2. If (a, )';k ,m = 1,2, are the solutions of Equations (4.55)-(4.59), then

s () 2, ) e )

pk pk

_ ..AZN’“(V; [CRECR (aj'”’)::])z

k=1

(4.62)

and
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mAzZéz{( m))"*' +2(a21))'/'7k+(a£1>):’;’][(a:n)': +2( (l))pk+(a£l));;‘]
o AZ; 52[ @Y™ 4 (o k+(a§2));‘].[(a§2>)::‘ +2(a;2>):k+(a§2>)ﬂ
A, 0) "o (g oy T\ 40
- AZZ( [ % % )pk+(a“ )Pk })
(z)Azz( [( (2)) 2(a£2))';k +(a§z>)';' })1

Proof. Equation (4.62) can be obtained through summation by parts and substitution of

Equation (4.59). We can write

S : m n+l ) \7 . n—1
Az%&z(upk)'u,,k by lettlng upk =[(a£ ))pk +2(a£ ))Pk +(a£ ))pk :l ) Therefore

Nz NI
Azzaz_ (upk)‘upk AZZ(VZV;upk)upk
k=1 k=1

= Z(V;upkﬂ _V;upk)upk
k=1

Mz

((v Uy )W)

=
i

1

AZZ ((V;“pkn )upk )

|z >
R

Mz

Az S ((Vaup ) -

((V “pk)u )

N, +l

((V upk)upk 1) (VEupl)upO - z ((VEupk )upk) + (VEuPN,H )uPN,H

k=1

Az Y (e = 1,025 ) = (V2 ik + (Vs Do

k=

Rl
~n
Ed

{l

1

=
h

Az S

g

NZ»
+ L

I

Substituting Equation (4.59), we obtain

N, N, +1
Azkzzézz(upk) Uy =—Az kzl ((upk - upk-l)vgupk)
=] =
N, +1
= —-Azz Vo (u, )V (u,)
k=1
N, +1
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a2, o) (a2, (e
+K(2)AZZ52[( (2)):: +2(a§2’):k+(a§2>):k] [( 0))::‘ +2(a (z))pk+(ae<z>)'l';‘]
—x0as$ (V[ (@) < 2(a), (@), )

N, +1

(’)AZZ( [( ‘2))m 2(ae(2))';k+(a§2)):::l)2

(4.63)

Proof. Equation (4.62) can be obtained through summation by parts and substitution of

Equation (4.59). We can write
AZZ 52 [( <m>)"+1 + 2(a§"’)):k + (aj'”)):: }-{(aj"'));: +2(a™ );k + (aﬁ”')):} as

AzZé‘ (u,)-u, by letting u, = [(a('”’)::l +2(a£'")):k +(a""))::]. Therefore

e

Nz Nz
AzY 82 (u,) u, = AZZ(VZV;upk Yok
k=1

N

(Vu

-V-u ok Ju ok

P+l

Mz

Az

k=1

> (Vs pes) - i((v e k)

k=1

((VEquH )upk ) Z ((V Ui )upk )

z =
R

Ngp

Az

(]

==
ot

N, +1

((V “pk )upk 1) (VEupl)upO - Z ((VEupk )upk) + (VEupN,H)upN,H

k=1

Az

D

-.2“‘
+ L

Az ((upk—l - upk )V;upk ) - (V;upl )upO + (V;upN,H )upNz+l

=~

Substituting Equation (4.59), we obtain

N, N, +1
AzZ 82 (1) 1y =—Az Z (G =21 )V 0,0 )
N, +1
=-Az z V. (u, )V, (u,,)
N, +1

=-Az Z (V (e ))
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To obtain Equation (4.63), we let u,, = (ozﬁ”\)"+l + 2(af,”)" +(ae(”):: and

pk Pk

vy, = (og‘”)n+1 +2(a®) +(a®? )’M . As such, the left hand side (LHS) of the equation can
¢ Pk € pk ¢ pk

P

be expressed

W, &
LHS = KU)Az; s; l:upk ] '[upk]+ K(Z)Az;‘szz ["p/« ] '[":’k]
Nl
= K(I)Azg[(upkn - upk) - (qu T ¥k )] ok
N,
+ K‘mAZkZ[(Vpkn Vo ) - (vl”‘ T Vpke ):\ Yk
=1
N,
=

STTS 5 [T ERE 5 (H

k=2 1

N,+1 i
1k {AZ ; [(vpk _ vpk—l)] Ve~ AzZ[(vpk Yok )] . Vpk}

Based on Equation (4.59b), the above LHS can be further written
N N, +1

LHS = K‘(l) {AZ;[(upk Ui ):‘ : upk—l ~Az Z [(upk ~Upe ):l ) upk}
N, +1 N, +1
+ {Az kz; [(vpk - vpk_l):l Vo & Azkz_; \:(vpk - vpk—l)] . vpk}

WAL, . _ . DA, - .
+KxAz (upNﬂ-l uPN,) uPNzH KAz (vpl VPO) v

— DA, _ . 1A _ .
KAz (u1 upo) Uy —K Az (vaZH va,) v

»o

PN, +1

Note that K(”Az-(u u N,)'“,,N,+1"<(2)AZ'(V,,1—Vpo)"’po= 0 by equation (4.57) and

PN T Yp
rc”)Az-(up1 —upo) U — K‘”Az-(vp,\,l+1 “VpN,)'VpN,+1 = 0 by Equation (4.59a). Thus

N, +1 N,+1

LHS =xVAzY Vo, Vo, +xPAzY Vv, Vv,
par P

which is the RHS of Equation (4.63).
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Theorem. Suppose that (Ue""’):k and (U,""’)"k . (Ve""’):k and (V,‘””):k are solutions of the

P

proposed scheme in Equations (4.55)-(4.59) with the same initial and boundary

n

conditions but with different source terms. We represent (gj'"))';k = (Ui’"’) —(Ve‘”"):lr and

pk

(g,('"’)';k = (U,‘"");k —(V,‘"”):k ,m=12. Then forany nin 0<nAt<1,, (ai’"’):k and (efm)):k ,

m=12
F(n)<e* F©O)+ 2" max{la @I +le.)f] (4.64)
18&<n
where
2
F =200 (60)" + (c0) |+ 200 (o)™ (a0

(4.65)

2

+2CP%

()" + (g;n)"ﬂz +20®

(8[(2) )n+] + (81(2))"

and e, (&), m=1,2 are the difference of corresponding source terms in layers 1 and 2

respectively. Hence, this scheme is unconditionally stable with respect to the initial value

and the source terms.

Proof. It can been seen from Equations (4.55) and (4.56) that (¢);, and (&™), , m =
1,2, satisfy

CONCON

- —/lplc('")At[(ge"”):;‘ + 2(82»,)):" + (ge(m))"ﬂ } + ™M Af 522 |:(ge(m)):;l + 2(85;")):,‘ + (EE(M))"H]

pk pk

AZ2
- G‘”’)At[(ae""));‘ + 2(,95'")); + (ge("')):: - ((e,""’): + 2(81(m)):k + (8/('")): )] (4.66)
+4Ate, (1),

and
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(4.67)

—G™A¢ {(g;M);‘ T ) A M [ Gl I G PR }}
and also Equations (4.57)-(4.59). Multiplying Equation (4.66) with m = I by

Az[(gi"):; + 2(52”):“ + (e“’)p } and Equation (4.66) with m = 2 by

Az[(ge(z))pkl+2( f))pk ( e(z))p ] summing over p, kfromp =1, .., Nyand k=1, ... N,

respectively, and combining them together yields

200 () =(e) 7 () 4 2() # (1))

+200((e) ~(22) " (62) " 4 2(e) + (7))

- (83 (o) +2(e) + () (e "’)"”+2(8£")"+(€£")"")

=2t () 2(0) () (o) "+ 2(e) + (o))

- (82 (@) 2(e) + (o) | (o) 4260 (‘”)"")

A (2) +2(e2) 4 (o) (52 +2(e) + (7))

+ &GO |(o0)™ + 2(o0) + (20) ﬂ + 8GO (@Y™ 4 2(e2) + (e2)[
=G () +2(e)" + () (o) +2(e0) 4 () )

A6 ((e2)" +2(e2) + (o) () +2(s7) + (o))

+ 4At(e,(n),(g;‘>)"” +2(sP) +(s0)" )

+48¢(ey(m), (62) " +2(s2Y + (7)) (4.68)

At
where r, =—-.

