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ABSTRACT

Ultrashort-pulsed lasers with pulse durations of the order of sub-picoseconds to
femtoseconds possess the capabilities in limiting the undesirable spread of the thermal
process zone in a heated sample. Because of this, ultrashort-pulsed lasers have been
attracting worldwide interest in science and engineering. The success of ultrashort-pulsed
lasers in real application relies on: (1) well characterized pulse width, intensity and
experimental techniques; (2) reliable microscale heat transfer models; and (3) prevention
of thermal damage. Laser damage induced by ultrashort-pulsed lasers occurs after the
heating pulse is over, since the pulse duration time is extremely short and the heat flux is
essentially limited to the region within the electron thermal diffusion length. In contrast
with long-pulse lasers, laser damage is caused by melting temperature, resulting from
continuous pulse of energy. Therefore, in order to apply ultrashort-pulsed lasers
successfully, one must study the thermal deformation to prevent the thermal damage.

In the previous research, the parabolic two-step micro heat transport equations
have been widely applied in microscale heat transfer. However, when the laser pulse
duration is much shorter than the electron thermal relaxation time for the activation of
ballistic behavior in the electron gas, the parabolic two-step model may be inadequate to
describe the continuous energy flow from hot electrons to lattices during non-equilibrium

heating, as pointed out in the literature.
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To our knowledge, it has not been seen in the literature that the hyperbolic two-
step model is used for studying thermal deformation in micro spheres exposed to
ultrashort-pulsed lasers. Micro spheres are considered because they are of interest related
to micro resonators in optical applicants, such as ultra-low-threshold lasing, sensing,
optoelectronic microdevices, cavity quantum electrodynamics, and their potential in
quantum information processing. Hence, the purpose of this dissertation is to employ the
hyperbolic two-step model with temperature-dependent thermal properties for obtaining
temperature distribution in micro spheres induced by ultrashort-pulsed lasers. This model
is coupled with the dynamic equations of motions for studying thermal deformation in
micro spheres. To achieve this goal, we first employ an implicit finite difference scheme
for solving the hyperbolic two-step model with temperature-dependent thermal properties.
We then apply it to studying thermal deformations in Three-Dimensional (3D) micro
spheres exposed to ultrashort-pulsed lasers. For this method, staggered grids are designed,
and the coupling effect between lattice temperature and strain rate, as well as the hot
electron blast effect in momentum transfer, are considered. As such, this obtained method
allows us to avoid non-physical oscillations in the solution.

To demonstrate the applicability of the method, we test two physical cases, (1) 3D
micro sphere irradiated by ultrashort-pulsed lasers, and (2) 3D double-layered micro
sphere with perfectly thermal contacted interface irradiated by ultrashort-pulsed lasers.
Results show that the micro spheres expand, and there are some differences between the
hyperbolic two-step model and the parabolic two-step model. Particularly, one may see
the differences between these two models in the change in electron temperature

(AT, (AT,) o )-
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CHAPTER 1

INTRODUCTION

1.1 General Overview

Heat transport through micro thin films plays a very important role in
microtechnology applications [Joseph 1989, Joshi 1993]. Many microelectronic devices
have metal thin films as their key components. Microscale heat transfer is also important
for the thermal processing of materials [Qiu 1992, 1993}, including laser micromachining,
laser patterning, laser synthesis, and laser surface hardening. |

Ultrafast lasers with pulse lengths in the pico- to femtosecond range enable
outstanding spatial and temporal resolution in the heated sample [Tzou 2002]. The
applications of ultrashort-pulsed lasers, such as laser micromachining and patterning
[Elliot 1989], structural monitoring of thin metal films [Mandelis 1992, Opsal 1991],
laser synthesis and processing in thin-film deposition [Narayan 1991], and structural
tailoring of microfilms [Grigorop 1994}, become more and more mature. Recently,
ultrashort-pulsed lasers have been applied in different disciplines such as physics,
chemistry, biology, medicine, and optical technology [Liu 2000, Shirk 1998]. The non-
contact nature of femtosecond lasers has made them an ideal candidate for precise

thermal processing of functional nanophase materials [Tzou 2002].



At the micro scale, the heating induced by an ultrashort-pulsed laser involves the
excitation of electrons and heat transfer from electrons to lattices in short time [Dai 2005].
The heat transport primarily depends on the collision between the energy carriers in
conducting medium. In metal, electrons and phonons are the main energy carriers.
Because phonons are more inclined to scatter than electrons, the mechanism of heating
electron gas is more cfficient than that of heating phonon gas [Touloukian 1970a, 1970b],
which results in that free electrons absorb the laser energy primarily when the metal is
heated. Then, the electrons temperature increases to several hundred or thousand degrees,
which makes them more active to diffuse heat. Through electron-phonon interactions,
thermal equilibrium between the electrons and lattices is reached [Tzou 1996].

There has been considerable interest in the development of models that focus on
heat transfer in the context of ultrashort-pulsed lasers. However, only a few mathematical
models for studying thermal deformation induced by ultrashort-pulsed lasers have been
developed [Chen 2002a, 2003, Wang 2002a, 2006b, 2008a]. As presented in [Wang
2008b], “Tzou and associates [Tzou 2002] presented a one-dimensional model in a
double-layered thin film. The model was solved using a differential-difference approach.
Chen and associates [Chen 2002a] considered a two-dimensional axisymmetric
cylindrical thin film and proposed an explicit finite difference method by adding an
artificial viscosity term to eliminate numerical oscillations. Dai and associates [Wang
2002a, 2006b, 2008a] developed a new method for studying thermal deformation in 2D
thin films exposed to ultrashort-pulsed lasers, which is based on the parabolic two-step
heat transport equations and implicit finite-difference scheme on a staggered grid.” This

is our motivation to study the thermal deformation induced by ultrashort-pulsed lasers



and to extend our research to 3D micro spheres because they are of interest related to
micro resonators in optical applications, such as ultra-low-threshold lasing, sensing,
optoelectronic microdevices, cavity quantum electrodynamics and their potential in

quantum information processing.

1.2 Research Obijectives

The objective of this dissertation is to develop a new numerical method for
studying thermal deformation in three-dimensional single-layered and double-layered
micro spheres exposed to ultrashort-pulsed lasers in which the numerical method is
obtained based on the dynamic equations of motion and hyperbolic two-step heat
transport equations. To achieve this objective, a series of steps should be followed.

Step 1: Introduce velocity components into the model and re-write the dynamic
equations of motion.

Step 2: Construct a staggered grid.

Step 3: Develop a fourth-order compact finite difference scheme for obtaining
stress derivatives and shear stress derivatives in the dynamic equations of motion. As
such, the third-order derivatives of stresses and shear stresses are disappeared and hence
non-physical oscillations in the solutions are eliminated.

Step 4: Develop a finite difference scheme for obtaining temperatures, stress,
strain, and displacement distributions in a 3D single-layered micro sphere heated by
ultrashort-pulsed lasers. This scheme is based on the hyperbolic two-step model.

Step 5: Develop a finite difference scheme for obtaining temperatures, stress,
strain and displacement distributions in a 3D double-layered micro sphere with perfectly

thermal contacted interface based on the hyperbolic two-step model.



Step 6: Test the method by some numerical examples.

1.3 Organization of the Dissertation

In Chapter 1, a general review of the main idea of our work is given, and the
objective of this dissertation is proposed. Chapter 2 provides some background for this
research. Heat transfer at macro scale, micro scale, the parabolic two-step model, and the
hyperbolic two-step model for micro thin films, as well as a review of previous works,
will be reviewed in this chapter.

Chapter 3 describes the mathematical models for 3D single-layered and double-
layered micro spheres irradiated by ultrashort pulsed lasers. The governing equations will
be set up. Meanwhile, the finite difference scheme will be developd for both single-
layered and double-layered micro spheres for 3D cases.

In Chapter 4, we will design the numerical algorithms for computing the
temperature, displacement, stress and strain distributions and show the numerical results
based on the developed numerical methods in a micro sphere exposed to an ultrashort
pulsed laser. Two cases will be focused on, which are a 3D micro sphere, and a 3D
double-layered micro sphere with perfectly thermal contacted interface. Various mesh
sizes will be chosen to test the convergence of the method. Also, the electron temperature,
the lattice temperature, the displacements, and the stresses will be showed and discussed.

Lastly, in Chapter 5, we give the conclusions of our work and suggest future

research work.



CHAPTER 2

BACKGROUND AND PREVIOUS WORK

2.1 Macroscopic Heat Transfer Model

Heat can flow from a region with higher temperature to a region with lower
temperature. Only by convection, conduction and radiation, can thermal energy be
transferred [Mills 1994]. In our research, heat transfer on 3D micro spheres irradiated by
ultrashort-pulsed lasers ocurred by radiation, whereas heat transfer across the micro
spheres ocurred by conduction.

Heat conduction at the macro scale describes macroscopic behavior averaged over
many grains. Heat is transferred through conduction when free electrons diffuse in metal.
In the classical theory of heat transfer, the heat conduction is governed by Fourier’s law.
It is a constitutive equation that depicts the time rate of heat transfer, which is directed by
the temperature gradient. It is necessary, along with the conservation of energy law, to
derive the heat transport equations. This is consistent with the second law of
thermodynamics [Kaba 2005].

Fourier’s law of heat conduction can be expressed as Equation (2.1) [Kaba 2005,

Wang 2007]

(1) =—kVT(r, 1), @1



where 7 denotes the position vector of the material volume, k is the thermal conductivity
of a particular substance, and ¢ is the physical time.

The energy equation derived from the first law of thermodynamics is Equation
(2.2) [Kaba 2005, Wang 2007]

- oT
-Vg=C,—-0, (2.2)

where C, is the volumetric heat capacity and Q is the heat source. Taking the

divergence of Equation (2.1) and substituting it into Equation (2.2), we obtain the
traditional heat conduction equation as Equation (2.3) [Kaba 2005, Wang 2007]

cp—ag:v-(kvn +0. (2.3)

2.2 Microscale Heat Transfer Model

We will give a brief review of the microscopic two-step model (phonon-electron
interaction model), which emphasizes the special behavior depicted by the model that
might reveal possible lagging behavior.

The model of traditional heat conduction can be described as a parabolic one-step
equation because of the assumptions it makes that heat energy is converted to lattice
energy instantaneously and that heat energy is assumed to be a diffusive process [Qiu
1993]. Other non-Fourier models have been proposed to deal with the failings of the
Fourier model on a microscale. One model is based on the modified flux law expressed as

Equation (2.4) [Tzou 1993]

-

g+ f% =—kVT, (2.4)



where 7 is the relaxation time and g is the heat flux. The heat flux vector in this case
maintains a memory of the time-history of the temperature gradient. Relaxation time is
the effective mean free path /, divided by the phonon speed v,. Mathematically, 7=//v,.

When Equation (2.4) is combined with Equation (2.3), we obtain the hyperbolic

heat equation expressed as Equations (2.5)

¢ Vo, (2.52)
o
0q .
T'g-i-kVT-i-q =0. (25b)

This equation is known as a hyperbolic equation because of the additional term that
modifies the parabolic Fourier heat Equation (2.3) [Tang 1996]. This modification

predicts a finite speed of heat propagation because of the relaxation time 7, associated

with heat transfer. Typical wave speeds in metals are on the order of 10°m/s [Ozisik
1994].

While the hyperbolic model answers some issues arising from a microscale
examination of heat transfer, it still leaves some questions. It is not based on the details of
energy transport in the material, such as the interaction of electrons and phonons [Qiu
1993].

The parabolic two-step model depicts heating of the electron gas and the metal
lattice by a two-step process for metals. The equations can be written as Equations (2.6)-

(2.7) [Kaganov 1957]

Stepl: C aaT; =V -(KVT,)-G{T,-T), (2.6)

[



Step2:  C, %’— =G, -T), 2.7)

where C denotes the volumetric heat capacity, K the thermal conductivity of electron
gas, G is the phonon-electron coupling factor, and subscripts e and [/ represent the
electron and metal lattice, respectively. Equation (2.6) is the mathematical representation
for the first step heating of the electron gas, and Equation (2.7) is for the second step
heating of the metal lattice.

The phonon-electron coupling factor is calculated, and experimentally measured

values are listed in Table 2.1 for comparison.

Table 2.1 Phonon-electron coupling factor G, for some noble and transition metals

[Qiu 1992].

Metal Calculated, x10"w/m’k Measured, x10"w/m’k
c ’ e,
Ag 3.1 2.8 [Groeneveld 1990]
Au 2.6 2.8+ 0.5 [Brorson 1990]
Cr 45 (n,/n, =0.5) 42+ 5 [Brorson 1990]
w 27 (n,/n, =1.0) 26+ 3 [Brorson 1990]
\Y 648 (n,/n,=2.0) 523 + 37 [Brorson 1990]
Nb 138 (n,/n, =2.0) 387+ 36 [Brorson 1990]
Pb 62 12.4 + 1.4 [Brorson 1990]
Ti 202 (n,/n, =1.0) 185+ 16 [Brorson 1990]

2.3 Previous Work
Up to now, there are many researchers studying heat transfer models related to
ultrashort-pulsed lasers [Tzou 1993, 1994, 1995a, 1995b, 1995¢, 1995d, 1997, 1999,

2000a, 2000b, 2001, 2002], [Ozisik 1994], [Chiffell 1994], [Wang 2000, 2001a, 2001b,



2002], [Antaki 1998, 2000, 2002], [Dai 1999, 2000a, 2000b, 2000c, 2001a, 2001b, 2002,
2004a, 2004b], [Qru 1992, 1993, 1994a, 1994b], [Joshi 1993], [Chen 1999a, 1999b,
2000a, 2000b, 2001, 2003, 2005], [Al-Nimr 1997a, 1997b, 1999, 2000a, 2000b, 2000c,
2001, 2003], [Tsai 2003], [Falkovsky 1999], [Fushinobu 1999], [Hoashi 2002], and [Lee
2003, 2005]. Some detailed parabolic models will be reviewed in this section first.

2.3.1 2D Mathematical Model for
Thermal Deformation

In 2006, Dai and associates [Wang 2006a] considered a 2D thin film exposed to
ultrashort-pulsed lasers as shown in Figure 2.1, and developed a finite difference method

for studying thermal deformation in the 2D thin film exposed to ultrashort-pulsed lasers.

Laser

Metal Film
o l l / ‘
/

Bl

Figure 2.1 A metal thin film exposed to ultrashort-pulsed lasers.

The 2D mathematical model is obtained based on the parabolic two-step model

coupled with the dynamic equations of motion, which can be expressed as follows
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(1) Dynamic equations of motion can be expressed as Equations (2.8)-(2.14) [Tzou 2002,

Chen 2002a, Brorson 1987]

2 a T
po1_00: 9% onp e 2.8)

ot ox oy 0x

y 0 0 T
pIr D0 9% g O 2.9)

ot ox oy oy

where
L= Me, +&,)+2us, ~GA+2pa, (T, - T,), (2.10)
o,=Me, +&,)+2uec, -QCGA+2w)a, (T, -T,), (2.11)
Oy = HEy s (2.12)
8x=@,8y=@,8xy=@—+@, (2.13)
ox ay dy  ox
2

A=K-Zpu. (2.14)

Here, u ,v are the displacement in the x and y directions, respectively; £, and ¢ are the
normal strains in the x and y directions, respectively; o, and o, are the normal stresses in
the x and y directions, respectively; o, is the shear stress in the xy - plane; 7, and 7, are

electron and lattice temperatures, respectively; 7, is the initial temperature; p is the

density; Ais the electron-blast coefficient; A ( = K —% 4 [Reismann 1980]) is Lame

constant; K is the bulk modulus; x4 is the shear modulus; and «, is the thermal
expansion coefficient.
(2) Energy equations can be expressed as Equations (2.15)-(2.16) [Tzou 2002, Chen

2002a, Qiu 1992]
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oT, oT, o7,
CT) S = 2 kLT |+ 2k (1, 1) 2
ot ox ox | oy oy
~G(T,-T))+ 0, 2.15)
o7, 0
C——=GT -1)-CA+2m)a, T, —(s.+¢,), (2.16)
ot ot
where the heat source is given by Equation (2.17)
’ (-2t Y
0=0947 R expl - = [ 2| —277 LAY @.17)
tpxs X, Vs tp

T, T
Here, C,(T,)=C,, (F‘j is the electron heat capacity, k,(7,,7,)=k, (FeJ is the thermal

1] )
conductivity, G is the electron—lattice coupling factor, C, is the lattice heat capacity,
respectively; Q is the energy absorption rate; .J is the laser fluence; R is the surface
reflectivity; ¢, is the laser pulse duration.
The boundary conditions are assumed to be stress free and thermally insulated,

which can be shown as Equations (2.18)-(2.20)

c,=0,0,=0,at x=0,L, (2.18)

oc,=0,0,=0,at y=0,L, (2.19)
al} = 0,6—7:’=0- (2.20)
on on

The initial conditions are assumed to be Equations (2.21)
T,=T, =T),u=v=0,u, =v, =0,atr=0. (2.21)
Numerical results in Wang [Wang 2006a] show that the method allows avoiding

non-physical oscillations in the solution.
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2.3.2 3D Mathematical Model for
Thermal Deformation

A finite difference method for studying thermal deformation in 3D thin films
exposed to ultrashort-pulsed lasers based on the parabolic two-step model, as shown in

Figure 2.2, was developed recently [Zhang 2008].

Ultrashort-Pulsed Lasers

B4

Z

Figure 2.2 A 3D thin film irradiated by ultrashort-pulsed lasers.