By Lemmas 1 and 2, we obtain

(&‘S))M N (85'))'1”2 _ 2Ce(1) “(851))" + (821))'1—“2
(652))“1 . (852)),, nz _2c® (822) )n +(££2))n-1 Uz

2CY

+2C?
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M

+r,K

GO CORCON | 2 ()" w2 (e + ()T
v[(gm) ( Y+ (e )‘] A en(e) w2 ()
vl CORREICH R CO N RVl B ") (o)
Al (CU (“’) #(e)(e0) T+ (8“’) +(e0)")

+ G (o) +2(e) +(62) () 4 2(e) (1))

ranele o0, (0)" +2(e0) + ()" )

+ 4At(62(n),(g§2) )"” +2(e? ) +(e? )"“ ) (4.69)
We now multiply Equation (4.67) with m = 1 by a2[ (s0)" +2(:0) +(22°)""] and

Baquation (4.67) with m = 2by Az (7)™ +2(e%)" + (e®)"" |, sum over p, k fromp = /,
., Np, k=1, ..., N, respectively, and then combine them together. This yields
20 ((6)" = (&) (6 2+ (6) )
#20((6f)" - (o) ()" 4 2(e) # (7))
()" 2+ (60) | #6626+ ()]
=G ((e0)" +2(s0) +(e0) (&) #2(e) + (o))
+AG ()" w2(e) + (e o)+ 2(e) + (o)) (4.70)

By Lemma I, we obtain

()" (o) | -2 ey )| (em) U
+ AIGY ( 11)) ™ ( (1)) £ H“2+AtG(2) (8[(2))"" (z) (2) “‘“
0" (o) 426 +(e <'>> (f’))"*‘+z<sf‘>>"+(ef”>"“)

+A1GP ()™ +2(s®)’ (@) (o) 2(s?) + (o)) (4.71)

Adding both Equations (4.68) and (4.70) we have

1)
+ lp;c At

+rx®

8

+AtGWY

2Cc0

-2c” +2C

ey + ()]

2C£l)”‘(g§n) +(e (1)) ‘l +2C(‘)“ M +(51(1>)"”2
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+2C¥®

{20“)

{2@2’

(aﬁz)) “ + 2C(2)

(4g+@w Wnd”

(822))" + (g§2> )"_] “2 +2C?

<<‘>) (m)
(o) (o)
e o[ (20) " 2oy ()]
(w0)"+ (m) )|
ol e e
(

# AR (a2 ¢ (m)%gywz

1

+ A xOAL

2

1

(65”) + 2(89))n + (ail))"_l.z +l(E) 4 2(e0) + (50) “2
2f(ef) 2 (<‘>>"“,<es>>"“+z<e:‘>>”+<es”)"")}
+AtG<z>{( Ot 2 Y + (o) () 4 2o+ (67)
(e w2 o) (e ) 42 ()]
:4&(@(”),(8;»)"“ #2(e?) +(e))

g

2

+4de(ex0(e®)" +2(e2) + (o)) 4.72)
Since
”(gg>y”‘4.z(gg>)"+(gg>y“‘2+¢kgfw)“*4.2(51»)"4.(gp>y“1f .
- 2((5,0))"*‘ +2(eP) + (M) (M) +2(e0) + () ) 20
and
e+l n n-1)|? n+l n n-1]?
() +2(e® + () ey 2 (@) (2) .

e e ) ) (e ()0

Dropping out the last six terms on the left-hand side of Equation (4.72) the following is

obtained
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() e ez ey |
(o)« (e | w2 )
{zcy (c2) + ()’ “ +20P| (&) + (e,‘”)"‘l‘\z}
ooy o[ aceeey () |
saar(e (&) +2(e) ()"

+ 4At(62 (n),(g£2))n+| + 2(822))" + (522))n~1)

2t

+2CW?

+2¢2

(4.75)

By the generalized Cauchy-Schwarz’s inequality, we have

2Az‘(el (n),(gil) )n+1 . 2(551))" + (82‘))"—1 )

| ) i . (4.76)
<2c|(e0)" 4 () + 200 Y(e0) 4 (20) ] + ol

and

2At(ez(n),(g‘£2))n+l N 2(852) )" + (352))n-1)

4.77
(552) )n+l + (522) )n ”2 N 2C§2) (6‘52))" + (ee(z) )’l—l ( )

<2C¥®

1 2
+ Z@TNez )
Substituting the above inequalities, we have

2C§”“(€§”)n+l +(8§”)n“2 +2C(‘)N ()™ + (e "”2

(@) +(c2) N +202|(e2) + () ”
e

~[2C‘”“(e‘”) &)’ ]l +260 () + (e0) l”

+2C%

*[2@(2) (@) +(€§z>)"‘ ﬂ +202|(e0) + () ” :]
< 2At(2C§') “(eg”)"“ + (ag”)"lr +2C® H(gg”) &) n o e J
+2A{zc;2> (@) +(s2Y | 22 @Y + () +32—)_ue2<n>|f) (4.78)
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Using the notation F(n) as defined in Equation (4.65), the above inequality is

simplified as

(1= 2A0F(n) < (1+ 2A0)F(n+1) + ZCAt(He] | +le(n)f ) (4.79)

1
where ¢ = max L,—— . Hence when 1-2A¢ >4, we have
C(I) C(Z) 2

e e

Fln)< (l+§AtJF( 4 ( 2cAt )(llel

) (4.80)

Therefore

(1+280) 2ent L
= a0 (1-2A1) F(n=1)=+ (1-2A1) (Hel (”)“ + Hez (n)“ )

(1+2A0[ A+2A0) = 2cAt 2cAt
1+2ArY'
S(1—2At) o
2cAt 1+2At ) (1+2A¢ 1+2A0"
+(1—2At)\:1+(1—2Atj+(l—2Atj +"'+(1—2AJ }o«m{“e‘(é)” +||e2(§)||}
1_(1+2At)
S(14-2Az]”F(0)+ 2cAt 1-2A¢

1-2A¢ (1-280)| _(1 " 2At) max e, +[ex©}
- 241

s(1+2AtJ"F(0)+£{1_[1+2At)} J

- 24¢ 2| T2ar) |0
1+2AtY )

S(HAJ [F (© +emax{e, (&) +Ile2(5)||2}] 4.81)

@I +ex®I}

Using the inequalities, (1+x)” <e™ x>0, and (1-x)" <e when x</ and letting x = 2At

+2AtY
) <Mt < o and hence

and Ar be sufficiently small, we see G A
—2At
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F(ms "™ F(0)+ce™ max eI +

€ (é)“z }
F+lel}) (4.82)

< ot ( F(0)+c P;;):{He, (&)

which completes the proof.

4.5 Algorithm for Solution.

The algorithm will consist of the following main blocks:

1) Establish the coefficient sparse matrices M and K.

2) Assume 7\ =T and find T,". This s possible because of the lag in energy
exchange.

3) Use this information to solve the system, dealing with layer boundaries as they
arrive.

4) Repeat until desired time has been met and record the results for evaluation.

4.5.1 Computational Algorithms

Taking the initial conditions for both the lattice and electron temperatures, the
lattice temperature for first time step (7");"' is determined from the Equation (4.31)
This value is then substituted into Equation (4.38) and implicitly solved for the electron
temperature at the next time step (Z'™);". This process is repeated, and the results are
plotted, until the desired time is achieved. At the beginning of each time-step iteration,
the non-linear term C, is recalculated and applied to the system. A conjugant-gradient
method is employed to solve the linear system. The interface equations are incorporated
into the global matrix system of equations. However, it is possible to form a parallel
implementation of this algorithm and therefore increase efficiency. This is accomplished

by implicitly solving the gold layer (top layer) with one CPU performing the operations,
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and the chromium layer (padding layer) with another CPU. These two then feed
information to a CPU which combines them with the interface equations to arrive at the
new time step temperature values. Mathematica was chosen as the software in which the
algorithm was coded.

4.5.2 Mathematica as a Programming Language

For this problem, we will implement the computational power of the program
suite Mathematica. Mathematica is a computer-based software system for doing
mathematics (symbolic calculations), numerical analysis, and visualizing and plotting

data. In the December 17, 1999, issue of Science, the excitement and possibilities of

Mathematica were captured in John Wass's review of Mathematica 4.0. In that review he
states: "It is hard to imagine a scientific software tool that is equally useful to a math
professor, a cardiologist, a protein chemist, a population biologist, a civil engineer, an
architect, and an atmospheric scientist. Mathematica is just such a program....With a
powerful programming language and a dizzying array of functions, the program can be
adapted to perform diverse calculations for almost any scientific need."

Data elements in Mathematica are strongly typed, but the language system
performs many types of automatic conversion, especially on numbers. All numbers in
Mathematica are unlimited precision: integers, reals, rationals, and complex.
Programmers define their own data types, after a fashion. In a sense, Mathematica has
only one non-primitive data type: the "basic form." All aggregate data and symbolic
expressions in Mathematica are internally stored as a head and a body, where the head
defines the data type. Programmers can create their own head types, and do, and in that

sense they are defining new data types.
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When input is made into Mathematica, a data structure is created in the memory
of the computer to represent the expression entered. In general, different pieces of the
expression will be stored at different places in memory. Thus, for example, for a list such
as {2, x, y + z} the “backbone” of the list will be stored at one place, while each of
the actual elements will be stored at a different place. The backbone of the list then
consists just of three “pointers” that specify the addresses in computer memory at which
the actual expressions that form the elements of the list are to be found. These
expressions then in turn contain pointers to their subexpressions. The chain of pointers
ends when one reaches an object such as a number or a string, which is stored directly as
a pattern of bits in computer memory.

Crucial to the operation of Mathematica is the notion of symbols such as x.
Whenever x appears in an expression, Mathematica represents it by a pointer. But the
pointer is always to the same place in computer memory—an entry in a central table of
all symbols defined in your Mathematica session. This table is a repository of all
information about each symbol. It contains a pointer to a string giving the symbol's
name, as well as pointers to expressions which give rules for evaluating the symbol.

Every piece of memory used by Mathematica maintains a count of how many
pointers currently point to it. When this count drops to zero, Mathematica knows that the
piece of memory is no longer being referenced, and immediately makes the piece of
memory available for something new. This strategy essentially ensures that no memory
is ever wasted, and that any piece of memory that Mathematica uses is actually storing

data that you need to access in your Mathematica session. [Wolfram 1999]
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Within the front end of Mathematica, the labor is divided into three groups:
Packages, Notebooks and Cells. The packages are much like object oriented designed
packages in that they can contain many sub units which form a total “program.” The
“code” is created in notebooks. These ASCII based text documents are subdivided into
cells which block, or partition the code in the notebook.

Mathematica is built on the powerfully unifying idea that everything can be
represented as a symbolic expression. Mathematica handles many different kinds of
things: mathematical formulas, lists and graphics, etc. Although they are different in
appearance, all of these are handled in one uniform way. They are all expressions.

Each expression takes the form of h[ey, e, ... €i]. Here, h refers to a head which
contains a listing of expressions. Mathematica takes a string typed in its interface and
converts it to a standard form. Everything in Mathematica is treated as an expression to
be evaluated. [Wolfram 1999].

At the heart of Mathematica is a simple procedure known as the evaluator, which
takes every function that appears in an expression and evaluates that function. When the
function is one of the thousand or so that are built into Mathematica, the evaluator
executes directly the internal code in the Mathematica system. This code is set up to
perform the operations corresponding to the function, and then builds a new expression
representing the result.

A crucial feature of the built-in functions in Mathematica is that they support
universal computation. Universal Computation indicates that out of the many functions,
programs may be constructed that perform various operations possible for a computer. In

fact, small subsets of Mathematica's built-in functions would be sufficient to support
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universal computation. But having the whole collection of functions makes it in practice
easier to construct the programs one needs. The underlying point, however, is that
because Mathematica supports universal computation the built-in functions do not have
to be modified. A combination of functions in an appropriate way is what is necessary to
perform a particular task.

Universal computation is the basis for all standard computer languages. But many
of these languages rely on the idea of compilation. In C or Fortran, for example, the
program must first be written, then compiled to generate machine code that can actually
be executed on your computer. Mathematica does not require the compilation step.
Once input an expression has been typed, the functions in the expression can immediately
be executed.

The source code for the kernel, save a fraction of a percent, is identical for all
computer systems on which Mathematica runs. For the front end, however, a significant
amount of specialized code is needed to support each different type of user interface
environment. The front end contains about 600,000 lines of system-independent C
source code, of which roughly 150,000 lines are concerned with expression formatting.
Then there are between 50,000 and 100,000 lines of specific code customized for each
user interface environment.

Mathematica uses a client-server model of computing. The front end and kernel
are connected via MathLink—the same system as is used to communicate with other
programs. Within the C code portion of the Mathematica kernel, modularity and
consistency are achieved by having different parts communicate primarily by exchanging

complete Mathematica expressions.
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There are many detailed differences between different kinds of computer systems.
But one of the important features of Mathematica is that it allows you to work and create
material without being concerned about such differences.

The commands that are given to the Mathematica kernel, for example, are
absolutely identical on every computer system. This means that when a program is
written using these commands, it can be run on any computer that supports Mathematica.

The structure of Mathematica notebooks is also the same on all computer
systems. And as a result, if a notebook is created on one computer system, it can be used

on any other system.
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CHAPTER FIVE

NUMERICAL EXAMPLES

5.1 Description

Three different examples are chosen to demonstrate the applicability of the
scheme. Initial and boundary conditions as discussed in section 3.1.1 are chosen for all
examples. The first case examines a disk radiated by a short pulse laser only at the center
of the top surface of the disk. Secondly, the laser is pulsed twice over the same center
point on the disk. Finally, the laser is pulsed at various positions on the surface of the
disk.

Table 5.1 indicates the known parameters for the given system. These values
have been garnered experimentally and reported in several sources [Qui 1993a] [Tzou

1996] [Barron 1985].

Table 5.1 Known parameters for the system

Gold Chromium
To  [300K 300K
K 315 W/mK 94 W/mK
y 70 J/m’K* 193.33 J/m’K”

cl |2.1x10%° I/m’K 5.8x10% J/m°K
C 2.5x10° J/m’K 3.3x10° J/m’K
G 2.6x10"° W/m’K | 42x10"® W/m’K

57
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5.2 Case One — Base Case

For this case, a two-layered thin film disk is irradiated by a picosecond laser as

illustrated in Figure 5.1.