The governing equations can be expressed as follows
(1) Dynamic Equations of Motion can be expressed as Equations (2.22)-(2.30) [Brorson

1987, Chen 2002, Tzou 2002, Wang 2006a]}

2 d
2 o 00, 9% 00 Lony O 2.22)
ot Ox oy 0z Ox
2, d do,
pa - T 99 Z% LoaT, o, , (2.23)
ot Ox Oy oz oy
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0 ‘ZZ” - a;xz + 6;2 4 886; L2AT, ‘Ze , (2.24)
o, :i(gx +e, +gz)+ 2pe, —(3A+2u)a, (T, -T,), (2.25)
o, =M. +e,+e )+ 2us, -(3A+2u)a, (T, - T,), (2.26)
o, =Ale, +&, +&, )+ 2us, - B +2p)e, (T, - T), (2.27)

O T HY ys0x, = HY 250y, = HY (2.28)
_ou v % Ow  _Ov Ow (2.30)

t— Y=t — Y, = —+—.
e a T T w T a
(2) Energy Equations can be expressed as Equations (2.31)-(2.32) [Chen 2002, Qiu 1992,

Tzou 2002, Wang 2006a]

o, o a, ], o I |, 9 o,
CT) —ax[ke(Te,T,) ax}ay[ke(Te,Tl) 6y}+az[ke(Te’T1) az} 2.31)

—G(Te —T})+Q9

oT, 8
C,~}=G, ~T)+GA+ 2T, (e e, +EL), (2.32)

where the heat source is considered to be a Gaussian distribution and is given by

Equation (2.33) [Tzou 1997]

- -x,)? -y,)? t-2t
0y, 2,1 = 0947 =R exp= 2 - = %) J’z(y W) o7 Zeyy 233
1,6 o v f,

The boundary conditions are assumed to be stress free and thermally insulated,
which are given by Equations (2.34)-(2.37) [Bruno 1997, Chen 2002, Swartz 1989]

c,=0, 0,=0, 0,=0, at x=0,L, (2.34)
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c,=0, 0,=0, 0,=0,at y=0,L, (2.35)

0.,=0, 0,=0, 0,=0, at z=0,L_ (2.36)
67} =0, —a—T} =0. (2.37)
on on

To avoid numerical oscillations, the velocity components were introduced into the
dynamic equation of motion and replaced the displacement components, a staggered grid
was designed so that the checker-board solution could be eliminated, and a fourth-order
compact scheme was employed to calculate stresses derivatives in the dynamic equations
of motion [Zhang 2008].

2.3.3 2D Hyperbolic Two-Step Model
for Thermal Deformation

Recently, Dai and associates have further developed a numerical method based on
hyperbolic two-step model for studying thermal deformation in 2D thin films exposed to
ultrashort-pulsed lasers [Niu 2008a, 2008b]. The governing equations for studying
thermal deformation in the thin film can be expressed as

(1) Dynamic Equations of Motion are given by Equations (2.38)-(2.44) [Brorson 1987,

Chen 2002a, Tzou 2002]
u 0 oo, 0
p2 2 =T 2 AT, L (2.38)
ot Ox Oy Ox
y Oo, 0o orT
02 = 2 X 4 OAT, (2.39)
ot Ox Oy Oy
where
o, =AMe, +te,)+2ue, —CA+2wa (T, -T,), (2.40)

o, =Ae, +6,)+2ue, - GA+2ma (T, -Tp), (2.41)



2
A=K-Zu.
TH
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(2.42)

(2.43)

(2.44)

(2) Energy Equations are given by Equations (2.45)-(2.50) [Chen 2002a, Qiu 1992, Tzou

2002]
0 og* 0Og’
¢, % e % G 140,
ot ox oy
;% e 6Te,

¥y
T, q, +q:= kegi’
) oy
oT, dq' oq; 0
’a_;z__aEcL_EI+G(TE—z)—(3l+2u)aTT05;(8x+gy)’
oq; . o7,
Rt
o "oy

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

These energy equations are referred to as hyperbolic two-step heat transport

equations. The boundary conditions are assumed to be stress free and thermally insulated,

which are given by Equations (2.51)-(2.53)

o, =O,0'xy =0,at x=0,L_,

O'y=0,0'xy =0,at y=0,L ,

2.51)

(2.52)
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87} =0,97:il—=O. (2.53)
on on

The initial conditions are assumed to be Equations (2.54)

T,=T,=Ty,u=v=0,u,=v,=0,atf=0. (2.54)
Ifz,, 7, and k, are zeros, the hyperbolic two-step model can be reduced to the

parabolic two-step model.

Numerical results show that the method in Wang [Wang 2006a, 2006b] and Niu
[Niu 2008a, 2008b] allows avoiding non-physical oscillations in the solution.
2.3.4 Other Work

Although the parabolic two-step micro heat transport equations have been widely
applied in analysis of microscale heat transfer, the model may be inadequate to describe
the continuous energy flow from hot electrons to lattices during non-equilibrium heating
when the characteristic heating time is much shorter than the electron relaxation time of
free electrons in a metal [Qiu 1994]. Qiu and Tien developed the hyperbolic two-step
heat transport equations based on the macroscopic averages of the electric and heat
currents carried by electrons in the momentum space [Qiu 1993]. The generalized

hyperbolic two-step model can be written as Equations (2.55)-(2.58) [Chen 2001], [Qiu

1994], and [Chen 2003]
C, 87;6 =-V.§3,-G(T,-T)+S, (2.55)
oG, -
r, e G, =-k,VT,, (2.56)
EY
oT

€, Sh=-V-4,+GU. 1)), (2.57)
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-

0
7, —éqti+ G, =~k VT,. (2.58)

. ) ) 3k, . .
————— s the electron relaxation time, and 7, :———’2— is the lattice
AT + BT, Cy

e

Here, 7, =

R

relaxation time. It can be seen that if7,, 7, and k, are zero, the hyperbolic two-step

model will reduce to the parabolic two-step model.

Al-Nimr and associates [Al-Nimr 1999, 2000, 2003], [Al-Odat 2002], [Naji 2003]
studied the thermal behavior of thin metal films in the hyperbolic two-step model with
constant thermal properties. Chen and associates [Chen 2001, 2003] employed finite-
difference and finite-clement methods to solve the hyperbolic two-step model for
investigation of thermal response in a single-layered metal thin film caused by pulse laser
heating.

Tzou and Chiu studied the temperature-dependent thermal lagging [Tzou 2001],
developing an explicit finite difference algorithm to perform the nonlinear analysis. As
Antaki and associates pointed out, using the temperature-dependent conductivity instead
of constant conductivity can gain better agreement between temperature predictions and
corresponding measurements for short-pulse laser heating [ Antaki 2002].

Wang and associates [Wang 2000, 2001] gave methods of measuring the phase-
lags of the heat flux and the temperature gradient and obtained analytical solutions for 1D,
2D and 3D heat conduction domains under essentially arbitrary initial and boundary
conditions. They provided solution system for both mixed and Cauchy problems of Dual-
Phase-Lagging (DPL) heat conduction equations. The DPL heat conduction equation is
well-posed in a bounded 1D region under Dirichlet, Neumann or Robin boundary

conditions [Wang 2000]. Under linear boundary conditions, two solution systems exist.
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For a finite region of dimension » (x> 2) under Dirichlet, Neumann or Robin boundary
conditions, the DPL heat conduction equation has a unique solution, which is stable
regarding to the initial conditions [Wang 2001].

In order to solve the transient heat conduction problems in finite rigid slabs
irradiated by short-pulse lasers, Tang and Araki [Tang 1999] developed a generalized
macroscopic model with the solution derived from Green’s function method and finite
integral transform technique.

To study the deformation caused by ultrashort-pulsed lasers [Tzou 2002, Chen
2002a, 2002b, 2003]. Tzou [Tzou 2002] developed a one-dimensional model in a double-
layered thin film and solv.ed it using the differential-difference approach. Chen and his
co-workers [Chen 2002a, 2002b, 2003] considered a two-dimensional axisymmetric
cylindrical thin film and applied an explicit finite difference method. They added an
artificial viscosity term to eliminate numerical oscillations.

Recently, Dai and Niu [Niu 2008a, 2008b] considered 3D thin films induced by
ultrashort-pulsed lasers and employed hyperbolic model and dynamic equations of
motion for studying thermal deformation. In this dissertation, we will extend the previous
research to the micro sphere case, where the laser pulse duration being shorter than the

electron thermal relaxation time is considered.



CHAPTER 3

THREE-DIMENSIONAL MATHEMATICAL
MODEL AND FINITE DIFFERENCE
SCHEME

In this chapter, we consider 3D micro spheres exposed to ultrashort-pulsed lasers.

Mathematical models and their numerical solutions will be set up and developed.

3.1 Single-Layered Case

3.1.1 Governing Equations

Figure 3.1 shows a metal micro sphere in a three-dimensional coordinates system
which is exposed to ultrashort-pulsed lasers. Consider the spherical coordinates system,
r is the radial distance, ranging from 0 to c; 8 is the azimuthal angle ranging from 0 to

27 ; ¢ is the zenith angle ranging from O to 7.

19
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Ultrashort-Pulsed Lasers

Ve

Metal Sphere

Figure 3.1 A 3D micro sphere irradiated by ultrashort-pulsed lasers.

The governing equations for studying thermal deformation in the micro sphere
under spherical coordinates can be expressed as follows:
(1) Dynamic equations of motion can be written as Equations (3.1)-(3.4) [Tzou 2002,

Chen 2002a, Brorson 1987, Wang 2006a, Reismann 1980, Zhang 2008]

2 0o 0 oT,
pa Zr = oo, +l o 1 %o +_1.(2o-r -0, —0,+0,,cotp)+2AT, —, (3.1)
ot Oor r Op rsing 00 r or

o’u, 0o Fole; Folej T
p—=—= +l £+ _1 ad +—1—[(0'¢ —0'¢9)cotqo+30'"p]+2ATK-1-a “~, (32
ot Oor r Op rsing 08 r r Op
2 oo 0
pa u;, _99% +l . 1 L +l(20'¢0 cot(0+30',9)+2ATe——,1——aT“ ,  (3.3)
ot or r Op rsing 00 r rsing 06



where
o, =Me, +&,+8y) +2ue, —(BA+2uw)a, (T, - T}),
o, =Me, +¢&,+8,)+2ue, —GBA+2ma, (T, -T),
O, =Ms, +&, +5,)+2ue, —BA+ 2w (T, — Ty),

O-r(o = 2lugr(p’ O-r9 = 2/15,9, 0-409 = 2lugtp99

1 0
g, =—(u, +—),

£y = ! (%ﬂz sin@+u, cos )
° rsing 06 P, COSO

1%
g, =l(}.%+.ﬁ

u
[

] - )’
2rop or r

1 Ou
€0 =i : £ % —u, cotp),
2r sing 08 O¢p

. _1 1 8u,+8u9_£9_
® 2'rsing 0 o r’
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(3.42)
(3.4b)
(3.4¢)

(3.4d)

(3.4e)

(3.4f)

(3.4g)

(3.4h)

(3.41)

(3.49)

Here, u,,u,, u, are the displacements in the r, 6, ¢ directions, respectively; ¢,, &,, £,

are the normal strains in the 7, 6, ¢ directions, respectively; &,, is the shear strain in the

ro plane, ¢, is the shear strain in the r& plane, and ¢, is the shear strain in the @8

plane; o,,0,,0, are the normal stresses in the r, 8, @ directions, respectively; o, is the

shear stress in the r¢ plane, o, is the shear stress in the r¢ plane, and o, is the shear

stress in the @@ plane; 7, and 7, are electron and lattice temperatures, respectively; 7, is



the initial temperature; p is density; A is the electron-blast coefficient; /1=K——3— U
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2

[Reismann 1980] and u are Lame’s coefficients; K is bulk modulus; and «, is the

thermal expansion coefficient.

(2) Energy equations can be written as Equations (3.5)-(3.12) [Chen 2001, Chen 2002a,

Chen 2002b, Chen 2003, Du 2008, Niu 2008a, 2008b]

C(1)

1

aqf_ 1

_rsingo 00 rsing Op

O (g sing)-G(T.~T)+0,

. aq, v q =k, 6Te’
ot or
4
Te'a‘ge—‘l' 9:——-].68 a];’
ot rsing 060
[
Te_aﬂ_e+ Z’z_ﬁayl”
ot r 0o
. 1 oq’ 1 0 .
(g ~——Z -—— " (g/ sing)
rsing 060 rsing O

0
+G(I, ~T)~GA+ 2 T (6,5, )

. o7,

+q, = kl_a—rL’
ok _oT,
rsing 80°

_k o1,

r oo’

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

3.12)
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where the heat source introduced by [Chen 2002] is extended for a Gaussian laser beam
on the upper hemisphere as Equation (3.13)

_ - =2t
Or,0,p,t) =0.94J lt R expl- Lg _ 2.77(—t—i)2]cosqo. (3.13)

r r

T T, ).
Here, C,(7,)=C,, (th is the electron heat capacity, &, (7 L,,T,)zko[—TiJ is the thermal

0 /
conductivity, G is the electron-lattice coupling factor, C, is the lattice heat capacity,
respectively; Q is the energy absorption rate; J is the laser fluence; R is the surface

reflectivity; ¢, is the laser pulse duration; L is the radius of the micro sphere; ¢ is the
optical penetration depth; 68 =(q;,492,q9;) and &1 =(q;,q/,q/) are the heat fluxes
associated with electrons and the lattice, respectively; 7, is the electron relaxation time
and 7, is the lattice relaxation time. It can be seen that the hyperbolic two-step model can

be reduced to the parabolic two-step model if z,, 7, and &, are zeros.

3.1.2 Boundary Conditions and
Initial Conditions

The boundary conditions are assumed to be stress free and thermally insulated as

Equations (3.14) [Tzou 2002, Chen 2002]

0,=0, 0,,=0, 0,=0, atr=IL, (3.14a)
0-0 = 0-0+2n" o-r0 = Gr0+2n" Gw = G(p0+2n" (3 . 14b)
oT oT,
are =0, Elzo, at r=L, (3.14C)
L(r,0,0,t)=T,(r,0+2m,0,t), T,(r,0,0,t) =T/ (r,0 +27,¢,1). (3.144)

Without loss of generality, we assume for simplicity as Equations (3.15)



0
ao_r =07 6O-rg =0 O-rq) —0, 67; :03
or or or or
oo, _o, 00,4 ~0, oo,, _o, oT, —0,
op op op op
o, g,
Op op

—=0, at r=0,
or
@:0, at ¢p=0,r,
Op

at ¢p=0,7.

The initial conditions are assumed to be Equations (3.16)

T =

e

3.1.3 Notations

T=T,

u, =u,=u, =0,

r [4

ot

ou, _

Ou, _Ou,

o ot

0,
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(3.152)

(3.15b)

(3.15¢)

(3.16)

To avoid the nonphysical oscillations in the numerical solutions, we employ the

idea in [Wang 2006a, Wang 2007, Niu 2008a, 2008b, Zhang 2008] and introduce three

velocity components v,, v,and v, into the dynamic equations of motion, and hence, the

Equations (3.1)-(3.4) are rewritten as Equations (3.17)-(3.21)

aur au@ au¢
= s Vg =0, 0 A,
ot ot ot
ov, O 1 0o,
o~ °'r+_ 4 1 00,4 +l(20-r_o-(o—o-e+o-r¢cot(o)+2ATe £
o0 oOr r Op rsing 00 r
ov, Oc oo oo
por D 1% L 2w L _o)cotp+30,, 14207, 10,
o6 or rop rsing 00 r ° r
v, 0 oo 0
0 0 _ O're+_1_ 99 1 Oy +_1_(2o-¢ecot¢+30'r9)+2ATe 1 <,
ot Oor r Op rsing 068 r rsing 060

o, =As, +&,+&5)+2ue, —(3A+2p)a (T, - T1;),

o, =Me, +e,+e)+2ue, —BA+2wa (T, -T,),

Oy =Me, +&,+8,)+2ue, —BA+2wa (I, - T;),

>

(3.17)

(3.18)

(3.19)

(3.20)

(3.21a)
(3.21b)

(3.21¢)
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O,p =2UE,,, 0,5 =2UE 4, O, =2UE ,, (3.21d)
0 ov
& P (3.21¢)
o or
oe ov
o Lo 4%, (3.219)
o r op
oe, 1 0Ov, .
= +v sing+v_cose), 3.21
5 reing og TSRO Ve C0S0) (3219

oe ov v
o =l(l§v_r+_¢__¢), (3.21h)
o0 2rop or r

0 ov
S0 _ 1 _1 L+ », —v, cotg), (3.211)
ot 2r sing 00 O¢

Oty 11 OV D% Yoy (3.21j)
o 2 rsing08 or r

To develop the finite difference schemes, we need to construct a staggered grid
shown as Figure 3.2, where v,, g, and ¢, are placed at (7,,,,,,0,,9,), Vg, ¢’ and g/
are placed at (r,,0 ,,,,,9,), v,, q, and g/ are placed at (7,,0,,0,.,,), &,, and o, are
placed at (r,,,,5,60,,1/.9), &,, and o, are placed at (7,,,,5,0;,P1.1/2) 5 €40 and O, are
placed at (7,,0,,,,7,P.1/2)» While &,,¢6,,€,,0,,04,0,,T, and T, are at (7,,0,,¢,) .

Here i, j and k are indices with ISi< N, +1, ISj<N,+1, 1<k<N_ +1.
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1,.1),0,,04,0,:,,64,6,

Ug, Vo

9>
u.,v

r>’r

Crpr€rp

O-rH’ grf)

2 8 0% ) e
<

O 49>€00

Figure 3.2 A 3D staggered grid and locations of variables for a micro sphere [Du 2008].

The staggered grid method is often employed in computational fluid dynamics to

prevent the solution from oscillations [Patanka 1980]. For example, if v, and &, in

Equation (3.21e) are placed at the same location, employing a central finite difference

scheme may produce a velocity component v,, a wave solution, implying oscillation.