Laser Pulse

0.054m
0.05LLm

1.0 mm

Figure 5.1 Schematic representation for case one

Three different x-y planar meshes were chosen — these being planar meshes with
thirty-three nodes, one with sixty-five nodes and a final mesh with one hundred twenty-
nine nodes. A z-directional grid size of 10 microns was chosen and a time step of 0.001
picoseconds. Qualities for the Gold and Chromium were chosen from Table 4.1. The
laser source was assumed to be the same as in equation (3.6) [Qui 1994]. Figures 5.2
and 5.3 give the normalized temperature profiles at the surface directly beneath the heat
source. Figure 5.2 depicts the normalized electron temperature on the surface over time.
The maximum temperature of 7, on the surface was roughly 1100 Kelvin. Evident are
three distinct intervals for this plot. In the first time interval (0.0 - 0.25 ps), there is a
very fast rise of the electron temperature, up to the maximum temperature. In the second
interval (0.26 -1.5 ps), thermal equilibrium is quickly reached within the electrons

causing the temperature to drop quickly. It is during this time that heat energy is being
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transferred to the lattice through lattice-electron coupling. In the final interval (1.6 — 2.0
ps), the electron temperature is roughly uniform as thermal equilibrium is being reached

with the lattice.

129 x-y nodes

0 8 __________ 65 x-y nodes
' 33 x-y nodes

o
SO
| |

_O
T~
1

O
NO
| |

1 M M M " 1

—— .1:0. — =
Time (ps)

Figure 5.2 Normalized electron temperature change on surface

This plot shows good agreement with the one obtained by [Tzou 1996]. The results also
show good agreement with Dai and Nassar [Dai 2000a].

In that work

—(l :
LTy =

pre
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[(T(I) )"+1 ](') T/'I,rm K.(I)

IOIT"YH 10 - of (82 + SH(ATOYE IO — (DY,

pre J At "9 p(’)C“)
K(l) 1 (I) - T(l) i n+ i n+ i
+m(2 T) 1(2 ATt )([(T([))jkmﬂ - 2[(T(I)) 1)]( ) +[(T([))/kr:x—l)]()
p
0 1 @ 1
*m( —) ( L )[(T(l))]km-rl 200Y i + (TY )]
p
1 1 1

ol Y T O] )yn
+m[ (2 At) (2 At )][(q )/km (q )ka 1] p([)C([) Qj }’

=12, i=0,12,.. (5.1)

and

O] 1 ¥

(yyn+l _ q q (1)
@) jim (+ )(2 At)()

1 (1) (1) 1 o)

_ Ja N1 17 (1) \n+l () yn+l
(2+At) i AZ(2 Al =N i =T fgua D

L2 N Dy -
+(2 v NI Yo =T Y] I=1,2, (5.2)

There is only slight variation between the x-y mesh sizes which is a further
indicator of stability. The results shown in Figure 5.3 depict the normalized lattice
temperature profiles at the surface directly beneath the heat source. The maximum
temperature rise of 7; was roughly 10.99 Kelvin which is again in good agreement with
other numerical studies. The three time intervals are also evident. The first interval (0.0
- 0.25ps), shows little or no increase in heat energy for the lattice due to the quick
electron excitement with little transfer to the lattice. In the second interval (0.26 - 1.5 ps),
the metal lattice temperature starts to rise quickly as the electron-lattice coupling begins.

In the final domain (1.6 — 2.0 ps), the lattice temperature is leveling showing the
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approach of equilibrium with the electrons. Again, mesh size in the x-y plane shows little

impact on the results implying stability in the scheme.

1.0F

-
T
-
-
- .
- .

0.8|

) Max

= 06]

AT/A

129 x-y nodes
__________ 65 x-y nodes
33 x-y nodes

04|

0.2 :

5 10 15 20
Time (ps)

Figure 5.3 Normalized lattice temperature change on surface

Figures 5.4 and 5.5 give the change for both electron and lattice temperatures
along the z axis for time ¢ = 0.2ps, 1=0.25 ps, and t=0.5 ps. Results are shown and are in

good agreement with numerical studies.
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Figure 5.4 Electron temperature profile (z-direction)
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Figure 5.5 Lattice temperature profile (z-direction)

Figures 5.6 and 5.7 give contour plots at time #=0.2 ps, t=0.25 ps, and =0.5 ps

for the electron and lattice temperatures respectively along the x-z plane.
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Figure 5.6 Electron temperature distribution in the x-z plane
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Figure 5.7 Lattice temperature distribution in the x-z plane

Figure 5.8 shows a comparison of the surface contours for both the electron and
lattice temperatures at time r=0.25 ps. This time interval represents the peak electron
heating. The lag in coupling electron and lattice energy exchange is evident. This
contour comparison reveals a high electron temperature and only a slight variation in the

lattice/bulk temperature at the close of the first time interval (0.0 - 0.25ps).
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Figure 5.8 Electron and lattice temperature distribution in the x-y plane (0.25 ps)
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5.3 Case Two — Double Pulse Heat Source

The second case represents a double pulse of the laser heat source. The same
center section is irradiated. The heat source for this case is chosen to be
- | 2m(e om i ’
S,,=O.94J(1 ;Je”-{e ( ’ ) +e ( ") } (5.3)

L

where J=13.4 J/m?, R is given to be 0.93, £,=100 fs, and 6 =15.3nm. The dense mesh of
the finite element representation was chosen for highest accuracy and the same time and
z-directional (depth) values as in Case One were chosen. Figure 5.9 shows the
normalized change in electron temperature (ATe/(AT,)max) On the surface of the

gold/chromium disk.

1.0

08+

) Max

— 06}

AT/(A

04

0.2

5 1.0 1.5 2.0
Time (ps)

Figure 5.9 Normalized electron temperature change on surface (double pulse)
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It can be seen from Figure 5.9 that there are two peaks in electron temperature due
to the two laser pulses. Figure 5.10 gives the normalized temperature distribution for the

lattice.

1.0F

0.8 }

06

ATIAT) ..

041

0.2 :

5 10 15 20
Time (ps)

Figure 5.10 Normalized lattice temperature change on surface (double pulse)

A slight bend is evident at time r=0.5 ps, as the second electron temperature peak
begins to transfer energy to the lattice. Figure 5.11 demonstrates the temperature
distribution through the disk along the z-direction through the film. The same three times

as in case one were chosen (1=0.2 ps, t=0.25ps and £=0.5ps).
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Figure 5.11 Electron temperature distribution (double pulse)

This figure shows a peak temperature at time #=0. 5ps of nearly 1400 Kelvin.

Figure 5.12 demonstrated the lattice temperature distribution through the film in the z-

direction.
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Figure 5.12 Lattice temperature distribution (double pulse)
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Again, the temperature profile is similar to the ones in case one, except that the

peak is higher due to the second pulse of the laser.

5.4 Case Three — Moving Heat Source

This case demonstrates a moving source. The laser is pulsed five times at even
time intervals about the center of the disk. The first pulse is focused on the center of the
disk. The second pulse moves along the x-axis in the positive direction. The third pulse
is located the same distance from the center along the positive direction of the y-axis.

The fourth and fifth pulses are located likewise along the negative directions of the x- and

y-axis respectively. Figure 5.13 gives a graphical representation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



71

Figure 5.13 Graphical representation of pulsed laser on thin film surface

Figure 5.14 demonstrates the normalized electron temperature change for the
central point of the top of the thin film’s surface. The distinct laser pulses are evident as

the electron temperature rises sharply with each pulse.
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Figure 5.14 Normalized electron temperature distribution center surface of disk (moving
source)

Figure 5.15 demonstrates the normalized lattice temperature for the same point.
Again, a steady climb is evident with changes caused by each pulse as the energy is

transferred from the electron cloud to the lattice.
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Figure 5.15 Normalized lattice temperature distribution center surface of disk (moving
source)

Contours for the electron temperature distribution through the thin films are
shown in Figure 5.16. The first contour is after time r=0.25 ps. This is at the peak
electron temperature profile for the first laser pulse. The second contour demonstrates
the temperature distribution through the thin films after time #=0.75 ps. This represents
the peak electron temperature rise for the second pulse. It is evident that the temperature
distribution moves slightly toward the positive x-direction. The final contour
demonstrates the electron temperature distribution through the thin films after time
t=1.75 ps. This represents the peak electron temperature rise for the fourth laser pulse.
This pulse is located along the negative x-axis. A shift in temperature toward that point is
evident in this contour. Figures 5.17, 5.18 and 5.19 show the temperature distribution
profile on the surface (xy-plane) at time =0.25 ps, t=0.75 ps and t=1.75 ps respectively.

The heat propagation from the moving source is evident in these figures.
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Figure 5.16 Contour electron temperature distributions for moving source case
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Figure 5.17 Electron and lattice temperature distribution in the x-y plane (0.25 ps)
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electron x-y surface confour time = 0.75 ps
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Figure 5.18 Electron and lattice temperature distribution in the x-y plane (0.75 ps)
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electron x-y surface contour time = 1.75 ps
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Figure 5.19 Electron and lattice temperature distribution in the x-y plane (1.75 ps)
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CHAPTER SIX

CONCLUSION AND FUTURE RESEARCH

6.1 CONCLUSIONS

This dissertation has reviewed the fundamentals of heat transfer at both the macro
and micro scale along with the dual-phase-lagging model for examining micro scale heat
transfer. The dual-phase-lagging heat conduction equation originates from the first law
of thermodynamics and heat flux density. It is developed through the examination of
energy transport of the high-rate heating in which the non-equilibrium thermodynamic
transition and microstructural effect become important associated with shortening of the
response time.

A hybrid finite element-finite difference method has been developed for solving
this parabolic two-step micro heat transport equations in a three dimensional double-
layered thin film exposed to ultrashort pulsed lasers. First the geometry was discretized
along the xy-direction using a finite element method to generate matrix coefficients for
the system of equations. Secondly, the z-direction was discretized using a weighted
average finite difference method. The system was encoded using Mathematica software
and the results were examined. It was shown that the scheme is unconditionally stable
with respect to the initial condition and the heat source. Numerical results for thermal
analysis of a gold layer on a chromium padding layer are obtained. These results are

examined for three distinct cases. The first case examined the thermal properties of a thin

78
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double-layered disk exposed to a single ultrashort laser pulse. Secondly, this disk
apparatus was exposed to an ultrashort double-pulse laser and the thermal properties
examined. Finally, the ultrashort laser heat source was moved about the central point of
the double-layered thin disk and the thermal properties examined. The method derived

can be readily applied to multiple layers and irregularly shaped geometries.

6.2 Future Work

The future work related to this research may involve the development of an
unconditionally stable scheme for thin films with varying interstitial conditions. This
dissertation accounted for a perfect conduction between the gold and chromium layers.
Future work should consider imperfect interstitial conditions or the thermal contact
resistance between the layers. Another area for future research would be the addition of
stress between the two layers. This work examines the heat distribution only. It is
possible, albeit complicated, to consider tensile and compressive stresses caused by such
a temperature variation. Such an examination would offer a more complete

understanding of microscale heat transfer for thin films irradiated by short-pulsed-high-

intensity lasers.
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APPENDIX A

POSITIVE EIGENVALUES

Enclosed is a table indicating the eigenvalues of and a representation of the

conductance and capacitance matrices.
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APPENDIX B

SOURCE CODE
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(» Parabolic Two Step Modal Two Layers «)

<< Li Alosbra Matridenioulation”
(» assanbler Fortion »)

Neads[ "Imbek Gacmatry " Triangle™ ™) ;

(» PRinding coordinate / node positions »)
Unset[k] ; Unsetim] ; t!mat[t];

pra- Roef - ~cou[ 7 1)1

pt= e[ vsin] 2]

V2
ptc= ke
(= variable terms for element slice -- bracket notation: [element mmber,elemant node] «)
1
111,1]=0:x[1.2]=1—6:xtl,3]=pa;

Y[1,11=0; ¥11, 2] =0; ¥[1, 3] =ptb;

1
X(2,11= I—é : X[2, 2] = 2pta; X[2, 3] =pta;
Y12, 11 =0, Y[2, 2] =2pth; Y[2, 3] =pth;

1 2
X3, 1= TG-’X[S’ 2] """R‘l X(3, 3 =2Pt3v
¥[(3,11=20;¥(3, 2] =0; (3, 3] =2pth;

2
X4,1] = R;X[Al, 2] = 3pta; X[4, 3} =2pta;
Y[4, 11 = 0; Y[4, 2] = 3ptb; Y[4, 3] =2ptd;

2 3
X5, 1] = I‘érx[sr 2] = ‘fs"rxtsr 31 =3pla,
5, 11=0;¥(5,2] =0;
Y(5, 3] = 3pth;

3
X6, 1] = ‘fs‘;xtsr 2] = 4pta; X[6, 3] =3pta;
Y(6, 1] = 0; X[6, 2] = 4 pth; Y[6, 3] =3ptb;

3 4
X7, 11 = Rlxlvl 2] = ’igrx[7i 3 =4pa;
¥(7,11=20;%[7, 2] =0; (7, 3] =4pth;

4
X8, 11 = I-G-;X[S, 2] = 5pta; X[8, 3] =4pta;

Y[(8, 1] = 0; Y[8, 2] =5ptb;
Y[8, 3] = 4 pth;

4 5
X[Q’I]-E’X[QI 2]-‘]—'6—rx[91 3] =5pta;

¥[9,11=20;Y[9, 2] =0;
Y9, 31 = S5pth;
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X[10, 11 = Isg;xllo, 2] = 6pta; X[(10, 3] =5pta;

Y[10, 1] = 0; Y[10, 2] = 6 ptD;
Y[10, 3] = S5ptb;
Y11, 11 = 0; (11, 2) =0; Y[11, 3] =6ptDb;

6
X[12,1] = Ig;x[mr 2] = 8pta; X[12, 3] =6pta;
Y[12, 11 = 0; Y12, 2] =8 pth; Y{12, 3] = 6ptb;

6 8
X[13,1] = R'nnl 2 _i—é'xtn' 3] =8pta;

Y[13,11=0;¥Y[13, 2] =0;
Y[(13, 31 = 8 ptd;

For{z=1,2<13, z++,

0, = Avea[ { { X[z, 1], Y[z, 11}, (X(z, 2], ¥(=z, 2]}, {X(=z, 3], ¥(%, 3]}}1;
(*Pﬁnt["n[",k,"]=",ﬂﬂ i*)

B[z, 11 = ¥z, 2] - Y[z, 3]/

Blz, 2] = Y[z, 3] - Y[z, 11/

Biz, 3] = Y[2, 1] - X[z, 2];

gmmma(z, 1] = X[z, 3] - X[z, 2];

gamma(z, 2] = X[z, 1] - X[z, 31;

gamalz, 3] = X[z, 2] - Xz, 1]1;

17

(» ITterating for elemental matrices -- z indicates element, i indicates zow,
j indicates colum ) |
For(z=1, 2213, z++,
M[j=l,js3, Ja+,
M[i= 1,i<3, i++,
kel 31 = { 4;)* (BLz, i1 »Bl2, 3] + gumm(z, i] +gemmalz, 3]) ;

Iffi=9,6=1,6=0];

Deld, 31 =—1"§ «(1+6);

]:
]7
(» Creating elemantal matrices »)
ka1, 1] kz[1,2] Xk(1, 3] m(l, 1] mfl, 21 m[1, 3]
kiz]l = kz[2, 11 kz[2, 2] ka2, 3]; m[z] = m[2, 1] m[2, 2] m,(2, 3];
¥k2[3, 11 kqe(3,2] kal3, 3] mf3, 1] m[3, 2] me([3, 3]
Print[" "] ;
Printi"k[", Z, =", k(2] // MatrixFomm] ; Print{™m({", 2, "1=", m[2] // MatzixFoom] ;
]:
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(» Element Ralationship for 208 Elemants «)