Here, we denote (v,)", , ()" , and (v,)’ |, as numerical
i+5,j,k i,j+§,k i,j,k+5

approximations of v, ((i+1/2)Ar, jAQ,kAp,nAt), v,(iAr,(j+1/2)A0,kAp,nAt) and

v, (iAr, jAG,(k+1/2)Ap,nAt) , respectively, where Af,Ar,Af, and Ag are time
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increment and spatial step sizes, respectively. Similar notations are used for other

variables. Furthermore, we introduce the finite difference operators,A_,,96,, 6,, 0,, V,,

V-,V,, V-,V and V-, as follows
r 4 8 14 ]

n _..n n-1
At jp = U5 — U s

ou'  =u" u” Su'  =u" u” ou , =u" u"
n = — s o = _ 5 oo = -
T N T A L N T Ly e N ) SL A |
2 2 2
" n " "
O L B N R N SN St/ B WY
Mijr = > Vil = >
Ar Ar
n n n n
n Ui jie " Ui ik n Uik “ U
Vol ;i = s Valhiju = ’
AG AB
n n n n
Vo = U i1 ~ U 4 Vo' = Upjrk ~Hi )k
ptijk = Ao > Vethgk T Ag ’

3.1.4 Finite Difference Scheme

To avoid non-physical oscillations in the solution, we further follow the idea in
[Wang 2006a, Wang 2006b, Wang 2008, Du 2008, Niu 2008a, 2008b, Zhang 2008] and

employ a fourth-order compact finite difference scheme for stress derivatives

9, , 95, , ) , etc. in Equations (3.18)-(3.21). For example, 9a, can be obtained by
or  op 0 or

solving the following tridiagonal system as Equations (3.22)-(3.23) (indices j and k are

omitted).

i a(o”r)i—] +E 6(0',,)’. +_1_ a(o”r)i+l — (o-r)i+l/2 —(o-r)i—I/Z , 2+_1_ SZSN,, ___1_’ (322)
24 or 12 or 24 or Ar 2 2
where

0(0,)s, — (0})2 —-(o,), a(ar)N,+l/2 _ (o-r)N,+l _(O})Nr
or A or Ar '

(3.23)



28

As such, the implicit finite difference schemes for solving Equations (3.18)-(3.21) can be

written as Equations (3.24)-(3.30)

1 n+l _
,O&‘A_t( )i ',k -

At

a(o_ )n+1 a(o_ )n+1 a(o_ n+1
ok ik 1 ; j’k
+ —
or Fian op Fi2 SINQ, 00
1 1 1 1
1 0 @) (0w (@) +(0,)0
7;'+1/2 2 2
(O' )n+1 + (O' )n+1
() H () ks ik
- 5 + 5 cotg, ]
+A 5 (T, )"Jrl , ) s
a o n+l a o n+l n+l
( r‘p)i,j,k-»—l 1 ( ¢)i,j,k+—1 Ao, ); J, k+—
2, - 2
or r Op rsing,,,, o0
1 1 1
1 (o ):1jlk+1 +(G¢):’;,k (Ga)z;,kﬂ +(0-0)Z;,k

2 2
( )n+l (O-w,)m—l ) l 1
+3 Filalit PN 5 (TH™ ),
> A O, )
n+l n+1 n+l
R PP, C 0T 5/
p_A—x(Va)rAH. 1 = 2 +_ N 2
At 1,1+—2,k or v 6go rsing, -~ 00
(O_w)nﬂ +(O_w)n,+l k‘l
+—[2 2 2 cot @,
4 2
(0, n+: |+ (0, n+11
"0 e =k " j——, j+—.k 1 |
+3 22 22+ A—; 3, ()™,
2 r;sing, A ivjk
(O'r ),n jlk = ﬂ’[(gr )7;1/5 +(80):3',1k +(3¢)2;}k] +2,u(3r )Zjlk _(3/1‘"2/‘)0'1 [(T ):le
(O-¢)Z;,lk =A(e, ),n;lk +(80)1"3‘,lk +(3¢)i'3‘,1k] +2ﬂ(3¢)$3k ~@BA+2u)a,[(T; )7jlk 1y

1 "
P _A—-t (vg;)i;)lk % =

[(

)cot Desir2

(3.24)

(3.25)

(3.26)

(3.272)

(3.27b)
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(0-9):,,;,‘k = Z[(gr)z;?k +(89 )lnjlk +(8¢)E}k] +2ﬂ(86):2k "(32*"‘ 2/1)0‘7‘ [(E ),njlk "7?)]7 (3-270)
(@) =2ule,)" (3.282)
k+5 ,k-|—2
@) 1, =2eg)" (3.28b)
AT 272’
(aw)"+1 ol _2;1(‘;;({,9)"+l (3.28¢)
2
n+ 1 n+
_t A—I (gr )i,j,lk = E 5;- (vr)i,j,lka (3298.)
1 1 (V )n+1 . +( )n+1 v 1
n+l 7k n+l
—r( )ljk = r —[ 3 : +A_¢;5¢(V¢)i,j,k]’ (3.29b)
1 1 (V f1+1 } +(V )n+1 -
—A_ (&) y = el 2 i
At (o) ¥, sing, [ 2 O
(v¢)7+1k  H )"jl 1
+ 2 Leos g, +-—6,(v, )lek I, (3.29¢)
2 A
1 n+l 1 1 +1 n+l
—A_ (g = 8,(,) +—-5 v
At _t( e i+%,f,k+*;— 2[r;+1/2Aq0 ( ) 2 Ar ( )+—Jk+5
n+l n+l
1 (v"’ )i+1, kel + (v"’ )i, kL
- 2 2], (3.30a)
YRy 2
1 n+l 1 1 n+l n+l
—A (& — 0. (v —35
At - w)i,j+—l~,k+%' 2r, [sin G200 o 'P)i,f+-;—,k 5 A(p ( ): gL k+5
(vg )n+l + (vg )n+1 .
i, _1+2 S+l i,j+§,k
- cotP,ipls (3.30b)

2
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1 - 1 1 - L1 s
—A_tA—I(gre)H_ll ‘+1k 2 - 9( ) \ ; 1 —9, (ve |

PR 2 SN AD 777 A +E + *

n+l n+l
1 (Vg )1+l,j+l,k + (ve)i,j+l,k
- 2 D] (3.300)
r 2

i+1/2

We can obtain the displacements, # and v, by the Euler backward scheme of

Equations (3.17) as Equations (3.31)

oA )"+1 L= )"+1 I (3.31a)
LA @)™, =@, (3.31b)
At -0 i,j+%,k 0 i,j+%,k, ’
_l( )I"J;IIH_ _—-( ¢):’:Ik+l- (3.31C)
T2

On the other hand, we discretize the energy equations, Equations (3.5)-(3.12), as

Equations (3.32)-(3.40)

n+l 3 n 3
\(];)i,j,k —I(]:: )i,j,k}
CeO 3 .
ETAt[(T)f'jk +(@ ]
B A R Cr 978 I I 9 R Crd
i,j.k ,~2 i 2 T‘; sin ¢k k 2

v, Fﬂﬁﬁ@mm}ﬁrmﬁ+whk(mm+whﬂ, (3.32)

7, sing, 2 2 2
n+l r\n ryn+l r\n n+l
T, (qe )Ij k (qe )i,j,k + (qe )i,j,k +(qe )i,jk - (k ) (T )I ).k +(T )1 ).k ) (333)
At 2 2
&\n+l O\n G\n+l @\n n+l n
z_e (qe )i,j,k - (qe )i,j,k + (qe )i,j,k + (qe )i,j,k = _(ke)"+'21'1 . ‘Vg (]:z )i,j,k + (Te )i,j,k , (3.34)
At 2 hi—3k 7SI, 2
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(qe )injlk (qe )1 J.k (qe lnjlk (qe )1 Sk (k ) 2 . (p (E)Zjlk + (T )1 WA (3.35)
At 2 iJ k—z 7 2 ’
o D =@,
: At
__ 2 , (g/ )Injlk + (qlr)zj’,k 3 VZ; sin (qlqa)::lk +(q/)] ik
rf ’ 2 1, sing, * 2
Vi | @)+ @) LG (T + (T, (7})7;1;( +(T);
¥ sing, 2 2 2
( I)n+1k +(D); 4 A—t(g )n+lk +A_ (3o)n+lk +A_ (g, )Mk
—(3A+2 S L = 3.36
( Moy > v (3.36)
. (‘I;),";lk - (qlr),", K (ql ):,jlk (qlr):j,k -k .V (7;)7;11‘ +(T); ok (3.37)
! At 2 o 2 ’ '
(ql ):qjlk (ql )1 Ik (ql )7;1/( + (q/o):q,j,k — —"k . Vg (711 ):’,jlk +(T )I ..k (3 38)
At 2 ° rsing, 2 ’ ‘
(ql )lnjlk - (ql )1 Ik (qlw ):jfk +(q’¢ )Zj,k — —k (T)n+1k + (T )I ,J.k (3 39)
At 2 ’ r,. 2 '
Here, i=2,..,N,, j=2,..,N, andk = 2,..,N, in Equations (3.32)-(3.39) and
nel T +(T, Y +(T), .,
(ke)' 12 B =lk0 ( ):,ilk ( )xj k +lk0 ( e)ln:.ll,],k ( e);—l,j’k , (3.403)
=7 2 (T) kT T ): Sk 2 ) )i—-l,j,k +(T )i-l,j,k
(k ) +% _ lk (]:3 )In,;lk + (T )l j k +—k (]:3 ):.;l—l,k + (]:E)Zj-—l,k (3 40b)
e/ 1, 0 n+ 0 n+ n > ’
ik 2 N Dl 2 @+ @D s
R R (V8 T 1, @ + @]
(k) * 1=Ek° T - . L +Ek° - LLd ] - LI, (3.40¢)
s ( ),J e H( )u k ( I)i,j,k—l +( l)l,j,k—l

It should be pointed out that Equation (3.32) is obtained based on the recently developed

numerical method [Niu 2008b] for studying the thermal deformation of thin films under



32

the Cartesian coordinates. The scheme has been shown to satisfy a discrete analogous of
the energy estimate and it is unconditionally stable.
To complete the formulation of our numerical method, we now turn our attention

to the approximations of boundary and initial conditions given by Equations (3.41)-(3.45)

Ok =0, 1Sj<Ny+1, 1<k<N_+1 (3.41a)
(O =(0, )50, 1Sj<Ny+l, 1<k<N,+1 (3.41b)
(0, 1 1, =0 1<j<N,, 1<k<N,+; (3.41c¢)
APy
(0, 1 =(0,4), 1, 15j<N,, 1<k<N_ +] (3.41d)
sk N ¢
@)\ 1t =0 127=Noth 1<k N (41¢)
(cr,¢,)"+l o =(a,¢);' L 1<j<N,+1, 1Sk<N,; (3.419)
2
00k =00 juny 4> 1SISN +1, 1Sk<N, +1 (3.42a)

(0,) 1 1 =(0,)", ,, I<iSN,, 1<k<N,+l;  (3.42b)
i+5,j+ k i+5,j+N6+5,k

2

("w):,-%,h% = (crq,g)"f’m%)k%, 1<iSN,+1, 1<k<N,  (3.42c)

(0 )=, 1<iSN,+1, 1<j<N,+]; (3.43a)

© ) =@, 1SISN+1 1SN, +1 (3.43b)

("r«»),'»li,,,,% = (%),."%’M%a 1<i<N,, 1<j<Ny+] (3.43¢c)

@)1 a=@,) 1 ISISN, 1SjSN,+L (343d)
2770 27/ e™3

(G¢9)7,+11+1=(<’¢0)7.1 >, 1SiSN 41, 1<j<N; (3.43¢)
T2 >

+—, 24—
AP



G 1SN, +1, 1<Sj<N,;

n
J+=N, +1 —(O-(pg)iﬁlN 1
277 Ty

"2

Tope =@y Tarpne =Ty a5
@Yy = (L) o, a5

T =) gas L)y =) w5
T =T Ty =Ty a
CYATEL VRS

{ )?JJ = (7; )Zj,2 > (];)Zj,N,PH = (];):',j,N,,, 5
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(3.43f)

(3.442)

(3.44b)

(3.44c)

(3.452)

(3.45b)

(3.45¢)

where 1<i<N +1, 1<j<N,+1, 1<k<N_ +1, for any time level n. The initial

conditions are approximated as Equations (3.46)

0 0 0
), =@) , =@) =0,
i+—, J,k i, j+=k i jhk+=
2 2 2
0 0 0
(vr)_ 1 z(ve), 1 =(V¢), 1 =0,
1+5,1,k l,]+5,k l,j,k+5

(];)?,j,k = (:r])?,j,k =T,

(4.)° =(g)" =0,

(gr)?,j,k = (30)?,j,k = (%)?,j,k =0,

(@04 =@y = (0,2, =0
Plijk = O-B)i,j,k —(O-qz)i,j,k =Y,

0 0
(00) 1 1 =(w) 1 1 =0,
i+, j+.k i+—, j+—k
2772 272

0 0
(O-NP)HI k+l =(8r¢)i+-l— ! =09
2 2’ 2

(3.462)

(3.46b)

(3.46¢)

(3.46d)
(3.46¢)
(3.46f)

(3.46g)

(3.46h)
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j+—k+—
2 T2

@) 1,1 =) 1,1 =0 (3.461)
1. 27 B

where |<i< N, +1, 1< <N, +1, 1<k<N,+1.

3.1.5 Algorithm

We should notice that Equations (3.24)-(3.26) are nonlinear since they contain

nonlinear terms &,((7,)""! k)z, 59((Te)"”lk)2 and 5¢((T6)"“k )*. Similarly, Equations
i+5,j, i,j+5, i7, +5

(3.32)~(3.39) are also nonlinear. Therefore, the scheme must be solved iteratively. The
following algorithm is an iterative method for solving the finite difference scheme at time

leveln+1 developed in the previous section.

Step 1: Set the values (g,)"", (&)™, (6,), (£,)™, (&,)" and (g,)"".
Solve(g,)™", (¢)™"., g2y, (g™, (¢/)"™" and (¢f)™" from Equations (3.33)-(3.35)
and (3.37)-(3.39), respectively, and substitute them into Equations (3.32) and (3.36).
Then solve for (7,)"" and (7,)"" iteratively.

Step 2: Solve for (c,)™, (6,)"™", (6,)™, (6,,)"™, (0,,)"" and (0,4)"™" using
Equations (3.27)-(3.28).

Step 3: Solve for derivatives of (¢,)™', (5, , (6,0, (6,)™", (0,,)"
and (0'(/,9)"+1 using Equations (3.22)-(3.23) or similar equations.

Step 4: Solve for(v,)"', (v,)"™, and (v,)"' using Equations (3.24)~(3.26).

Step 5: Update(g,)™, (8,)"™, (,)™"', (£,)™", (£,,)"" and(g,4)"" by using

Equations (3.29)-(3.30).

Given the required accuracy E, (for temperature) and E, (for strain), repeat the
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above steps until a convergent solution is obtained based on the following criteria (3.47)

\ (7—; )(Hr.l(new) _( n+1(old) i < E

1,j.k ljk

1 1(old 1
G = |<E,, @)™~ |<E,,

1 1(old il
()™ =) 1SEy &)™ ~(6) i ISE,

1(old 1(old
[C e O i B O [ i O S

3.2 Double-Lavered Case

(3.47a)

(3.47b)

(3.47¢)

(3.47d)

In this section, we consider a three-dimensional double-layered micro sphere

exposed to ultrashort pulsed lasers, which has a perfectly thermal contact interface, as

shown in Figure 3.3.

Ultrashort-Pulsed Lasers

Figure 3.3 A 3D double-layered metal micro sphere.
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We extend the governing equations described in the previous section to the

double-layered micro sphere case as follows

(1) Dynamic equations of motion can be written as Equations (3.48)-(3.51)

o'um oo™ 1 oo L] oas
or or r dp rsing 00

(m)

Lo _ gm ) 4 g mim 91" "
+;(20'r -0, —0, cotp)+2A™T, et

2 (m) (m) (m) (m)
(m)ﬁu(P _60',(/, +160'¢ N 1 aow

p ot o r Op rsing 00
T(m)
+l[(0'§,m) oy cot +30 ]+ 2A T — 10 e
4 r Op
(m) o°uy” 9o N 1 80;’;) N 1 ool
(m)
(20'('") cot@+30<™)+2AMTM — 1 or;
rsing 06 ’

where

(M) — g (m)c (m) (m) (m) (m) (m) (m) (m)y .~ (m) ¢ (m)
=A"E g, ey )21 e =G + 2 ) (I 1),
O'¢(,M) — /1("')(8,("') + 8¢(,M) +8ém)) +2ﬂ('n)8;'n) _(3/1("1) +2ﬂ('n))a;rn)(];('n) __]:)),

05 = A" (e &7 + &)+ 20" eg” ~GA + 2oy (L ),

(m) g (m) (M) (m glm) - 5(m)

(m) ('")
2/1 r(p »Orp 2/1 r0 ’O-qﬂ "

(m) — 2/1

(my _ auf'">
g =—"1—,
or

(m)

au)
6(/)’

('") — (u(m)+

(3.48)

(3.49)

(3.50)

(3.51a)

(3.51b)

(3.51¢)

(3.51d)

(3.51¢)

(3.519)



1 ou)”
" =——— (2 +u"sinp+ul cos ),
rsing 060
. (m (m)
) 1(1614‘ )+au“’ 2
o 2r g or r’
1 1 o™ au(”')
£ = — (= 4 ¢ —u(" cotg),
2r sing 00  Op
g L1 ou” | oup” uf,’"))
" 2'rsing 60 o r

Here,m =1, 2 denote layer 1 and layer 2, respectively.

(2) Energy equations can be written as Equations (3.52)-(3.59)

GT(”‘) 10 0g.™
C(m) T _ 2 r(m)y_ e
T 2 or e rsing 00
2 (g5 sing) - GMI™ ~T™) + 0,
rsing op
e 99, e | g = g or,"
fe ot ) © oo
m o, gm = — k™ 57;('")’
o ) rsing 06
gm Me dg¢™ e | jom) k(m) or,” "
e at e r a¢ A
mOT™ 10,5 vm 1 ogP™ 1 .
Gn ==y ) —— & 2 (g™ sing)
ot or rsing 060  rsing dp
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(3.51g)

(3.51h)

(3.51i)

(3.51j)

(3.52)

(3.53)

(3.54)

(3.55)

+G(m)(7-;(m) _Tl(m)) _(3/1(m) +2,u('"))a;'")T,('") aa ( (m) + g('n) + gé'n)) (3.56)
t

(m)
e oq"
oot

+ qlr(m) = —

kl('") aT;(M)
or

2

(3.57)
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(m) (m)

o Y o __ KT (3.58)

ot rsing 060

p(m) (m) A(m)
ron AL gpon = B O (3.59)
or r 0@
where the heat source is given by Equation (3.60)
1-R L-

O(r,0,0,t) =0.94J ) expl[— 2 —7%)*]coso. (3.60)

p P

0

T0m )
Here, m=1,2 denote layer 1 and layer 2, respectively. C(T,)=C%’ (—;—) is the

T
electron heat capacity, k™ = k(M)(T()

) is the thermal conductivity, G™ is the

electron-lattice coupling factor, C{™ is the lattice heat capacity, respectively; Q is the
energy absorption rate; J is the laser fluence; R is the surface reflectivity; ¢, is the laser
pulse duration; L is the radius of the micro sphere; & is the optical penetration depth;
7" is the electron relaxation time and 7\™ is the lattice relaxation time.

3.2.2 Boundary Conditions and
Initial Conditions

The boundary conditions are assumed to be stress free and thermally insulated as

Equations (3.61)

0 =0, o9=0, 69=0, atr=L, (3.61a)
(m) __ (m) (m) __ _(m) (m) __ (m)
0o =O0pu2z0 Trg =090, Opg 09,045 (3.61b)

M )
%=0’ %=0’ at r=L, (3.61¢)
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(Te(m)) =(T™) (T = (Z(M))r,mzmw' (3.61d)

r.0,p,.t r.0+2m.p,t? r.0.p.t

Without loss of generality, we assume for simplicity as Equations (3.62)

©) ) oc? ) e
90, _o, 9% _g O o 9L _, T, at r=0, (3.62a)
or or or or or
ao.(rn) ao.(m) ao.(m) (m) (m)
-0, —2 =0, —2 =0, o, =0, —af!—=o, at 9=0,7, (3.62b)
O O Op op dp
(m) ar™
o, =0 7, =0, at ¢=0,7. (3.62¢)

o © Op
The initial conditions are assumed to be Equations (3.63)

(m) (m) (m)
(m) _ 3y (m) —,0m _ ou," _ Ot _ Oug
r @ (2] >
ot ot ot

Te(m) =7;('") =T, u =0, at t=0. (3.63)

where m=1, 2.

The interfacial equations are assumed to be perfectly thermal contacted at r = L/2,

which are shown as Equations (3.64)

u® = 4@, O =@ (3.64a)
1 2 1 2 1 2
6V =6?, oV =c?, afq]) = af(/} (3.64b)
D (2 1y _ (2 N _ (2 W __ 2
Te()—Te()7 q;()_qe(), ]11()_]11()’ qlr)_qlr()‘ (3640)

3.2.3 Notations

Again, we employ the idea in [Wang 2006b, Wang 2007] and introduce three

velocity components, v, v5" and v,”, into the model to prevent the solution from

oscillations. The dynamic equations of motion, Equations (3.48)-(3.51), are rewritten as

Equations (3.65)-(3.69)
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(m) (m) (m)
o = u, N du, P = 6” 3.65
ro H e - s @ PV ( . )
ot ot Ot

WO 0™ 1000 1 ooy
ot or r Op rsing 06

Lo gstm _ m _ oM 4" mpom 0T
+—-(20," -0 +0,, cotg)+2N"T, , (3.66)
r ? or
(m) (m) (m) (m)
e o _ oo,, N 1 do, 1 0oy
ot or r Op rsing 06
(m) (m) (m) (myp(m) — 1 aT(M)
+— [(0' —0y )eotg+30,7 |+ 2T, ——=—, (3.67)
r Op
w04 00 1005 1 ool
ot or r Op rsing 06
(m) (m) (myp(my ___ 1 aT(M)
+— (20‘ cotp +30,,")+2A"T) , (3.68)
rsing 060
/1('")(8("') + g('") + g(M)) + 2,(1('") (m) (3/1('") + Zﬂ(m))a(m)(T,(m) ~T)), (3.692)
O-((DM) ,1(’")(3('") + g('") + g(M)) + 2,(1('") (m) (3/1('") + Zﬂ(m))a(m)(T,(m) -T,), (3.69b)
o-((;") /1('")(6‘(”') + g('") + g(’")) + 2,U(m) (m) (3/1('") +2/J(m))a(m)(T,(m) -T), (3.69¢)
(M) — 2ﬂ(rrt) (m) (M) — 2/,1("') ('n) (M) 2#("') ;'g)’ (3.69d)
0,7 _ 9" (3.69%)
o  or’ '
ag(M) 1 av(m)
—=— (" + 1), 3.69
ot r( " dp ) (3.690)
(m) (m)
0" __ 1 P +1" sing +v" cos @), (3.69g)

o rsing 00
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Gey 11047 o W7, (3.69h)
o 2r Op or r

og'™ v (m)
o L L T Xy —vy" cotg), (3.691)
o 2r sing 080 O

05,

(m) 5V(m) (m)
T L v™ M Yy (3.69)
ot 2 rsing 08  or r

We apply the staggered grid shown as Figure 3.2, where v\, ¢/ and ¢/ are

r

and q,e("') are placed at (7,,0,,,,,,9,) > v;’") , q;”(”')

(m) o(m)
e 7

placed at (ri+1/2’0j’(0k)5 Vo 's 4
and q,‘”(”') are placed at (r,,Oj.,(pkH/z), gfg') and O'r(;") are placed at (7;+1,2,91+1,2,(pk), g™

re

and o, are placed at (r,,,,,0,,0,.,1,,), &% and ol are placed at (1;,8,,1,5>Ppu1/2)

while £, &5, £, 6, 047,00, T and T are at (r,,0,,¢,) . Here i, j and k
are indices with 1<i< N +1, 1Sj<N,+1, 1<k<N_ +1.

We denote (V™)' , ), and )Y as  numerical
i+5,j,k i,j+5,k i,j,k+—2—

approximations of v ((i +1/2)Ar, jAO,kAp,nAt), v\ (iAr,(j+1/2)A0,kAp,nAt) and
v;,’")(iAr, JAO,(k+1/2)A@,nAt), respectively, where At, Ar, AO, and Ag are time

increment and spatial step sizes, respectively. Similar notations are used for other

variables. Furthermore, we introduce the finite difference operators, A, ,d., 6,, . o> Voo

V-, V,, V:, V 0 and V;, , as following equations
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u” —y”

n i+l, 7,k i,j,k i,j.k i-1,j.k
Vruf,f,k = s VZu:/‘,k - s
Ar Ar
n n h n
Vo U ke Ui n U ik "W
9”! 7.k 4 Vgul Y2 ’
AG AO
n n h h
Ui it "YUk U e "YU
V — —
¢u, g E , V- u, = .
Agp Agp

3.2.4 Finite Difference Scheme

To avoid non-physical oscillations in the solution, we employ the same fourth-

o I 0 .
order compact finite difference scheme for stress derivatives 00, 99, gé”" , €tc. as in

> b

or  Op
Section 3.1.4.
As such, the implicit finite difference schemes for solving Equations (3.66)-(3.69)

can be written as Equations (3.70)-(3.76)

1 a(o'(m))n+1 ' a(a('"))"“ . ( (m))n+] .
—A (m)\n+l — J.k 1 ik 1 "
p -t (v ) + :
A e or URT op Vi SN P, 06
I R G P e 1R 0 O
Fian 2 5
(O’ "'))n+1 ( (m))n+1 (O'Sm))n+1 el +( ("'))n+1 , _1_
i.J.k x+11k J .k 2 2” COt ]
2 2 D,
1
A("’) 5 ((T(M))n+1 'k) (370)

GO C o i C D

o= LN (v('"))"“ _ 1 . ikt
AT > k+§ or 5 Op nsing,,, o0
LI G0 AP 0 AR 10 R 0
+—[( = =) cot @,y

r 2 2

i
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( (m))n+l +(O_(m))n+l 1 1
1ol ey
+3 DA —— s (@Y ), (3D
2 rAp i k+=
i 2
o (my\n+1 (m)\n+l (m)\n+l
: (T, )i,ﬁ_l’k : (0, ),-,,-+l,k i (o, ))ﬁ .
p(m) A_t(v(m) o 2 - 2 4 2
ek or v, Op 1, sing, 00
@ @ SRR CER
+=[2 ~ 27 2 25 coto, +3 2/t 7
" [ 5 2 5 ]
1
FA —————— 5, (™)™ ), 3.72
r,. Sin ¢kA9 9(( [4 )i,j+%,k) ( )
COWET COWEICOWETCO WA
+2u" (e = GA™ + 2" ()] =T 1 (3.73a)

CAMEZA COWEICD WO

ij.k i)k
F2M (MY~ BA™ £ 26 ™I, - T, (3.73b)
(") = A" U™+ (& + (8N ]

+2U " (&g = BA™ + 24" (D) ~ T3, (3.73¢)

( (m))n+1 ) =2‘u("l)( (”’))’”’1 } (3.743)
Jok 2 ’ 2

( (m))n+1 ) . =2#m)(£(”’))"+l ; L (3.74b)
X ot

(m)\n+l — (m) ¢ _(m)\n+l

(c% )i’j L =24 g JSNTRE (3.74c)
22 22

_I_A (g(m))n+l _La (v(m))n+l (3 75a)

Ar N ik - Ay TR )

(V(m))n+1 ( (m))n+1

m)Nn+ P 1 m)\n+
—t( ( ))1 _/lk = [ 2 2 ¢6 (V( ))1 _/}k]’ (3'75b)
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( (m))n+1 + (v(m))n+l

ALY = S ing,
At T rsing, 2
ORI R 1
i.j.k
+ i 2 cos, +— 8, (V™Y1 (3.75¢
> Dy AD o (Ve ),,j,k] ( )
—LA ( (m))n+l :l[ 1 ( (m))n+1 +_5 (v(m))n+1
At 5 k+5 2 r,.H/ZA(p —Jk~ Ar it Jk+5
(m) n+l (m)\n+l
R MRELC
- > 1 (3.763)
i+1/2
'1—A ( (m))n+1 =_1__[ 1 ( (m))n+l +__1__5 (v(m))n+1
A AL k% 2r, sing,,,,A0 _k 5 Ap * A k%
(v(m) )n+l + (v(m))n+1 X
,j+ ij+ Ek
- 5 ——cot @,y ], (3.76b)
1 1 1
—'A (m) n+l (m)\n+l +___5 v(m) n+l
At -I( )+? %k 2[r+1/2 sm(pkAQ ( ) ““% Ar ( )”—H%k
(m)\n+1 (m)\n+1
. ") Y +(vy )1
- z . (3.76¢)
R 2

We can obtain the displacements, #™ and v, by the Euler backward scheme of

Equations (3.65) as Equations (3.77)

-;( (m))n+1 ' ( (M))":ljk (377&)
Ik 2
1 4™ n+1 plmyn+l 3.77b
_t( ) ( ) j+~1—k ( . )
A
1

—A u(m) n+l (m)\n+1 3‘77c
AT =6 (3.77¢)
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On the other hand, we discretize the energy equations, Equations (3.5)-(3.12), as
Equations (3.78)-(3.86)

n+l 3
i,].k

ey |

(m)
CeO

3 )\t m
ST @Y+ T ]

i,j,k

_V_Z_{rz (q:(”'))z;lk + (qe(”,))l ,J .k } V@ {(qe ) )7jlk + (qe (M))x ,J .k :|

2 2

r;sing,

n+l mi\n
V;, ) (qf(’n))i;,k + (qf( ))i,j,k "*%
- sin @, > Tk

(m)\n+1 (m) (m)\n+l (m)
_G(M)[(Te Vot T @)+ (T, )} (3.78)

2 2

(m@ﬂW% AR mﬂWﬁ+@ﬂW”
At 2

(m)n+l (m)
Ty + (I )} 3.79)

(m)
(k) " [ .

(m) (qe (’"))’”';lk (qe ;e )1 Ik (qe ;o )7jlk + (qe (M))x , )k
At 2

(kY

v, [(7;"”)7,:‘,, +<T<m>),,k] (3.50)

u—l k rsing, 2

1 1
(m) (q? (M))z"j k —(q;p('n));',j,k + (QZ’('")),",Z,k + (qew(M));,,j,k
At 2

@W);- (3.81)

7 0

v, {(Te""’):;u Ty }
2 2
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m 1 m
o @V = @)

C i,j.k
: At
@@ Y @@
=- r’ ; S @,
r,.2 2 7 sing, 2
Vo | @)+ @) Lom| TR 0 T D AR O "
¥ sing, 2 2 2
~GBA™ +24")alm (@) + (@) A—r(gr(m));?;fk +A (&) AL (&)
! 2 At ’
(3.82)
£ AR TR AR L AR CAR
At 2
T(M) n+l + T(M)
=—k0.v,[( O YRACD Y , (3.83)
2
(,,,) (g, (M));njlk (g, (M)), )k (% (M))"+1k +(q/"); ok
At 2
T(M) n+l + T(M)
k2 O * O | (3.84)
7, sin @, 2
7 (q/ (M))Injlk ("), ik (‘]1 (M)),"jlk +(‘]1¢(M))Zj,k
At 2
V@ (@
=—k0.—“’[( ] ) (3.85)
r, 2
n+l T(m) fn+1 + T(m) T(m) n+l + T(m) no
k") 2 -1 0 ( e(m)),n)ilk ( (m))ljk +‘1"k0 ( (m))njljk ( e(m))'n-l’j,k ’ (3.863)
A (V0 Y S C/niee KT BV ()0 AT Ve K
k(m) n+2 _ 1 k (T("')),njlk +(T("’))11 k —-k (713("’))::‘1_1,]‘ +(I;(M)):j—1,k (3 86b)
( e )i Ly _5 0 T(m) n+l T(m) + 0 T(m) n+l T(m) n > .
e ( ) ik +( )x}k ) )i,j—l,k +(T, )i,j—l,k
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(k(”'))n 2 1 k \(]—;(M))xnjlk +(T(M))1 )k | +_1_ |(T'L)(M))ln-;1k 1 + (T(M))/ )k 1| 3 86
T 5 Tyt T(m) 5 Ol Ty T(m) (3.86¢)
’ ! )i,jk ( )I Ik ( ! )ljk 1 +( )i,j,k—l

where i=2,.,N,, j=2,..,N,, k=2,...,N¢ andm =1, 2 for any time level n.

To complete the formulation of our numerical method, the boundary conditions

are discretized as Equations (3.87)-(3.91)

0N 0. =0. 1<jSNy+1, 1<k<N,+] (3.87a)
(6N =0y ,4s 1SjSNy+1, 1<SkSN, +1; (3.87b)
(0“’)N+_ +1,,=0’ 1<j<N,, 1<k<N,+]; (3.87¢)
>
(0'(2)) 1, ((”) iy 1<j<N,, 1<k<N,+; (3.87d)
s
(“(D)N+_,ki=0’ 1SjSNy+1, 1<ks<Nj; (3.87¢)

(o_(z) nlj N =(c (2)) 1. 1 1< j<N,+], 1_<_k£N¢; (3.871)
e+ -

(W) 1k =08 N junys 1SISN,+1,  1<Sk<N, +1; (3.88a)

(0'('")) =(c (M))+_,+N gy 1<i<N,, 1<k<N,+1; (3.88b)
2 o7y

(0'('")) =(o (M)),,+N9+;k+{ 1<i<N,+1, 1<k<N_, (3.88¢)

() =03, 1SiSN,+1, 1SS N, +1; (3.89a)

@Y o =@ s 1SISN, 4L 1SjSN, 41 (3.89b)

(o"'")) sl =(c <"'>) KL 1<i<N,, 1<j<N,+] (3.89¢)
/> s 2

(o, =)', 1<i<N,, 1<j<Ny+1;  (3.89d)
I+—2-,_/,N¢+~2— 1+5,1,N¢ —-2—



(o <'">) =(o <m>) R 1<i<N, +1,

(a“"))

+1
No+ 2

) 5 1 1 .
TN = @Yy e TN a,0 =@ i

(T(m)), = (T(m))

i,j+Ng, k>

(I, = (A,

i,

2 2 1 1 .
TN =T g TV s =@ i

(T(M))l Jk T (T(”,))l J+Ng, ko

@™,y =@,

iJ,1

= (o <m>) > 1<SiSN, +1,

) — .
i,j2° (7—;(”, );"j>N4p+l - (7—;(’") )Zj’NlP >

(m) — (T(m) .
ij,2° (7; " )Zj,NwH - (Tl " )Zj,Nw’
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(3.89¢)

(3.89f)

(3.90a)

(3.90b)

(3.90¢)

(3.91a)

(3.91b)

(3.91¢)

where 1<i<N +1, 1< N, +1], 1_<_kSN¢+1 andm =1, 2, for any time level n. The

initial conditions are approximated as Equations (3.92)

@), =) | =@’y =
i+, j.k i, j+—k i, f k=
2’ 2 2
( m)\0 _
(vr”’))‘ 1 ; _‘( (M)) 1 =(V((p )),‘ 1 _O’
i+ > 7.k ,j+—2—,k 1,1,k+5

T gw =GN pu = T

ijk
@) =(¢™) =0,
&V = (e = ()00 = 0,

(O'(M)).jk =(o, ”’))ljk —(O-(M))ljk 0,

(O'(M)) L, —(E(M)) 11 =0,
3, +5, i+

0 0
(O-r(':)) 11 =(€(M) 11 =0,
it=, j ket 4=

(3.922)

(3.92b)

(3.92¢)

(3.92d)

(3.92¢)

(3.92)

(3.92g)

(3.92h)
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(a(””) =(£p))’ =0 (3.92i)

,k+l
2

where 1<i<N +1, 1< j<Ny+1, 1<k< N, +1,andm=1, 2.
The interfacial conditions in Equations (3.64) are employed and then discretized

in this way. First, the interfacial condition for velocity components v =v® | v =y

r 2

and v“) = (2) , Which can be expressed in Equations (3.93)
( (l))n+1 ( (2))n+1 (3.938.)
‘, N+ —-_/k
( (1))n+1 (22))n+1 - (3.93b)
7j N, + 1]+5k
(1)\n+1 (2) n+l
(v"’ )l,j ( )N +1]k+; (3.93¢)
(e, = () i (3.93d)
(o fl})””, =(o ‘2))"“ e (3.93€)
2 2’
(1) n+l (2) n+1
(c m,) ) =(o, ) s (3.939)
TNk = TN iws TN = @V a0 (3.93g)
1)+l (2)\n+l r(1) yn+l r(2) \n+l
AR A IO A AT

where 1<j<N,+1, ISk<N,+1.