(» Elements at the horizontal diameter need spacial definition «)
t[16] = ({113, 112, 97}};
t[32] = ({112, 81, 9N}};
t[48] = ({112, 96, 81}};
t[(64] = ({86, 65, 81}};
t[80] = ({96, 80, 65}};
t([96] = {{80, 49, 65}};
t[112)] = {{80, 64, 49}};
t[128] = {{64, 33, 49}};
t[144) = ({64, 48, 33},
t[(160] = ({48, 17, 33}};
t[176] = {{48, 32, 17}}:
t[1921 = ({32, 1, 17}};
t[208] = ((32, 16, 1}};

(» Iterating for other elemental ralationships »)

Forfi=1, 1515, i+e,

t[i] = ({113, 96+1i, 97+1i});
t{16+1] = ({96 +1i,81+1, 97+1});
t[32+4i] =({96+4,80+4, 81+4i));
t[(48+1i] = {{80+1i, 65+i, 81+1}};
t(64+i] =({80+1,64+i, 65+1}};
ti80+1] ={(64+1i,49+1i, 65+1}};
t[96+1i] ={{64+1,48+1,49+1)};
t{112+ 1] =({48+ i, 33+1i, 49+4}};
t[128+4i] = {{48+ 4, 32+ 4, 33+4}};
t{144+ 1] =((32+41i,17+4, 33+1});
€[160+4i] = {{32+4i, 16+1i, 17+4}};
1176+ i1 =({16+4,1+41, 17+1)};
t{192+i] = {{16+1i,1i,1i+1})};

1

Por{i=1,i5208, i++,

Print("t(", i, "]=", t{i]]’

1;

(» Assamhlar Portion »)

(» Sat Up Elank Matrices )

K= Table( 0., (i, 113}, {Jj, 113}1;
M= w'e[ol {ilm}l {Jlm}];
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(» Main Iteration «)
For{l=1,1<208, 1++,
For(j=1,Js 3, j++,
Forfi=1,ix<3,i++,
If{1<16, elam=1];
If[16<1x5 32, edlam= 2] ;
If[32<1548, alam=3];
If148<1< 64, elam=4];
If[64< 1580, elam=5];
I£(80< 11 96, elam= 6] ;
I£{96< 15112, elam= 71
If{144<1<160, alem= 8] ;

I£1160< 15176, elem=9];
If[176< 1< 192, elem= 10} ;
If{192< 1s 208, elam=11];

ufl, j] = Bxtzact{t{l], {1, 3}1;
ufl, i] = Extract{t(1], {1, i}1;
vk{j, i] = Extzact{k({elem], {j, i}];
vm[j, i] = Extract{m[elam], {j, i}]/

(» K Matrix »)
prev= Extract(K, {uf{l, j1,uall, i1}1;
K= ReplacePart(K, prev+vk(]j, i], {ufl, 3], uf{l, i1}1;

(» MMatrix «)
prev = Extract(M, {u(l, 31, ull, i1}1;
M= ReplacePart[M, prev+wm(]j, i1, (u[l, 31, ull, i1}1;
1;
17
1;
(» Print Results «)
Print{"K=", K// MatrixFeem] ;
Print({"M=", M// MatxixForm] ;
MK = Inverse(M] .K;
Print{"MK=", MK// MatrixFomm] ;
Forfi=1,i<208,i++,
Unset([t{i]];
17
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(» LEFINING VARIAELES »)

(» m(%ﬂ—-—)=%=m *)

(v la(%alDistwcsinzdimotim) 1:10%m . 100 ,

(» p indicates nodal mxber =)

t=0.001;(» time stap At »)

m=1; (» gold/chromium layer indes »)
z2=0.1010"%; (+ Az valua =)
P=208; (» Narbar of Nodes «)

L=100; (» Total Depth Staps =)
ENDTIME = 3000; (« Total Time Stap =»)
DOMAX = 0; (» DIMax «)

DOIMAX = 0 ;

MDZ = mlo-r {ir P, {Jl P} ;

Ci{1] =2.5+10°3; (« Lattice Heat Cap -- gold »)
Ci(2] =3.3#1073; (» Lattice Heat Cap -- chro )
¥[1]1 =T0+107; (+ gamma -- gold *)

¥[2] =193.33333+10"%; (+ gmmma -- chro )

G[1] = 2.6+10°5; (» Coupling Factor gold )

G[2] = 42.+10°%; (» Coupling Factor chramium »)
x[1] = 315+10°5; (» gold »)

x[2] = 94+10"%5; (+ chrzomium «)

(+ CCEFFICIENTS FCR SYSTRM +)
x[l] »t,
h1=( 2422 !’
x{2] #t,
h=( 2%22 1’
2 ={t'6[1] ) 2« (G[1])2 . x[l]*t).
t 2 (4« (CL1])) + ((GI1]) #2+1) 2z )’
. (ttG[2] 2+ (6[2))2 . x[2]*t)
2 2 (&% (C112])) + ((G[2]) #2+ 1) P

.
14

£11] = List[];
£12] = List[];
h[1] = List[];
h(2] = List[] ;
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Forip=1, ps P, D++,
£11] = MpendTo(£11], £1];
£{2] = AppendTo(£]2] , £}
h(1] = AppandTo(h(1], y];
h{2] = AppendTo([h[2] , hp] ;
1;
£11] = DiagonalMatrix(£11]] ;
£12] = DiagonalMatrix(£[2]] ;
hil] = DiagenalMatrix{h(l]];
h(2] = DiagonalMatrix{h{2]];
o= ZercMatrix[ P} ;
(» Setting Initial Conditicns »)
For(p=1, ps P, p++,
For(k=0, k<L, k++,
Uip, k, -2] = 300;
Uip, k, -11 = 300;
uUlp, k, 01 = 300;

(» Setting Initial Conditions »)
Foxip=1, ps P, P++,
Foxr{k=0,ks L, kes,
Uip, k, -2} = 300;
Ulp, k, -11 = 300;
Utp, k, 01 = 300;
nip, k, -2] = 300;
Uilp, k, -1] = 300;
B(p, k, 0] =300;
Giip, k, 1] =300;
1;
};

(» Dafining Vectors «)
For(n=-2,n<1, n++,
Fortk=0, k< L, k++,
Talk, n] = List[];
Tk, n] = List(];
Fer(p=1, ps P, p++,

Telk, n] =2ppendTo[ T [k, n], {U[P, k, n]}]1;
Ty(k, n] =M[Tl[k' n], {Gip, k, n)}];
17

17
17
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(» List Creation for Final Results Plots »)
plotHeat? = List[] ;

plotHeat25 = List(];

plotHeat5 = List([];

plotHeati2 = List[];

plotHeati25 = List([];

plotHeatl)S = List(] ;

plotCentar = List[];

plotElectnn = List[] ;

plotSouroe = List(];

(» Start Main Ttaration »)

For(n= 0, ns ENDTIME, n++,
If{Mxi[n, 500] = 0, Print{™=", n]];
bin] = List{];

M[k= 1,ks< (L-Vl) ;s Kas,
L
If[k2 5/ m= 2, m=1];

(» Source File for Case Onew)

07*13 4) e((
0.1+15.3

- (0. 2
g (208 )7

Sn=0.94 ("o

(» Source File for Dauble Pulse »)

0,90 (-3 ) (Ll B SEE R Hipa)- (z-mu-“T:f’-—")’))},

(» Source Vector =)
S[n, k] = List(];
For(p=1, ps P, p++,
If[p<180,8=0,8=Sy,];
Sin, k] = AppedTo(S[n, k], {s}1/
17
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(» Source File for Bouncing Source »)
1£{n< 500,

-(0.2) \2
Sue0.04 (21426 | [ REg]-p (=R ),
0.1+15.3 ’

S[n, k)] = List[];
Fer(p=1, psP, p++,

Iflps 32, 3=0, 8= 8]/

S[n, k] = AppendTo(S(n, k], {(s}];
17

|
I£[500 s n< 1000,
- - (o-500)¢t)-(0.2) 12
Sn=0.94( 07+13.4%2.6 . e( (15;:0_6) (2.71.( ‘“‘5"%.:’ © 2’) )))'
0.1+15.3