3.2.5 Algorithm

It should be pointed out that Equations (3.70)-(3.72) are nonlinear since they

contain nonlinear terms &,((T, )"+l 'k)z, 59((7;)"“11‘)2 and 5¢((Te)"+lk .)* . Similarly,
2 Js i’j+5, i, +5

Equations (3.78)-(3.85) are also nonlinear. Therefore, the scheme must be solved
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iteratively. An iterative method for solving the above scheme at time level n + 1 is

developed as follows:

Step 1: Set the values (¢”)""', (&)™, (ei”)™, (e°)™, (¢")"" and
(5" . Solve (¢;"")"™", (g2, (@7 )™ . (¢/")™", (¢/™)™" and (¢/™)™" from
Equations (3.79)-(3.81) and (3.83)-(3.85), respectively, and substitute them into
Equations (3.78) and (3.82). Then solve for (7)™ and (7,"”)™" iteratively.

Step 2: Solve for (¢™)y™, (a§")™, (O'('"))"”, (Y™, (a('"))"” and (0'(’"))””
using Equations (3.73)-(3.74).

Step 3: Solve for derivatives of (™)™, (5”)™, (0'('"))"+1 (o™, (0'('"))"+1
and (cr("'))"+1 using Equations (3.22)~(3.23) or similar equations.

Step 4: Solve for (v")™, (v{”)™, and (v{")""" using Equations (3.70)-(3.72).

Step 5: Update ()™, (g5”)™", (657)™, (e5)™", (€)™ and (%)™

using Equations (3.75)-(3.76).
Given the required accuracy E, (for temperature) and E, (for strain), repeat the

above steps until a convergent solution is obtained based on the following criteria (3.94)

[N =T |<E, (3.94a)
[P =&)< By, (Y™ — (e | <E,, (3.94b)
| (&N~ |<Ey, (e ™ —(eG ) | <E,, (3.94¢)
[ =P |<E,, | RN —(eG | <E,. (3.94d)



CHAPTER 4

NUMERICAL EXAMPLES

In this chapter, we will give the numerical examples based on the developed
numerical schemes for thermal deformation in a gold micro sphere with a radius of 0.1

um and in a double-layered micro sphere consisting of a gold layer on a chromium
padding layer with a radius of 0.05 um for each layer subjected to ultrashort pulsed
lasers, respectively. In both examples, the laser irradiates a portion (0 <@ <7 /4) of the

upper hemisphere.

4.1 Three-Dimensional Single-Lavered Case

4.1.1 Example Description

To demonstrate the applicability of the numerical scheme mentioned in Section
3.1, we investigate the temperature rise and thermal deformation in a three-dimensional

micro sphere with a radius of 0.1 gm as shown in Figure 4.1.

51
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Ultrashort-Pulsed Lasers

VLY

Gold Sphere

.......... ~

Figure 4.1 A 3D micro sphere with a radius L = 0.1 um.

The heat source was chosen to be Equation (4.1)

_ _ £-2t
00,0, =094 =R exp=L=" 2 7722y c0s 0, (4.1)
t,¢ g L

where L=0.1um; ¢ =153nm; R=0.93; J=200J/m*, 500J/m*, 1000J/m?*; and
t,=0.1ps, 0.04 ps, 0.01ps. The initial temperature 7, for T, and 7, is chosen to be 300K .

The thermophysical properties for gold are listed in Table 4.1 [Tzou 2002, Chen

2002, Kaye 1973].
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Table 4.1 Thermophysical properties of gold [Tzou 2002, Chen 2002, Kaye 1973].

Properties Unit Gold

p kg [m’ 19300
A J/m*K? 70

A Pa 199x10°
M Pa 27x10°
a, K 14.2x107°
C,, J/m*K? 2.1x10*
C J/m*K 2.5%10°
G wW/mK 2.6x10%
T, ps 0.04
7, ps 0.8

k, W/mK 315

4.1.2 Results and Discussions

We assumed that the laser irradiates a portion (0<r<L,050<27,0<p<x/4)
of the upper hemisphere. Three meshes of 40x20x20, 60x20x20, 80x20x20 in
(r,0,¢p) were chosen in order to test the convergence of the scheme. The time increment

was chosen to be 0.0025ps. Three different values of laser fluences (J =200J/m?,

500J/m?*, 1000J/m* ) were chosen to study the hot electron blast force. The
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convergence criteria were chosen to be E, =107 for temperature and E, =107 for

deformation.

Figure 4.2 shows the change in electron temperature (A7, /(AT,),... ) at the point

(r=1L,0=0, p=0) for various meshes (40x20x20, 60x20x20, 80x20x20 ) with
laser fluence J =500J/m” and three different laser pulse durations (a) t,=0.1ps, (b)
t,=0.04ps, and (¢) ¢, =0.01ps, respectively. The maximum temperature rise of 7,

(ie.,(AT,) . ) when £, =0.1ps is about 4047 K. The electron temperature (3552 K ) at

t=0.3ps when ¢,=0.1ps is close to 3727 K at t=0.1ps (starting at =-02ps ),

which was obtained by Tzou et al. [Tzou 2002] who employed a parabolic two-step

model. It is noted that the electron thermal relaxation time for gold is 0.04 ps. It can be
seen from Figure 4.2a that when 7, =0.1ps, there is not much difference in the solution

between the hyperbolic model and the parabolic model. A small kink appears around

t =0.35ps in the solution obtained by the hyperbolic model. This small kink can be also

seen in the papers [Qiu 1993, Chen 2001]. From Figure 4.2b and 4.2c, we see that the
kink becomes severe with decrease of the laser pulse duration.

Figure 4.3 shows the displacement (u, ) at the point (»r = L/2, 8 =0, ¢ =0) versus
time with three different laser pulse durations (a) ¢, =0.1ps, (b) ¢, =0.04ps, and (c)
t,=0.01ps, respectively. It can be seen from both Figures 4.2 and 4.3 that mesh size had

no significant effect on the solution and hence the solution is convergent.
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Figure 4.2 Change in electron temperature at the top point of the sphere versus time
with a laser fluence (J) of 500 J/m” and three different laser pulse
durations (a) ¢, =0.1ps, (b) 1, =0.04ps, and (c) ¢, =0.01ps.
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Figure 4.3 Change in displacement (#,) at the point (r =L/2,0=0, ¢ =0) of the

sphere versus time with a laser fluence (J) of 500 J/m® and three
different laser pulse durations (a) ¢, =0.1ps, (b) ¢, =0.04ps, and (c)

t,=0.01ps.




57

Figures 4.4 and 4.5 show electron temperature and lattice temperature along the
diameter at ¢ =0 and @ =7 with three different laser fluences of J =200J/m’ ,
500 J/m2 and 1000 J/m2 at different times (a) t =0.025ps, (b) t=0.05ps, (c) t=5ps,
and (d) £ =10ps, respectively when laser pulse duration 7, =0.01ps. It can be seen that

the electron temperature rises to its maximum at the beginning and then decreases while
the lattice temperature rises gradually with time, and the electron temperature is almost

uniform after ¢ =5ps along the diameter.
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Figure 4.4 Electron temperature profiles along the diameter at ¢ =0 and ¢ = 7 at
different times (a) +=0.025ps, (b) t=0.05ps, (c) t=5ps, and (d)
t =10ps with a mesh of 80x20x20 and three different laser fluences (J)
of 200J/m*, 500J/m’ and 1000J/m* when t, =0.01ps.
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Figure 4.5 Lattice temperature profiles along the diameter at ¢ =0 and ¢ = = at
different times (a) +=0.025ps, (b) t=0.05ps, (c) t=5ps, and (d)
t =10ps with a mesh of 80x20x20 and three different laser fluences (J)
of 200J/m”, 500J/m* and 1000.J/m* when t, =0.01ps.
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Figure 4.6 shows normal stress o, along the diameter at ¢ =0 and ¢=7 at
different times (a) t =5ps, (b) t=10ps, (c) t =15ps, and (d) t =20ps with a mesh of
80%x20x20 and three different laser fluences (J =200J/m>, 500J/m’, 1000J/m”)
when laser pulse duration ¢, =0.01ps. Usually, numerical oscillations appear near the
peak of the curve [Wang 2006a]. It can be seen from Figure 4.6 (particularly, Figure
4.6b-Figure 4.6d) that the normal stress o, does not show non-physical oscillations near
the two peaks of the curve.

Figures 4.7-4.11 were plotted based on the results obtained in a mesh of

80x20x20 with a laser fluence of J =500J/m”. Figures 4.7 and 4.8 show contours of
electron temperature distributions and lattice temperature distributions in the cross
section of =0 and =7 at t,=0.01ps and four different times (a) #=0.025ps, (b)
t=0.05ps, (c) t=5ps, and (d) t =10ps, respectively. It can be seen from both figures
that the heat is mainly transferred from the top surface to the bottom. Figures 4.9-4.11
show contours of displacement (u,) in the cross section of 8 =0 and 6 = 7 at different
times (a) t=5ps, (b) t=10ps, (¢) t=15ps, and (d) 1 =20ps, respectively with three
different laser pulse durations 7, =0.1ps, ¢,=0.04ps, and ¢, =0.01ps. It can be seen
from Figures 4.9-4.11 that the sphere is expanding along the r direction and the top
portion of the sphere expands much more compared with the bottom. This is because the
laser irradiates the top portion of the surface. Although the changes in electron

temperature in Figure 4.2 are different with various pulse durations, the displacements

shown in Figures 4.9-4.11 do not seem much different except for a slightly different scale.
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with a mesh of 80x20x20 and three different laser fluences (J) of
200J/m*, 500J/m* and 1000J/m’ when ¢, =0.01ps.
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Figure 4.7 Contours of the electron temperature distribution in the cross section of
6=0 and 8=x at different times (a) r=0.025ps, (b) r=0.05ps,
(©)t=5ps, and (d) 1=10ps with a mesh of 80*%20%20 and a laser
fluence (J) of 500 /m* when ¢, =0.01ps.
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Figure 4.9 Contours of the displacement ( #,) distribution in the cross section of
0=0 and f=x at different times (a) t=5ps, (b) t=10ps, (c)
t=15ps, and (d) ¢ = 20ps with a mesh of 80x20x20 and a laser fluence
(J) of 500/ /m* when ¢, =0.1ps.
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60=0 and @=x at different times (a) t=5ps, (b) t=10ps, (c)
t=15ps, and (d) r=20ps with a mesh of 80x20x20 and a laser
fluence (J) of 500 /m* when ¢, =0.04ps.
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4.2 Three-Dimensional Double-Lavered Case

4.2.1 Example Description

In this example, we want to test the applicability of the finite different scheme
developed in Section 3.2, Equations (3.70)~(3.93). For this purpose, we investigate the
temperature rise and deformation in a three-dimensional double-layered micro sphere

which consists of a gold layer on a chromium padding layer with a radius of 0.05um for

each layer, as shown in Figure 4.12.

Ultrashort-Pulsed Lasers

Gold Sphere

Chromium Sphere,

Figure 4.12 Configuration of a 3D double-layered micro sphere.

The heat source is given by Equation (4.2)

L

1-R -r t-2t 2
Q,6,p,t)=0.94J v exp[ 7 —2.77(—;———”—) Jcos . 4.2)

P P
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where L=0.1um; ¢ =153nm; R=093; J=200J/m*, 500J/m*, 1000J/m*; and

t,=0.1ps, 0.04 ps, 0.01ps, 0.006 ps.

The thermophysical properties for gold and chromium are listed in Table 4.2

[Toulou 1970a, b, Chen 2003, Tzou 1996].

Table 4.2 Thermophysical properties of gold and chromium [Toulou 1970a, b,
Chen 2003, Tzou 1996].

In

O<r<L,050<L21,0<p<n/4) of the

Properties Unit Gold Chromium
P kg /m® 19300 7190
A J/m*K? 70 193.3
A Pa 199.0x10° 83.3x10°
H Pa 27x10° 115.0%x10°
Qr K 14.2x10° 49%107
Ceo J/m’K? 2.1x10° 5.8x10*
C, J/m*K 2.5x10° 3.3x10°
G w/mK 2.6x10' 42x10"
z, ps 0.04 0.0068
7, ps 0.8 0.136
ky W/mK 315 94

this example, we assumed that the laser irradiates

upper hemisphere.

a portion

Three meshes of
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40x20x30, 60x30x20, 80x20x20 in (r,0,¢p) were chosen in order to test the

convergence of the scheme. The time increment was chosen to be 0.0025ps . Three
different values of laser fluences (J = 200J/m*, 500.J/m?*,1000J/m* ) were chosen to
study the hot electron blast force. The convergence criteria were chosen to be E, =107

for temperature and £, =107 for deformation.

4.2.2 Results and Discussions

Figure 4.13 shows the change in electron temperature (AT, /(AT,)_.. ) at the point

max

(r=1L,0=0, ¢p=0) for various meshes (40x20x30, 60x30x20, 80x20x20) with
laser fluence J =500/ /m” and four different laser pulse durations (a) t,=0.1ps, (b)
t,=0.04ps, (c) t,=0.01ps, and 7, =0.006ps respectively. The maximum temperature

rise of T, (ie., (AT,),, ) when ¢, =0.1ps is about 4036 K, which is close to that

obtained by Qiu and Tien [Qiu 1994]. It is noted that the electron thermal relaxation time

for gold is 0.04 ps and for chromium is 0.0068 ps . It can be seen from Figure 4.13a that
when 7, =0.1ps, there is not much difference in the solution between the hyperbolic

model and the parabolic model. A small kink appears around ¢ =0.35ps in the solution

obtained by the hyperbolic model. This small kink can be also seen in the papers [Qiu
1993, Chen 2001]. From Figures 4.13b, 4.13c and 4.13d, we see that the kink becomes

severe with decrease of the laser pulse duration.
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Figure 4.13 Change in electron temperature at the top point of the sphere versus
time with a laser fluence (J) of 500 J/m” and four different laser pulse
durations (a) ¢,=0.1ps, (b) £,=0.04ps, (c) £,=001ps and (d)
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Figure 4.14 shows the displacement (u,) at the point (r=L/2,0=0,¢0=0)

versus time with four different laser pulse durations (a) ¢, =0.1ps, (b) £, =0.04ps, and

(¢) t,=0.01ps, and (d) ¢, =0.006 ps , respectively. It can be seen from both Figures 4.13

and 4.14 that mesh size had no significant effect on the solution and hence the solution is

convergent.
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Figure 4.14 Change in displacement (#,) at the point (r=L/2,0=0, ¢ =0) of the

sphere versus time with a laser fluence (J) of 500 J/m* and four
different laser pulse durations (a) ¢, =0.1ps, (b) ¢,=0.04ps, (o)

t,=0.01ps and (d) ¢, =0.006ps.

Figures 4.15 and 4.16 show electron temperature and lattice temperature along the

diameter at ¢ =0 and @ =7z with three different laser fluences of J=200J/m’,
SOOJ/m2 and IOOOJ/m2 at different times (a) t =0.015ps, (b) t=0.03ps, (c) t =5ps,
and (d) #=10ps , respectively when laser pulse duration ¢, = 0.006 ps . It can be seen that

the electron temperature rises to its maximum at the beginning and then decreases, while
the lattice temperature increases gradually with time in both gold and chromium layers,
due to constant heating of acoustic phonons by electrons. Since the heat is transferred
from the gold layer to the chromium layer and the conductivity of chromium is smaller

than that of gold, the lattice temperature increases drastically across the interface.
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Figure 4.15 Electron temperature profiles along the diameter at ¢ =0 and ¢ = 7 at
different times (a) t=0.015ps, (b) t=0.03ps, (c) t=5ps, and (d)
t =10ps with a mesh of 80x20x20 and three different laser fluences (J)
of 200J/m*, 500J/m” and 1000.J/m” when t, =0.006ps.
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Figure 4.16 Lattice temperature profiles along the diameter at ¢ =0 and ¢ = 7 at
different times (a) t=0.015ps, (b) 1=0.03ps, (c) t=5ps, and (d)
t =10 ps with a mesh of 80x20x 20 and three different laser fluences (J)

of 200J/m’, 500.J/m’ and 1000.J/m* when ¢, = 0.006ps .



75

Figure 4.17 shows normal stress o, along the diameter at ¢ =0 and ¢ =7 at
different times (a) t=5ps, (b) t=10ps, (c) t =15ps, and (d) ¢t =20ps with a mesh of
80x20x20 and three different laser fluences (.J =200J/m’, 500J/m*, 1000J /m*)
when laser pulse duration #,=0.006ps. In our experience, the conventional finite
difference method produces local oscillations in the normal stress o,. It can be seen from
Figure 4.17 that the curve of o, is smooth and does not appear to have local oscillations,

implying that our method prevents the appearance of non-physical oscillations in the
solution.

Figures 4.18-4.23 were plotted based on the results obtained in a mesh of

80%20x20 with a laser fluence of J =500J /m*. Figures 4.18 and 4.19 show contours of

electron temperature distributions and lattice temperature distributions in the cross
section of =0 and 6 =r at ¢, =0.006ps and four different times (a) 1 =0.015ps, (b)
t=0.03ps, (c) t=5ps, and (d) 1 =10ps, respectively. Figure 4.18 and 4.19 show that

the heat is transferred from the upper hemisphere to the lower hemisphere and also from

the gold layer to the chromium layer. Figures 4.20-4.23 show contours of displacement
(u,) in the cross section of 8 =0 and 8 =7 at different times (a) t=5ps, (b) t=10ps,
(c) t=15ps, and (d) t=20ps, respectively with four different laser pulse durations

t,=0.1ps, t,=0.04ps, t,=0.01ps and ¢, =0.006ps . It can be seen from Figures 4.20-

4.23 that the displacement u#, moves in the r direction, implying the sphere is expanding.

However, the displacement gradient shows a clear difference across the interface,
implying that the bond between these two layers could be damaged under high intensity

laser irradiation.
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Figure 4.18 Contours of the electron temperature distribution in the cross section of
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Figure 4.20 Contours of the displacement (u, ) distribution in the cross section of
60=0 and @ =7 at different times (a) t=5ps, (b) #+=10ps, (c)
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fluence (J) of 500 / m* when t,=0.1ps.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

In this dissertation, we have developed a mathematical model under spherical
coordinates for studying thermal deformation in 3D micro spheres exposed to ultrashort-
pulsed lasers. The model is based on the hyperbolic two-step heat transport equations,
dynamic equations of motion, and the coupling effect between lattice temperature and
strain rate, as well as for the hot-electron blast effect in momentum transfer. The
hyperbolic model is more dependable as compared with the parabolic model, when the
laser pulse duration is shorter than the electron relaxation time.

Based on the developed mathematical model, we have then developed a finite
difference method for obtaining temperature, displacement, stresses and strains in micro
spheres induced by ultrashort-pulsed lasers. In order to avoid non-physical oscillation in
the solution, we have derived this numerical method by introducing velocity components
into the dynamic equation of motion and replacing the displacement components. Then, a
staggered grid was designed so that the checker-board solution could be eliminated, and a
fourth-order compact scheme was further employed to calculate stresses derivatives in
the dynamic equations of motion.

The numerical method is tested by two cases: 1) a 3D gold micro sphere, and 2) a
3D double-layered gold and chromium micro sphere exposed to ultrashort-pulsed lasers,

respectively. Much shorter laser pulse durations are considered in the numerical examples.
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Results indicate that the numerical method is grid independent, implying that the solution
is convergent. The method allows avoidance of non-physical oscillations in the solution
and there are some differences between the hyperbolic two-step model and the parabolic
two-step model. Electron and lattice temperatures, displacements, stresses, and strains are
obtained based on the developed finite difference schemes. The displacement along the
r -direction reveals that the micro spheres expand during the ultrashort-pulsed irradiation.

The future research may focus on a two-dimensional double-layered micro thin
film with nonlinear interfacial conditions, which means the interface is imperfectly
thermal contacted, and a three-dimensional double-layered micro thin film, where the

model and computation may be much more complicated.



APPENDIX A

SOURCE CODE FOR 3D
MICRO SPHERE CASE
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¢ main

implicit double precision (a-h,l,0-z)

dimension £(20010),t1(20010),£2(20010),x(150),
$y(50),2(50),
$x1(150),x2(150),y1(50),21(50),a(150),b(150),
$c(150),beta(150)

dimension eto(150,50,50),etn(150,50,50),
$1to(150,50,50),1tn(150,50,50),
$etm(20010),etm1(20010),1tm(20010),
$1tm1(20010),ulm(20010),u2m(20010),
$u3m(20010),xsa0(101,31,31),ysa0(101,31,31),
$zsa0(101,31,31),ssaoxy(101,31,31),
$ssaoxz(101,31,31),ssa0yz(101,31,31),
$xsa00(101,31,31),ysa00(101,31,31),
$7sa00(101,31,31),ssa00xy(101,31,31),
$ssaooxz(101,31,31),ssa00yz(101,31,31),
$xsan(101,31,31),ysan(101,31,31),zsan(101,31,31),
$ssanxy(101,31,31),ssanxz(101,31,31),
$ssanyz(101,31,31),xse0(101,31,31),
$yseo(101,31,31),zse0(101,31,31),
$sseoxy(101,31,31),sse0xz(101,31,31),
$sse0yz(101,31,31),xsen(101,31,31),
$ysen(101,31,31),zsen(101,31,31),
$ssenxy(101,31,31),ssenxz(101,31,31),
$ssenyz(101,31,31),difx(101,31,31),
$dify(101,31,31),difz(101,31,31),
$difxyx(101,31,31),difxyy(101,31,31),
$difxzx(101,31,31),difxzz(101,31,31),
$difyzy(101,31,31),difyzz(101,31,31),
$v10(101,31,31),v20(101,31,31),v30(101,31,31),
$vin(101,31,31),v2n(101,31,31),v3n(101,31,31),
$ul0(101,31,31),u20(101,31,31),u30(101,31,31),
$uln(101,31,31),u2n(101,31,31),u3n(101,31,31),
$d(101,31,31),gama(101,31,31),u1(101,31,31),
$u2(101,31,31),u3(101,31,31),u4(101,31,31),
$u5(101,31,31),u6(101,31,31)u7(101,31,31),
$u8(101,31,31),u9(101,31,31),gex0(101,31,31),
$qeyo(101,31,31),qez0(101,31,31),
$qlx0(101,31,31),qlyo(101,31,31),q1z0(101,31,31),
$qex(101,31,31),qey(101,31,31), qez(101,31,31),
$qlx(101,31,31),qly(101,31,31), qlz(101,31,31)

integer o, counter,l,r

¢ Lame constant
lemta=199.0d+9

¢ Shear modulus
cmiu=27.0d+9

¢ Thermal expansion coefficient
alphat=14.2d-6

pi=3.14159265359
Ix=1.0D-7
ly=2.0*pi
1z=1.0*pi

n=80

n2=NINT(n/2.0)+1
m=20

r=20

hi=Ix/n

h2=ly/m

h3=lz/r

dt=0.0025d-12
0=NINT(20d-12/dt)+1
counter=0

t(1)=0

x(1)=0

y(1)=0

z(1)=0

¢ initial condition

k=1

do I=1,r+1

do j=1,m

do i=1,n+1
etn(i,j,)=300.0
Itn(i,j,1)=300.0
eto(i,j,1)=300.0
1to(i,j,1)=300.0

xsa0(1,},1)=0.0
ysao(i,j,1)=0.0
zsao(i,j,1)=0.0
ssaoxy(i,j,1)=0.0
ssaoxz(i,j,1)=0.0
ssaoyz(i,j,1)=0.0

xsa00(i,j,1)=0.0
ysao00(i,j,[)=0.0
zsa00(i,j,1)=0.0
ssaooxy(i,j,1)=0.0
ssa00xz(i,j,1)=0.0
ssaooyz(i,j,1)=0.0

xseo(i,j,1)=0.0
yseo(i,j,1)=0.0
zseo(i,j,1)=0.0
sseoxy(i,j,1)=0.0
sseoxz(i,j,1)=0.0
sseoyz(i,j,1)=0.0
difxyx(i,j,1)=0.0
difxyy(ij,)=0.0
difxzx(i,j,1)=0.0
difxzz(i,j,1)=0.0
difyzy(i,j,1)=0.0
difyzz(i,j,1)=0.0
difx(i,j,1)=0.0
dify(i,j,1)=0.0
difz(ij,1)=0.0
vlo(i,j,1)=0.0
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v20(i,),1)=0.0
v30(i,j,1)=0.0
ulo(i,j,)=0.0
u2o(i,j,1)=0.0
u3o(i,j,)=0.0

gexo(i,j,1)=0.0
qlxo(i,j,1)=0.0
qex(i,j,1)=0.0
qlx(i,j,1)=0.0
qeyo(i,j,})=0.0
qlyo(ij,ly=0.0
qey(i,j,1)=0.0
qly(i,j,1)=0.0
qezo(i,j,1)=0.0
qlzo(i,j,1)=0.0
gez(i,j,1)=0.0
qlz(i,j,)=0.0

end do
end do
end do

etm(k)=300.0
Itm(k)=300.0

do I=2,r+1
z()=z(l-1)+h3
zl()=z(1-1)+1.0/r

end do

do j=2,m

y()=y(-1)+h2
y1(G)=y1(-1)+2.0/m
end do

do i=2,n+1
x(1)=x(i-1)+hl
x1(1)=(x(i-1)+h1)*1.0d6
x2(1)=-(x(i-1)+h1)*1.0d6
end do

write(*,*) 'start’
do 1 k=2,0+1

t(k)=t(k-1)+dt
t1(k)=t(k-1)+dt/2.0
2(k)=(t(k-1)+dt)*1.0d12

do I=1,r+1

do j=1,m

do i=1,n+1
xsan(i,),])=xsao(i,j,l)
ysan(i,j,])=ysao(i,j,l)
zsan(i,j,)=zsao(i,j,l)
enddo
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enddo
enddo

call
$temp(n,m,r,1x,h1,h2,h3,x,y,2,t1(k),dt,lto,ltn,eto,
$etn,xsan,ysan,zsan,xsao,ysao,zsao,qexo,qeyo,
$qezo,qlxo,qlyo,

$qlzo,qex,qey,qez,qlx,qly,qlz)

tol=1d-12
detuvmax=tol+1d-5

do while (detuvmax.gt.tol)
detuvmax=0.0

detlmax=0

det2max=0

det3max=0

det4max=0

detSmax=0

detémax=0

¢ Compute stress

do1=2,r

do j=1,m

do i=2,n
xsen(i,j,l)=(lemta+2.0*cmiu)*xsan(i,j,l)
$+lemta*ysan(i,j,[)+lemta*zsan(i,j,1)
$-(3.0*lemta+2.0*cmiu)*alphat*(ltn(i,j,1)-300.0)

ysen(i,j,])=lemta*xsan(i,j,l)+(lemta+2.0*cmiu)
$*ysan(i,j,l)+lemta*zsan(i,j,1)
$-(3.0*lemta+2.0*cmiu)*alphat*(itn(i,j,1)-300.0)

zsen(i,j,l)=lemta*xsan(i,j,))+(lemta+2.0*cmiu)
$*zsan(i,j,])+Hemta*ysan(i,j,l)
$-(3.0*lemta+2.0*cmiu)*alphat*(ltn(i,j,1)-300.0)

end do
end do
end do

do 1=1,r+1

do j=1,m
xsen(1,j,ly=xsen(2,j,1)
ysen(1,j,)=ysen(2,j,1)
zsen(1,j,l)=zsen(2,j,1)
xsen(n+1,,1)=0.0
ysen(n+1,j,1)=0.0
zsen(n+1,j,1=0.0

end do

end do

do j=1,m
do i=1,n+1



zsen(i,j,1)=zsen(i,j,2)
ysen(i,1)=ysen(i,j,2)
xsen(i,j,1)=xsen(i,j,2)
zsen(i,j,r+1)=zsen(i,j,r)
ysen(i,j,r+1)=ysen(i,j,r)
xsen(i,j,r+1)=xsen(i,j,r)
end do

end do

do I=1,r+1
doj=1,m
ssenxy(1,j,1)=0
ssenxy(n,j,1)=0
enddo

enddo

do i=1,n-1

do j=1,m
ssenxy(i,j,1)=0
ssenxy(i,j,r+1)=0
enddo

enddo

do1=2r

doj=l,m

do i=2,n-1
ssenxy(i,j,)=2*cmin*ssanxy(i,j,1)

end do
end do
end do

do I=1,r
doj=1,m
ssenxz(1,j,1)=0
ssenxz(n,j,)=0
enddo

enddo

do i=1,n-1
doj=1,m
ssenxz(i,j,1)=0
ssenxz(i,j,r)=0
enddo

enddo

do 1=2,r-1
doj=1,m

do i=2,n-1
ssenxz(i,j,1)=2*cmiu*ssanxz(i,j,l)
enddo

enddo

enddo

dol=1,r

doj=1,m
ssenyz(1,j,)=0
ssenyz(n+1,j,1)=0
enddo

enddo

do i=l,n

do j=1,m
ssenyz(i,j,1)=0
ssenyz(i,j,r)=0
enddo

enddo

do I=2,r-1

do j=1,m
doi=2.n
ssenyz(i,j,)=2*cmiu*ssanyz(i,j,l)
enddo

enddo

enddo

do I=1,r+1

doj=1,m
difx(1,j,D=(xsen(2,j,1)-xsen(1,j,1))/h1
difx(n,j,)=(xsen(n+1,j,1)-xsen(n,j,1))/h1
end do

end do

b(2)=0.0
a(2)=0.916666667
c(2)=-0.041666667

do I=1,r+1

do j=1,m
d(2,j,l)=(xsen(3,j,1)-xsen(2,j,1))/h1
$-0.041666667*difx(1,j,1)

end do

end do

do i=3,n-2

b(i)=-0.041666667
a(1)=0.916666667
c(1)=-0.041666667

doj=1,m

do I=1,r+1
d(i,j,})=(xsen(i+1,j,1)-xsen(i,j,1))/h1
end do

end do

end do

b(n-1)=-0.041666667
a(n-1)=0.916666667
c(n-1)=0

do I=1,r+1

doj=1,m
d(n-1,j,1)=(xsen(n,j,1)-xsen(n-1,j,1))/h1
$-0.041666667*difx(n,j,1)

end do

end do
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beta(n)=0

do I=1,r+1
doj=1,m
gama(n,j,})=0
end do

end do

do k1=2,n-1

i=n-k1+1
beta(i)=b(i)/(a(i)-c(i)*beta(i+1))
doj=1,m

do I=1,r+1
gama(i,j,D=(d(i,j,)+c(i)*gama(i+1,j,1))
$/(a(i)-c()*beta(i+1))

end do

end do

end do

doj=1,m

do I=1,r+1
ul(l,j,1)=0.0
end do

end do

do i=2,n-1

doj=1,m

do I=1,r+1
ul(ij,D=beta(i)*ul(i-1,j,l)+gama(i,j,l)
difx(i,j,1=ul(ij,)

end do

end do

end do

do i=1,nt+1
a(i)=0.0
b(i)=0.0
c(1)=0.0
beta(i)=0.0
doj=1,m

do I=1,r+1
gama(i,j,[)=0.0
d(i,j,)=0.0
enddo

enddo

enddo

dify
do I=1,r+1

do i=1,n+1

dify(i, 1,1)=(ysen(i,2,)-ysen(i,1,1))/h2
dify(i,m,1)=(ysen(i, 1,1)-ysen(i,m,1))/h2
end do
end do

b(2)=0
a(2)=0.916666667

¢(2)=-0.0416666667

do I=1,r+1

do i=1,n+1
d(i,2,h)=(ysen(i,3,)-ysen(i,2,1))/h2
$-0.041666667*dify(i,1,1)

end do

end do

do j=3,m-2

b(3)=-0.0416666667
a(j)=0.916666667
c(j)=-0.0416666667

do i=1,n+1

do I=1,r+1
d(i,j,D)=(ysen(i,j+1,))-ysen(i,j,1))/h2
end do

end do

end do

b(m-1)=-0.0416666667
a(m-1)=0.916666667
c(m-1)=0

do I=1r+1
do i=1,n+1
d(i,m-1,D)=(ysen(i,m,])-ysen(i,m-1,1))/h2
$-0.041666667*dify(i,m,l)
end do
end do

beta(m)=0

do I=1,r+1

do i=1,n+1
gama(i,m,l)=0
end do

end do

do k1=2,m-1

j=m-k1+1
beta(j=b(j)/(a(j)-c(jy*beta(j+1))

do i=1,n+1

do I=1r+1
gama(i,j,)~(d(ij,Dc(j)*gama(i,j+1,)
$/(a(G)-c(G)*beta(j+1))

end do

end do

end do

do i=l,n+1
doI=1,r
u2(i,1,1)=0.0
end do

end do

do i=1,n+1



do j=2,m-1

do =1,
u2(i,j,l)=beta(j)*u2(i,j-1,1)+gama(i,j,l)
dify(i,j,)=u2(ij,l)

end do

end do

end do

do i=1,nt+1

a(1)=0.0

b(i)=0.0

c(i)=0.0

beta(i)=0.0

doj=1,m

do I=1,r+1

gama(i,j,1)=0.0

d(,j,)=0.0

enddo

enddo

enddo

difz.
do j=1,m

do i=1,n+1
difz(i,j,1)=(zsen(i,j,2)-zsen(i,j, 1))y/h3
difz(i,j,r)=(zsen(i,j,r+1)-zsen(i,j,r))/h3
end do

end do

b(2)=0.0
a(2)=0.916666667
c(2)=-0.0416666667

doj=l,m

do i=1,n+1
d(i,j,2)=(zsen(i,},3)-zsen(i,j,2))/h3
$-0.041666667*difz(i,j,1)