Sin, k] = List[];
Fox(p=1, psP-1, p++,
Ifip=17, 8= 8, 8=0];
S(n, k] = MppendTo(S[n, k], {s}];
1
S(n, 33] =M[s[nl k], {Sa}l/

]+
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I£{1000 s n< 1500,

Sa=0.94 SR |- (2.7 {E100020-0.2) )2 ),

.07+13.4+2.6 ) *e(-(
0.1+15.3

Sin, k] = List[];
Fox{p=1, psP-1, p++,
Ifip=21,8=8,,3=0];
Sin, k] = AppendTo(Sin, k], (s}1;
1;
S{n, 33] = AppendTo(S(n, k], {Sn}l’

]:

I£[1500 < n< 2000,

~(0. 2
]53,,10—6) (2'."'(((,I‘-L‘S(”O).‘?l.‘3 © 2)) ));

_ O7%13.4«2.6 ( (
s,,_o.94( 0.1+15.3 )
S[n, k] = List(];
Fox(p=1, ps P-1, p++,
Ifip=25,8=8,,8=0];
S[n, k] =mt5[nr k] : (3}];
1;
8[n, 33] = 2ppendPo(S(n, k], {Sn}]:
17

I£{2000 < n< 2500,

.07.13.4.2.6) Lo
0.1+15.3

«(0. 2
R o (20 )2))

s..=o.94(

S[n, k] = List[];
Foxr{p=1, p<P-1, p++,
If[p=29,8=8;,8=01;
S{n, k] = AppendTo[S([n, k], {8}];
1;
S[n, 33] = ppendlo{Sin, Kl , {Sy}]/

}:

If[n2 2500,

15.3.10~

.07+13.442.6, [-(
@

»t)-(0.2) 12
)RRz 0n )
0.1+15.3

s,,=o.94(

S[n, k] = List[];
For(p=1, ps P, p++,
If(p< 32,3=0, 3=5a]/
8. k! = xvendTorSin. k1. 1a11;
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(» Non linear heat capacity «)
Q[kl n} = Iﬂ-’t[] H
For{p=1, p< P, p++,
c‘[kl n] =MIC‘U" n}, y{m] *U[P: kl n}};
1’
Calk, n] = DiagonaiMatrix(C.[k, nl];

(» Right Hand Matrix System Representation »)
t
by = (h{m] .T,[k-1,n-1]) - ((-Q[k, n] + ( *x(m]

.u() + f[m]) Tk, n- 1]) +

(him] .Tofk+1,n-1]) + (2# (h(m] .Te[k-1, n])) - ((((txx[m]) » M) + (2+£[m])) .T[k, 01}) +

t» G{m] t»G[m] 2+Ci[m] - t+G[m]
(2» (him] Tak+ 1, 21)) + (( 2 ( 2 (Z*cl[ml +t*G[m]))) *hutk, n-l]) *

£« (G{m])?
2+ [m] +£+G[m]

([taG[m] - )) =Tk, n]) + (2#t+8S[n, k]);

(» Left Hand Matrix System Repmesentation »)
sbrk, 1,11 = ((c.[k, nj + ( t";m *M() +f[1]) -h[1]);

sbik, 1, 2] = (Calk, 2] + t";m M9 + £111) ;

Eax(l 1
sbik, 1, 3] = “(C.[k, nl+ *';[ ] ) +f[11)*(;[—1’]‘—[“-]‘-[-§].)) -h[l]):

tex([2]
2

trx([2]
2

sbik, 2, 1] = ((c.[k, nj + (

~MK) +f[2]) -h2));

sbik, 2, 2] = (Calk, 1] +

tax(2 2
sbtk, 2, 31 = (((C‘.{k, n] + ( *’;[ ! *IC() +f{2]) * (x—-ﬂ.,]i%-—)]:a]—)) -h[2])r'

*lﬁ) + f[Z]) H

x[2]
, 2 2 o) —— ;
sbik, 2, 4] ( (K[l] +x[2] ) th[2])

x[1] .
=ik, 1,41 = me T x(2] ) *hm)'

1 (» END OF Z DIRECTICNAL (K) IOOP »)
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(« CREATING THE "B" (F Axz=B »)
For{k=1,ks (L-1), ke,
Forip=1, ps P, p++,
AppendTo(bin] , {Extxact{bx, (P, 1}1}]7
1;
1z

(» CREATING THE "A" OF Ax=B «)

(» Setting up zaro portions s)
ZERO[1] = o;
For{fi=1l,is L-1, i++,
For{j=1, j<i, j++,
ZEFO[i] = MppendRows[ZERO[i-1], o} ;
1:
1; (» Left Padding »)

(1] = ApencRows(sb(1, 1, 1], -h{11];
Fortk=3, ks L-1, k++,

r[l] = MppencdRows(x{1], o] ;
1: (» First Row Caxplete «)

:[2] =w['h[1] [ *[21 1: 2] [4 'h[]-]] ;
Forf{i=z=4,i<L-1, i+,

z[2] = MppencdRows[z[2], o] ;
1;

A[n] = ppencdColums[zr{l], r[2]]:

(» Getting to the middle of the matrix «)
M[ks 3, k< —2— s e,
k] = AppencdRows([ZERO(k - 2], -h(1], sb(k, 1, 2], -h{1], ZERO[L- (k+2)]11;

A[n] = AppencdColums(A{n] , o[k]];
]:

(» Interstitial Layer
x| £ | <AppendRows| zEr0[ 2 -2] ,-h[11 b 2 ,1,2] ,-h(1] ,ZERO[L-( 2 +2) ] ] ;
A(n) =AppendColums|A{n] ,r[%]];
z[ £ +1] ~AppenciRows[ ZERO[ £ -1] ,-h{2] ,sb[ }:+1,2,2] ,-h{2] ,ZFO[L- (7 +3) ] ] ;
A(n] =AppendColums[A(n] ,x[ 2+1]] ;
*)
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(» Gatting to the end of the matrix «)
L
For{k= (E +1), ks L-3, kes,
z(k] = AppancRows( ZERO(k - 2] , -h(2], sb(k, 2, 2], -h(2], ZERO[L- (k+2)]];
A[n] = AppencColums(A[n] , z[k]];
17

(» Sacxxxd to Last Row »)

r{L- 2] =ApparxRows(ZERO[L - 4] , -h(2], sb(L-2, 2, 2], -h{2]];
A{n)] = AppencdiColums{A{n] , 2{L-2]];

(» Last Row »)
r{L- 1] = AppexiRows[ZERO[L - 3], -h{2], sb(L-1, 2, 1]]1;

An] = AppencdColums(A{n] , x{L-1]];

(» salving for all values of Tolk,n+l] #)

QIn] = List(];
Qin] = LinearSolve(A(n], b(n]];
Forik=1,k= (L-1), k++,
Forip=1, p< P, p++,
Ulp, k, n+1] = Extract[Q[n], {(P+ (k-1)« (P)), 1}]1;
1;
17

(» Defining T,[k,n+l] vectors »)
Forik=1,k< (L-1), k++,

Telk, n+1] = List[];

Ti(k, n+1] = List[];

For{p=1, p< P, p++,

Talk, n+ 1] = Appendo[Tu(k, n+1], (UIP, k, n+1]}]1;
Tk, n+ 1] ’M[Tl[kl n+ 1] [; {U].[Pl k, n+13}1;
1;
1:
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(» Setting the values at the surface and bottom «)
TolL, n+1] = List[];
Tel0, n+1] = List[];
T[L, n+1] = List(];
T(0, n+1] = List(];
For{p=1, ps P, p++,
Tol[L, n+ 1] = AppendTo[Ty[L, n+ 1], (U[_pl L-1,n+1}}1;
Tal0, n+ 1] = Appandlo({Te (0, n+ 1], (U[p, 1,n+1]}1;
T(L, n+1] = AppendMO[T (L, n+ 1], ([P, L-1,n+1]}1;
T[0, n+ 1] = Appendlo[Ty [0, n+1], (B[P, 1,n+1]}1;
1;