end do

end do

do 1=3,r-2

b(1)=-0.0416666667
a(1)=0.916666667
c(1)=-0.0416666667

do i=1,n+1

doj=1,m
d(i,j,1)=(zsen(i,j,1+1)-zsen(i,j,1))/h3
end do

end do

end do

b(r-1)=-0.0416666667
a(r-1)=0.916666667
c(r-1)=0

doj=1,m
do i=1,n+1
d(i,j,r-1)=(zsen(i,j,r)-zsen(i,j,r-1))/h3
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$-0.041666667*difz(i,j.r)
end do
end do

beta(r)=0

do j=1,m

do i=1,n+1
gama(i,j,r)=0
end do

end do

do k1=2,r-1

l=r-kl+1
beta(1)=b(l)/(a(l)-c()*beta(l+1))

do i=1,n+1

do j=1,m
gama(i,j,l)=(d(i,j,D+c(l)*gama(,j,1+1))
$/(a()-c(D)*beta(l+1))

end do

end do

end do

do i=1,n+1
do j=1,m
u3(i,j,1)=0.0
end do

end do

do i=1,n+1

doj=1,m

do 1=2,r-1
u3(i,j,l)=beta(l)*u3(i,j,l-1)+gama(i,j,1)
difz(i,j,)=u3(,j,bh

end do

end do

end do

do i=1,n+1
a(i)=0.0
b(i)=0.0
c(1)=0.0
beta(i)=0.0

do j=1,m

do I=1,r+1
gama(i,j,1)=0.0
ddi,j,1)=0.0
enddo
enddo
enddo
difxyx
do 1=2r

doj=1,m
difxyx(2,j,1)=(ssenxy(2,j,1)-ssenxy(1,j,1))/h1
difxyx(n,j,1)=(ssenxy(n,j,1)-ssenxy(n-1,j,1))/h1
end do

end do




b(3)=0.0
a(3)=0.916666667
¢(3)=-0.0416666667

doI=2r

doj=l,m
d(3.j,)=(ssenxy(3,j,1)-ssenxy(2,j,1))/h1
$ -0.041666667*difxyx(2,j,1)

end do

end do

do i=4,n-2

b(i)=-0.0416666667

a(i)=0.916666667

c(1)=-0.0416666667

do1=2r

do j=1,m
d(i,j,D=(ssenxy(i,j,l)-ssenxy(i-1,j,1))/h1
end do

end do

end do

b(n-1)=-0.0416666667
a(n-1)=0.916666667
c¢(n-1)=0.0

do I=2,r
do j=1,m

d(n-1,j,)=(ssenxy(n-1,j,1)-ssenxy(n-2,j,1))/h1

$ -0.041666667*difxyx(n,j,])
end do
end do

beta(n)=0

do1=2r
doj=1,m
gama(n,j,[)=0
end do

end do

do k1=3,n-1

i=n-k1+2
beta(i)=b(i)/(a(i)-c(i)*beta(i+1))

do I=2,r

do j=1,m
gama(i,j,)=(d(i,j,D+c(i)*gama(i+1,j,)
$/(a(i)-c(i)*beta(i+1))

end do

end do

end do

do j=1,m
do I=2,r
u4(2,j,1)=0.0

end do
end do

do i=3,n-1

do j=1,m

do I=2,r
ud(ij,l)=beta(iy*ud(i-1,j,l)+gamadi,j,l)
difxyx(i,j,H)=ud(ij,))

end do

end do

end do

do i=1,n+1
a(i)=0.0
b(i)=0.0
c(1)=0.0
beta(i)=0.0
doj=1,m

do I=1,r+1
gama(i,j,1)=0.0
d(i,j,h=0.0
enddo
enddo
enddo
difxyy
do I=2,r
doi=1,n

difxyy(i,1,1)=(ssenxy(i,1,1)-ssenxy(i,m,1))/h2

difxyy(i,m,l)=(ssenxy(i,m,)
$-ssenxy(i,m-1,1))/h2

end do

end do

b(2)=0.0
a(2)=0.916666667
c(2)=-0.0416666667

doI=2,r

do i=1,n
d(i,2,1)=(ssenxy(i,2,1)-ssenxy(i,1,1))/h2
$-0.041666667*difxyy(i,1,1)

end do

end do

do j=3,m-2

b(j)=-0.0416666667

a(j)=0.916666667

¢(3)=-0.0416666667

do1=2,r

doi=1,n
d(i,j,[)=(ssenxy(i,j,l)-ssenxy(i,j-1,1))/h2
end do

end do

end do

b(m-1)=-0.0416666667



a(m-1)=0.916666667
¢(m-1)=0.0

do1=2r

doi=1n
d(i,m-1,l)=(ssenxy(i,m-1,1)-ssenxy(i,m-2,1))/h2
$ -0.041666667*difxyy(i,m,l)

end do

end do

beta(m)=0

do1=2r
doi=l,n
gama(i,m,l)=0
end do

end do

do k1=2 m-1

j=m-k1+1
beta(j)=b(j)/(a(j)-c(j)*beta(j+1))

do I=2r

do i=1,n

gama(i,j,)=(d(ij,D+c()* gama(i,ji+1,))
$/(a(g)-c(j)*beta(j+1))

end do

end do

end do

doi=1,n

do =2 r
u5(i,1,1)=0.0
end do

end do

do i=1,n

do j=2,m-1

do1=2r
u5(i,j,D)=beta(j)*us(i,j-1,)+gama(i,j,l)
difxyy(i,j,)=us(i,j,})

end do

end do

end do

do i=1,n+1
a(i)=0.0
b(i)=0.0
c(i)=0.0
beta(i)=0.0
do j=1,m
do I=1,r+1
gama(i,j,1)=0.0
d(i,j,1)=0.0
enddo
enddo
enddo
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difxzx
doI=1,r

do j=2,m
difxzx(2,),1)=(ssenxz(2,},1)-ssenxz(1,j,1))/h1
difxzx(n,j,l)=(ssenxz(n,j,l)-ssenxz(n-1,j,1))/h1
end do

end do

b(3)=0.0
a(3)=0.916666667
¢(3)=-0.0416666667

do I=1,r

do j=2,m
d(3,j,D=(ssenxz(3,j,1)-ssenxz(2,j,1))/h1
$ -0.041666667*difxzx(2.j,1)

end do

end do

do i=4,n-2

b(i)=-0.0416666667

a(i)=0.916666667

c(i)=-0.0416666667

dol=1r

doj=2,m
d(i,j,)y=(ssenxz(i,j,])-ssenxz(i-1,j,1))/h1
end do

end do

end do

b(n-1)=-0.0416666667
a(n-1)=0.916666667
c(n-1)=0.0

do I=1,r

do j=2,m
d(n-1,j,)=(ssenxz(n-1,j,1)-ssenxz(n-2,j,1))/h1
$ -0.041666667*difxzx(n,j,l)

end do

end do

beta(n)=0

do I=1r

do j=2,m
gama(n,j,1)=0
end do

end do

do k1=3,n-1

i=n-k1+2
beta(i)=b(i)/(a(i)-c(i)*beta(i+1))
dol=1,r

do j=2,m
gama(i,j,)=(d(ij,1)+c(i)*gama(i+1,5,1))
$/(a(i)-c(i)*beta(i+1))



end do
end do
end do

do j=2,m

do =1
u6(2,j,1)=0.0
end do

end do

do i=3,n-1

doj=2,m

doI=1,r
u6(i,j,D)=beta(i)*u6(i-1,j,1)+gama(i,j,l)
difxzx(i,j,[)=u6(i,j,1)

end do

end do

end do

do i=1,n+1
a(i)=0.0
b(i)=0.0
c(1)=0.0
beta(i)=0.0
doj=1,m

do I=1,r+1
gama(i,j,1)=0.0
d(i,j,1)=0.0
enddo
enddo
enddo
difxzz
do i=1,n

doj=2,m
difxzz(i,j,2)=(ssenxz(i,j,2)-ssenxz(i,j, 1))/h3
difxzz(i,j,r)=(ssenxz(i,j,r)-ssenxz(i,j,r-1))/h3
end do

end do

b(3)=0.0
a(3)=0.916666667
c(3)=-0.0416666667

do i=1,n

do j=2,m
d(i,j,3)=(ssenxz(i,j,3)-ssenxz(i,j,2))/h3
$ -0.041666667*difxzz(i,j,2)

end do

end do

do 1=4,r-2
b(1)=-0.0416666667
a(1)=0.916666667
c¢(1)=-0.0416666667
doi=1,n

do j=2,m

d(i,j,D)=(ssenxz(i,j,])-ssenxz(i,j,1-1))/h3
end do
end do
end do

b(r-1)=-0.0416666667
a(r-1)=0.916666667
c(r-1)=0.0

doi=1n

do j=2,m
d(i,j,r-1)=(ssenxz(i,j,r-1)-ssenxz(i,j,r-2))/h3
$ -0.041666667*difxzz(i,j,r)

end do

end do

beta(r)=0.0

doi=In

do j=2,m
gama(i,j,r)y=0.0
end do

end do

do k1=3,r-1

l=r-k1+2
beta(l)=b(1)/(a(l)-c(1)*beta(l+1))
doi=1,n

doj=2,m
gama(i,j,1)=(d(i,j,D)+e(1)*gama(i,j,1+1))
$/(a()-c(D)*beta(l+1))

end do

end do

end do

do i=1,n

do j=2,m
u7(i,j,2)=0.0
end do

end do

doi=1,n

do j=2,m

do 1=3,r-1
u7(i,j,l)=beta(l)*u7(i,j,l-1)+gama(i,j,l)
difxzz(i,j,1)=u7(ij,))

end do

end do

end do

do i=1,n+1
a(i)=0.0
b(i)=0.0
c(i)=0.0
beta(i)=0.0
doj=1,m
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do I=1,r+1

gama(i,j,1)=0.0
d(i,j,D=0.0

enddo
enddo
enddo
difyzy
doI=1,r
do i=2,n

difyzy(i, 1,)=(ssenyz(i, 1,1)-ssenyz(i,m,1))/h2

difyzy(i,m,l)=(ssenyz(i,m,)
$-ssenyz(i,m-1,1))/h2

end do

end do

b(2)=0.0
a(2)=0.916666667
¢(2)=-0.0416666667

do I=1,r

doi=2,n
d(i,2,)=(ssenyz(i,2,1)-ssenyz(i,1,1))/h2
$ -0.041666667*difyzy(i,1,1)

end do

end do

do j=3,m-2

b(j)=-0.0416666667

a(j)=0.916666667

c(j)=-0.0416666667

dol=1,r

doi=2,n
d(i,j,ly=(ssenyz(i,j,})-ssenyz(i,j-1,1))/h2
end do

do k1=2,m-1

j=m-k1+1
beta(j)=b(j)/(a(j)-c(j)*beta(j+1))
dol=1r

do i=2,n
gama(i,j,)y=(d(i,j,)+c(j)*gama(i,j+1,1))
$/(a(§)-c(§)*beta(j+1))

end do

end do

end do

doi=2,n

do I=1r
u8(i,1,)=0.0
end do

end do

doi=2,n

do j=2,m-1

do I=1,r
u8(i,j,l)=beta(j)*u8(i,j-1,1)+gama(i,j,1)
difyzy(i,j,[)=u8(i,j,1)

end do

end do

end do

do i=1,n+1
a(i)=0.0
b(i)=0.0
c(1)=0.0
beta(i)=0.0
doj=1,m

do 1=1,r+1
gama(i,j,1)=0.0

94

end do d(i,j,1)=0.0
end do enddo
enddo
b(m-1)=-0.0416666667 enddo
a(m-1)=0.916666667 difyzz
c(m-1)=0.0 doi=2,n
doj=1,m
do I=1,r difyzz(i,j,2)=(ssenyz(i,j,2)-ssenyz(i,j,1))/h3
do i=2,n difyzz(i,j,r)=(ssenyz(i,j,r)-ssenyz(i,j,r-1))/h3
d(i,m-1,l)=(ssenyz(i,m-1,1)-ssenyz(i,m-2,1))/h2 end do
$ -0.041666667*difyzy(i,m,l) end do
end do
end do b(3)=0.0
a(3)=0.916666667
beta(m)=0 ¢(3)=-0.0416666667
doI=1,r do i=2,n
do i=2,n doj=1,m
gama(i,m,1)=0 d(i,j,3)=(ssenyz(i,j,3)-ssenyz(i,j,2))/h3
end do $ -0.041666667*difyzz(i,j,2)
end do end do

end do



do =42

b(1)=-0.0416666667

a(1)=0.916666667
c(1)=-0.0416666667

doi=2.n

do j=1,m
d(i,j,D)=(ssenyz(i,j,l)-ssenyz(i,j,1-1))/h3
end do

end do

end do

b(r-1)=-0.0416666667
a(r-1)=0.916666667
c(r-1)=0.0

doi=2,n
doj=1,m

d(i,j,r-1)=(ssenyz(i,j,r-1)-ssenyz(i,j,r-2)h3

$ -0.041666667*difyzz(i,j,r)
end do
end do

beta(r)=0.0

doi=2,n
doj=1,m
gama(i,j,1)=0
end do

end do

do k1=3,r-1

l=r-k1+2
beta()=b(1)/(a(l)-c()*beta(l+1))
doi=2,n

doj=1,m
gama(i,j,1)=(d(ij,D+c(l)*gama(i,j,1+1))
$/(a()-c()*beta(l+1))

end do

end do

end do

do i=2,n

do j=1,m
u9(i,j,2)=0.0
end do

end do

doi=2,n

do j=1,m

do 1=3,r-1
u9(i,j,D=beta(l)*u9(i,j,l-1)+gama(i,j,l)
difyzz(i,j,1)=u9(i,j,l)

end do

end do

end do
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do i=1,n+1
a(1)=0.0
b(1)=0.0
¢(1)=0.0
beta(i)=0.0
doj=1,m
do I=1,r+1
gama(i,j,[)=0.0
d(@,j,h=0.0
enddo
enddo
enddo

c
¢ Calculate velocity

c

c

call
$velocity(n,m,r,h1,h2,h3,dt,x,y,z,eto,etn,xseo,yseo,
$zse0,sseoxy,sseoxz,sseo0yz,
$xsen,ysen,zsen,ssenxy,ssenxz,ssenyz,
$vlo,v20,v30,vin,v2n,v3n,ulo,u2o,ulo,
$uln,u2n,udn,difx,dify,difz,difxyx,difxyy,
$difxzx,difxzz difyzy,difyzz)

C

¢ Calculate strain

c

c
do =21
do j=1,m
do i=2,n
xsan(i,j,))=((v1n(i,j,)-vIn(i-1,j,D)/h1)
$ *dt+xsao(i,j,l)

zsan(i,l=((v1n(ij,D+vinGi-1,j,D)2+(v3n(,,))
$ -v3n(i,j,l-1))/h3)*dt/x(i)+zsao(i,j,1)

if (j.eq.1) then
ysan(i,j,[)=((v2n(i,),)-v2n(i,m,l))/h2+(vin(i,j,])
$+vin(i-1,j,1))*sin(z(1))/2+(v3n(i,j,1)
$+v3an(i,j,I-1))*(cos(z(1)))/2)*dt/(x(i)*sin(z(1)))
$+ysao(i,j,])
else
ysan(i,j,[)=((v2n(i,j,1)-v2n(i,j-1,1) )h2+(vin(i,j,l)
$+vin(i-1,j,0)*sin(z(1))/2+(v3n(,j,1)
$+v3n(i,j,1-1)) *(cos(z(1)))/2)*dt
$/(x(iy*sin(z(1)))+ysao(i,j,])
endif
end do
end do
end do

c

¢ Shear strain

c



doI=2r
doj=l,m
do i=2,n-1

if (j.eq.m) then

ssanxy(i,j,D)=((v1In(, 1, 1}-v1n(i,j,))/((x(i)+h1/2)
$*h2*sin(z(1))+(v2n(i+1,j,1)-v2n(i,j,1))/h1
$-(v2n(i+1,j,1) +v2n(i,j, D))/ (2*(x(i)+h1/2)))
$*dt/2+ssaoxy(i,j,1)

else
ssanxy(i,j,1)=((vIn(i,j+1,)-1n(i,j, D)/ ((x(i)+h1/2)
$*h2*sin(z(1)))H(v2n(i+1,j,1)-v2n(i,j,1))/h1
$-(v2n(i+1,3,D) +v2n(i,j,))/(2*(x(Q)}+h1/2)))
$*dt/2+ssaoxy(i,j,l)

endif

enddo

enddo

enddo

do 1=2,r-1

do j=1,m

do i=2,n-1

ssanxz(i,j,)=((v1n(,j, 1+ 1)-1n(i,j,1)}/((x(i)+h1/2)
$*h3)+(v3n(i+1,j,1)-v3n(i,j,1))/h1-(v3n(i+1,j,1)
$+v3n(i,j,))(2*(x(i)+h1/2)))*dt/2+ssaoxz(i,j,])
enddo

enddo

enddo

do I=2,r-1

do j=1,m

doi=2,n

if (j.eq.m) then
ssanyz(i,j,1)=((v3n(i,1,1)-v3n(i,j,1))
$/(h2*sin(z(1)+h3/2))H(v2n(i,j,1+1)
$-v2n(i,j,D))/h3-(v2n(i,j,1+1)+v2n(i,j,1))
$*(cos(z(1)+h3/2))/(2*sin(z(1)+h3/2)))
$*dt/(2*x(i)y+ssaoyz(i,j,1)

else
ssanyz(i,j,)=((v3n(i,j+1,1)-v3n(i,j,1))
$/(h2*sin(z(1)+h3/2)) +(v2n(i,j,1+1)-v2n(i,j,1))
$/h3-(v2n(i,j,1+1)+v2n(i,j,1))
$*(cos(z(1)+h3/2))/(2*sin(z(1)+h3/2)))
$*dv/(2*x(i))+ssaoyz(i,j,1)

endif

end do

end do

end do
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det1=xsan(i,j,1)-xsaoo(i,j,l)
det2=ysan(i,j,!)-ysaoo(i,j,l)
det3=zsan(i,j,l)-zsao00(i,j,l)
detd=ssanxy(i,j,|)-ssaooxy(i,j,l)
detS=ssanxz(i,j,i)-ssaooxz(i,j,l)
deto=ssanyz(i,j,l)-ssaooyz(i,j,1)

det=max(abs(det1),abs(det2),abs(det3),
$abs(detd),abs(det5),abs(det6))

if( abs(det).gt.detuvmax) detuvmax=abs(det)
if( abs(det1).gt.detlmax) detl max=abs(detl)
if( abs(det2).gt.det2max) det2max=abs(det2)
if( abs(det3).gt.det3max) det3max=abs(det3)
if( abs(det4).gt.detdmax) detdmax=abs(det4)
if( abs(det5).gt.det5Smax) detSmax=abs(det5)
if( abs(det6).gt.detémax) detbmax=abs(det6)
end do

end do

end do

do I=1,r+1

do j=1,m

do i=1,n+1
xsa00(i,j,)=xsan(i,j,1)
ysaoo(i,j,l)=ysan(i,j,1)
zsaoo(i,j,)=zsan(i,j,1)
ssaooxy(i,j,l)=ssanxy(i,j,1)
ssaooxz(i,j,])=ssanxz(i,j,)
ssaooyz(i,j,])=ssanyz(i,j,1)
end do

end do

end do

write(*,*) 'detuvmax=", detuvmax
End do with detmax

end do

do I=1,r+1

doj=1,m

do i=1,n+1
eto(i,j,))=etn(i,j,1)
Ito(i,j,1)=ltn(i,j,1)
xs5a0(i,j,])=xsan(i,j,l)
ysao(i,j,[)=ysan(i,j,l)

c . zsao(i,j,1)=zsan(i,j,l)