(» SEOOND BQUATION Tifk,n+l] =)
m= 1,'
lbr[k= 1,k< (L-1), ke,
5L
Iffk2 2 m=2,m=1];
Quin] = List(];
t«+G[m]

Qln) = (( (2+Ci[m]) + (E«G[m])

t« G{m]
“ (2%Ci[m]) + (t*G[m]) ) *Talk, ml]) * “

2+ txG[m]
(2+Ci[m]) + (t»G{m])
(2%Cy[m]) - (t+G[m])
(2+C1[m]) + (E+G[m]) ) * Rk, a- 1]) *

)*T.[k, n-11)+(( )*!'.[k, n])+

(( -4 % £»G[m]
(4=C1[m]) + (2xt2G[m])

) Tk, n1) ;

Fox{p=1, ps P, p++,
B[P, k, n+ 1] = Extract[Qi[n], {p, 1}1/
17

Bk, n+ 1] = List[];
For{p=1, p< P, p++,
Ti(k, n+1] = MppendTo[Ti [k, n+ 1], (B[P, k, n+1]}1;
1
]:

(» ed of T loop »)
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(» Gatting DIMAX #)

I€I(UP, 1, nj - 300) > DIMAX, DIMAX = (U[P, 1, n] -300)];
DU[n] = (U[P, 1, n} - 300) ; :

If (G [P, 1, n] - 300) > DUIMAX, DUIMAX = (Th [P, 1, n] - 300)];
DUL(n] = (W[P, 1, n] - 300) ;

(» Plotting temp cver timew)
Agpendio(plotElectron, {n, UiP, 1,n}}];
muﬂm, {n, Su}};

If[n== 200,
Fortk=1,ks (L-1), k++,
AppendTof plotHeat2, {k, Gi[P, k, 200]}]
1
17

Ifin== 250,
Forfk=1,k< (L-1), k++,
AppenciTo( plotHeat25, (k, U,[P, k, 250]}]
1
17
Ifin= 200,
Con200 = Tist[];
Ferfi=L-1,iz21, i--,
Con200 = Appendio[ Con200, {U(3, i, 200], ULS5, i, 2007, U1, i, 200]}1;
1z
Caonl200 = List(] ;
For{i=L-1,i21, i-~,
Conl.200 = AppandTo(Conl200, (Uy(3, i, 2001, By (5, i, 2001, th(l, i, 200]}1/
1;
17
Ifin= 250,
Con250 = List[];
Forfi=L-1,4i21, i--,
Con250 = 2ppendTo[Con250, {U(3, i, 250), ULS, i, 250, U1, i, 2501}/
1;
Conl250 = List[];
Forfi=L-1,iz21, i--,
Conl250 = AppendTo(Conl250, (Uy[3, i, 2501, W (5, i, 2501, W (1, i, 2501}1;
1:
1:
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Ifn= 500,
Con500 = List([] ;
For{i=L-1,i21, i--,
Con500 = Appendlio(Con500, (U3, i, 5001, ULS, i, 5001, U1, i, S001}1/
1:
Conl500 = List(] ;
For(i=L-1,i21, i--,
Conl500 = Appencilo{ConL500, {th(3, i, 5001, L[5, i, 500], U1, i, 5001}];
1;
1

Ifin= 500,
Forfk=1,ks (L-1), k++,
Appendio[plotHeatS, (k, B[P, k, 5001}]
1
1:
Ifin== 200,
Fortk=1, ks (L-1), k++,
Appendilo| plotHeatl2, (k, U[P, k, 200]}]
1
1;

Ifin== 250,
Fortk=1,ks (L-1), ke+,
Appencilo| plotHeatli2s, {k, ULP, k, 250] }]
]
17

Ifim= 500,
Fortk=1,ks (L-1), kes,
Ippendio[plotHeatll5, (k, ULP, k, 500111
]
1;

(» Clearing Mamoxy =)
Unset{b(n]];
Unset[A[n]];
Unset[Q[n]];
Unset{Q;[n]} ;
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Forfk=1,k<L-1, k++,
Unset({Ca(k, n]]/
Unset(S[n, k11’
Unset[To(k, n-111;
Unset[Ty [k, n-1]];
sbik, 1, 1}
sbik, 1, 2];
sbrk, 2, 11;

*[kl 21 2] ;

For{p=1, ps P, P++,
Unset{Ui[p, k, n-1]1;
Unset(Ulp, k, n-1]];

1;

17 (» end maory clesring »)

1; (» end of time (n) locp «)

Print["Electron Contour at 200™] ; ListPlot3D({Con200, Mash » False] ;
ListContourPlot[Con200, Contours - 15, ContonLines » False] ;
ListContourPlot{Con200 , Contours -+ 15, ContourShading -+ False] ;
Print["lattios Contour at 200"] ; ListPlotID{Conl200, Mash - False] ;
ListContourPlot[Canl200,, Contours -+ 15, ContourLines - False] ;
ListOntourPlot [Conl200, Contours -+ 15, Contourshading -+ False] ;
Print[ "Electron Contour at 250"] ; ListPlot3ID[Con250, Mash —» False] ;
ListContourPlot[Cn250, Contours » 15, Contouxiines -» False] ;
ListContourPlot{Con250, Contours - 15, ContourShading-» False] ;
Print["Lattics Contour at 250™) ; ListPlotID[Conl250, Mash - False] ;
ListContourPlot[Conl250, Contours - 15, Contourlines -» False] ;
ListOontourPlot[Conl250, Contours -» 15, Contourshading -+ False] ;
Print[ "Electron Contour at 500"] ; ListPlotID[Con500, Mash » False] ;
ListContourPlot[Con500, Contours -+ 15, ContourLings » False) ;
ListContourPlot [ConS500, Contours -+ 15, Contourshading » False] ;
Print["lattics Contour at 500" ; ListPlot3D[Conl500, Mash -+ False] ;
ListContourPlot [Canl500, Contours -» 15, Contourlines - Falsa] ;
ListContourPlot[Canl500, Contours - 15, Contourshading - False) ;

Print["DIMAX=", DUMRX] ;
Print{ "DUIMAX=", DUIMAX] ;

PLOtDIMAX = List[] ;
DLOtIMAX = List[];
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For(n= 1, n< BNOTIME, n++,

AppandTo(plotIMAX, {n, (DU(n] / DAMAX) }];
xpandTo(plotDIMAX, (n, (DUL{n] / DUIMAX) }1;
17

(+ Plotting Graphs «)

ListPlot[plotSource, Plotdoined» True, PlotRange- All] ; Print{ "Lasar Heat Source"];
ListPlot{plotilactron, Plotkiinad-» True, PlotRange - All] ; Print[ "Suxface Heat"];
ListPlot{plottMAX, Plotjoined» Trua, PlotRange - All] ; Print[ "IMAX Plot™];
ListPlot[plotDIMAX, Plotdoined-» Trua, PlotRange-» All] ; Print] "DUIMAX Plot™] ;

<< Graghics MaultiplelistPlot’
MultipleListFlot[plotHeat2, plotHeat?5, plotHeatS, SynbolShape - {False},

PlotRange - All, PlotJoined. {True, Trua, Trus}, Plotleged - ("2 ps", "2.5 ps", "5 ps"}]
MaltiplelistFlot{plotieatil2, plotieati25, plotHeatl5, Synbolshape -» {False),

PlotRanga- All, PlotJoined- {True, True, True} , Flotlegand » ("2 ps”, "2.5 ps", "5 ps"}]
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