¢ Completion of calculation of strain ssaoxy(i,j,))=ssanxy(i,j,1)

c ssaoxz(i,j,l)=ssanxz(i,j,1)
do I=1,r+1 ssa0yz(i,j,))=ssanyz(i,j,1)

do j=1,m
do i=1,n+1

xseo(i,j,)=xsen(i,j,l)
yseo(i,j,)=ysen(i,j,l)



O 60 000

zseo(i,j,D=zsen(i,j,1)
sseoxy(i,j,))=ssenxy(i,j,)
sseoxz(i,j,1)=ssenxz(i,j,l)
sseoyz(i,j,l)=ssenyz(i,j,)
vlo(ij,)=vIn(ij,)
v20(i,j,1)=v2n(i,j,l)
v3o(i,j,)=v3n(i,j,)
ulo(ij,ly=uln(ij,1)
u20(i,j,l)=u2n(i,j,1)
u3o(i,j,[)=u3n(i,j,])
qexo(i,j,)=qex(i,j,))
qeyo(i,j,D=qey(i,.)
qezo(i,j,1)=qez(i,j,1)
qlxo(i,j,)=qlx(i,j,))
qlyo(ij.)=qly(i.j,D
qlzo(i,j,)=qlz(i,,)

end do

end do

end do

etm(k)=etn(n+1,1,1)
etm1(k)=etn(n+1,1,r+1)
Itm(k)=ltn(n+1,1,1)
Itm1(k)=ltn(n+1,1,r+1)
ulm(k)=uln(n2,1,1)
u2m(k)=u2n(n2,1,1)
u3m(k)=u3n(n2,1,1)

write (*,*) 'xsen = ' xsen(n,1,1)
write (*,*) 'ulm=",ulm(k)
write (*,*) 'u2m=",u2m(k)
write (*,*) 'u3m=",u3m(k)

counter=counter+1
write(*,*) counter

Output intermediate result

open(unit=62,file="etm.txt")
write(62,1020) t2(k), etm(k)
open(unit=71,file="etm2.txt")
write(71,1020) etm(k)
open(unit=8,file="tk.txt')
write(8,1020) t2(k)
open(unit=9,file="Itm2.txt")
write(9,1020) 1tm(k)
open(unit=10,file="ltm.txt")
write(10,1020) t2(k), Itm(k)
open(unit=11,file="uuln.txt')
write (11,1020) t2(k),ulm(k)
open(unit=12 file="uu2n.txt’)
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write (12,1020) t2(k),u2m(k)
open(unit=13,file="uu3n.txt")
write (13,1020) t2(k),u3m(k)

1 end do

C
1010 format(401e15.6)
1020 format(el5.6,2e15.6)
end

C subroutines
C calculate temperature

subroutine

$temp(n,m,r,Ix,h1,h2 h3,x,y,z t,dt,lto,ltn,eto,etn,

$xsan,ysan,zsan,xsao,ysao,zsao,qexo,qeyo,

$qezo,qlxo,qlyo.qlzo,qex,qey,qez,

$qlx,qly,qlz)

c
implicit double precision (a-h,l,0-z)
dimension x(150),y(50),z(50)
$et0(150,50,50),etn(150,50,50),1t0(150,50,50),
$1tn(150,50,50),xsan(101,31,31),
$ysan(101,31,31),zsan(101,31,31),
$xs5a0(101,31,31),ysa0(101,31,31),
$zs20(101,31,31), gexo(101,31,31),
$qeyo(101,31,31), qezo(101,31,31),
$qix0(101,31,31),qlyo(101,31,31),
$qlzo(101,31,31), qex(101,31,31),
$qey(101,31,31), qez(101,31,31),
$q1x(101,31,31),qly(101,31,31), q1z(101,31,31),
$TEnew(150,50,50),TLnew(150,50,50),
$TEo0(150,50,50),TEold(150,50,50),
$TLo0(150,50,50),TLold(150,50,50),
$tkex(101,31,31),tkey(101,31,31),
$tkez(101,31,31)
integer iteration,l,r,flagE, flagl.

C data

C Lame constant
clemta=199.0d+9

C Shear modulus
cmiu=27.0d+9

C Thermal expansion coefficient
alpha=14.2d-6

C Electron heat capacity
Ae=70.0

C Lattic heat capacity
cl=2.5d+6

C Electron - lattic coupling factor
g=2.6d+16

C Electron thermal conducitivity
tk0=315.0

C Laser fluence



flu=500.0

C Laser pulse duration
tp=0.01d-12

C Optical penetration depth
zs=15.3d-9

C Surface reflectivity
sur=0.93

C Spatial profile parameters
1s=1.0d-6

C Electron relaxation time
taue=0.04D-12

C Lattice relaxation time

taul=0.8D-12

nx=n
ny=m
nz=r
dx=hl
dy=h2
dz=h3

doj=1,ny

do i=1,nx+1

do k=1,nz+1
TEold(i,j,k)=etn(i,j,k)
TLold(i,j,k)=ltn(i,j,k)
TEo(i,j,k)=eto(i,j,k)
TLo(i,j.k)=Ito(i,j,k)
enddo

enddo

enddo

iteration=0
d=dt*dx*dy*dz

sse=dt/(2.0*taue+dt)
ssl=dt/(2.0*taul+dt)

ee=-2.0*dx*dy*dz*(3.0*clemta+2.0*cmiu)

$*300.0*alpha
ffl=2.0*dx*dy*dz*cl

C Iteration starts

C flagE and flagL indicate whether TE and TL are

C precise enough

C keep on iterating as long as flagE or flagL

C equals to 1
2 flagE=1
flagl=1

aximumE=0.0

do j=1,ny

do i=2,nx+1

do k=2,nz+1
temp1=abs((TEold(i,j,k)+TEo(i,

&)

$/(TLold(i,j,k)+TLo(ij,k)))

temp2=abs((TEold(i-1,j,k)* TEo(i-1,j,k))

$/(TLold(i-1,j,K)+TLo(i-1,j,k)))

if (j.eq.1) then
temp3=abs((TEold(i,ny,k)+ TEo(i,ny,k))
$ /(TLold(i,ny,k)*TLo(i,ny,k)))
else

temp3=abs((TEold(i,j-1,k)+TEo(i,j-1,k))

$/(TLold(4,j-1,k)+TLo(i,j-1,k)))
endif

temp4=abs((TEold(i,j.k-1)+ TEo(ij k-1))

$/(TLold(ij,k-1)+TLo(i,j,k-1)))

tkex(i,j,k)=tk0*(TEo(i,j,k)/TLo(i,j,k))
tkey(i,j,k)=tk0*(TEo(i,j,k)/ TLo(i,j,k))
tkez(i,j,k)=tk0*(TEo(i,j,k)'TLo(i,j,k))
enddo
enddo
enddo

do j=1,ny

do k=1,nz+1

tkex(1,j,k)=tkex(2,j,k)

tkex(nx+1,j,k)=tkex(nx,j,k)
tkey(1,j,k)=tkey(2,j,k)

tkey(nx+1,j,k)=tkey(nx,j,k)

tkez(1,j,k)=tkez(2,j,k)

tkez(nx+1,j,k)=tkez(nx,j,k)
enddo

enddo

do j=1l,ny

do i=1,nx+1
tkex(i,j,1)=tkex(i,j,2)
tkex(i,j,nz+1)=tkex(i,j,nz)
tkey(i,j,1)=tkey(i,j,2)
tkey(i,j,nz+1)=tkey(i,j,nz)
tkez(i,j,1)=tkez(i,j,2)
tkez(i,j,nz+1)=tkez(i,j,nz)
enddo

enddo

do j=1,ny

do i=2,nx

do k=2.nz
S$=0.94*flu*(1.0-sur)/(tp*zs)
$*exp(-(Ix-x(1))/zs)
$*exp(-2.77*(1-2.0*tp) *(t-2.0*tp)/(tp*tp))
$*abs(cos(z(k)))

if (abs(S)<1D-200)

$=0.0

ffe=4.0* Ae*dx*dy*dz*(TEold(i,j,k)
$*TEold(i,j,k) +TEold(i,j,k)* TEo(i,j,k)



$+TEo(i,j,k)*TEo(i,j,k))
$/(3.0%(TEold(i,j,k)*+*TEo(i,j,k)))
tempx 1=dt*dy*dz*tkex(i,j,k)/dx
tempx2=x(i-1)*x(i- 1 )/(x(Q)*x (1))
$*dt*dy*dz*tkex(i-1,j,k)/dx

tempy1=1.0/(x(i)*x(i)*sin(z(k))*sin(z(k)))
$*dt*dx*dz*tkey(i,j K)/dy

if (j.eq.1) then
tempy2=1.0/(x(i)*x(i)*sin(z(k))*sin(z(k)))
$*dt*dx*dz*tkey(i,ny,k)/dy

else
tempy2=1.0/(x(1)*x(i)*sin(z(k))*sin(z(k)))
$*dt*dx*dz*tkey(i,j-1,k)/dy

endif

tempz1=1.0/(x(i)*x(i))*dt*dx*dy*tkez(i,j,k)/dz
tempz2=sin(z(k-1))/(x(i)*x(i)*sin(z(k)))*dt
$*dx*dy*tkez(i,j,k-1)/dz

al=ffe+(tempx1+tempx2+tempy 1+tempy?2
$+tempzl+tempz2)*sse-+g*d

b1=-4.0*dy*dz*taue*sse*(qexo(i,j,k)
$-x(i-1)*x(i-1)/(x()*x(i)) *qexo(i-1,j,k))

if (j.eq.1) then
b2=-4.0*dx*dz*taue*sse/(x(i)*sin(z(k)))
$*(qeyo(i,j,k)-qeyo(i,ny,k))

else
b2=-4.0*dx*dz*taue*sse/(x(i)*sin(z(k)))
$*(qeyo(i.j,k) -qeyo(ij-1,k))

endif

b3=-4.0*dx*dy*taue*sse*(1.0/x(i)*qezo(i,j,k)
$-sin(z(k-1))/(x(i)*sin(z(k)))*qezo(i,j,k-1))

cl=tempx1*sse*(TEold(i+1,j,k)+TEo(i+1,j,k)
$-TEo(i,j,k))
c2=-tempx2*sse*(TEo(i,j,k)-TEold(i-1,j,k)
$-TEo(i-1,j,k))

if (j.eq.ny) then
c3=tempy1*sse*(TEold(i,1,k)+TEo(i,1,k)
$-TEo(i,j,k))

else
c3=tempy1*sse*(TEold(i,j+1,k)+TEo(i,j+1,k)
$-TEo(i,j,k))

endif

if (j.eq.1) then
cd=-tempy2*sse*(TEo(i,j,k)-TEold(i,ny,k)
$-TEo(i,ny.k))

else
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cd=-tempy2*sse*(TEo(i,j,k)-TEold(i,j-1,k)-
$TEo(i,j-1,k))
endif

c5=tempzl*sse*(TEold(i,j,k+1)+TEo(i,j,k+1)-
$TEo(i,),k))
c6=-tempz2*sse*(TEo(i,j,k)-TEold(i,j,k-1)-
$TEo(i,j,k-1))

d1=-g*d*(TEo(i,j,k)-TLold(i,j,k)-TLo(ij.k))

if (k.le.(NINT(nz/4.0)+1)) then
d2=2.0*d*S

else

d2=0.0

endif

d3=ffe*TEo(i,j,k)

C TEnew: The new TE at the right now time point

C calculated based on the

C old TEs and TEs at the previous time point
TEnew(i,j,k)y=(b1+b2+b3+cl+c2+c3+c4+c5
$+c6+d1+d2+d3)/al

if (TEnew(i,j,k)<300.0) TEnew(i.j,k)=300.0

C dTE: Difference between the new and the old
C TEs at now time point
dTE=abs(TEnew(i,j,k)-TEold(i,j,k))

C aximumE: The maximum difference between all
C the new and the old TEs

if (aximumE.le.dTE) then

aximumE=dTE

endif

enddo

enddo

enddo

C If aximumE is less than 1D-6, which means that
C the largest difference
C between the new and old TEs are smaller than
C 1D-6, make flagE=0 to
C stop the iteration for TE
if(aximumE.1t.1D-2) then
flagE=0
endif

C Since the calculation have no boundary TEs, just
C make them equal to
C their neighbours

do j=1,ny

do k=1,nz+1

TEnew(1,j,k)=TEnew(2,j,k)



TEnew(nx+1,j,k)=TEnew(nx,j,k)
enddo
end do

do j=1,ny

do i=1,nx+1
TEnew(i,j,1)=TEnew(i,j,2)
TEnew(i,j,nz+1)=TEnew(i,j,nz)
enddo

enddo

aximumL=0.0

do j=1,ny

do i=2,nx

do k=2,nz

tempx1=dt*dy*dz*tk0/dx

tempx2=x(i- 1 )*x(i-1)/(x(()*x(i))*dt*dy
$*dz*tk0/dx

tempy 1=1.0/(x(i)*x(i)*sin(z(k))*sin(z(k)))
$*dt*dx*dz*tk0/dy

tempy2=1.0/(x(i)*x(i) *sin(z(k))*sin(z(k)))
$*dt*dx*dz*tk0/dy
tempz1=1.0/(x(D)*x(1))*dt*dx*dy*tk0/dz
tempz2=sin(z(k-1))/(x(i)*x(i)*sin(z(k)))*dt
$*dx*dy*tk0/dz
el=ffl+(tempx1+tempx2-+tempy 1-+tempy2
$-+tempzl+tempz2)*ssl+d*g
f1=-4.0*dy*dz*taul*ssl*(qlxo(i,j,k)
$-x(i-1)*x(-1)/(x (1) *x(1)) *qlxo(i-1,j,k))

if (j.eq.1) then
2=-4.0*dx*dz*taul*ssl/(x(i)*sin(z(k)))
$*(qlyo(i,j.k)-qlyo(i,ny,k))

else
2=-4.0*dx*dz*taul*ssl/(x(i)*sin(z(k)))
$*(alyo(ij.k)-qlyo(ij-1,k))

endif

f3=-4.0*dx*dy*taul*ss1*(1.0/x(i)
$*qlzo(i,j,k)-sin(z(k-1))
$/(x(i)*sin(z(k)))*qlzo(i,j.k-1))

gl=tempx1*ss1*(TLold(i+1,j,k)+TLo(i+1,j,k)
$-TLo(i,j,k))
g2=-tempx2*ssl*(TLo(i,j,k)-TLold(i-1,j,k)
$-TLo(i-1,j,k))

if (j.eq.ny) then
g3=tempy1*ssl*(TLold(i,1,k)+TLo(i,1,k)
$-TLo(i,j,k)
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else

g3=tempy 1 *ssI*(TLold(i,j+1,k)+TLo(i,j+1,k)
$-TLo(i,j,k))

endif

if (j.eq.1) then
gd=-tempy2*ss1*(TLo(i,j,k)-TLold(i,ny,k)
$-TLo(i,ny k))

else
gd4=-tempy2*ss|*(TLo(i,j,k)-TLold(i,j-1,k)
$-TLo(i,j-1,k))

endif

g5=tempz1*ssl*(TLold(i,j,k+1)+TLo(i,j,k+1)
3-TLo(i,j.k))
g6=-tempz2*ssI*(TLo(i,j,k)-TLold(i,j,k-1)
$-TLo(i,j,k-1))

hh1=-g*d*(TLo(i,j,k)-TEnew(i,j,k)-TEo(i,j,k))
hh2=ee*(xsan(i,j,k)+ysan(i,j,k)+zsan(i,j,k)
$-(xsao(i,j,k)+ysao(i,j,k)+zsao(i,j,k)))
hh3=ffI*TLo(i,j,k)

TLnew(i,j,K)=(f1+2+f3+g 1 +g2+g3+gd+g5+g6
$+hh1+hh2+hh3)/el

dTL=abs(TLnew(i,j,k)-TLold(i,j,k))

if(aximumL.lt.dTL) then
aximumL=dTL

endif

enddo

enddo

enddo

if(aximumL.It.1D-3) then
flagl. =0
endif

do j=1,ny

do k=1,nz+1
TLnew(1,j,k)=TLnew(2,j,k)
TLnew(nx+1,j,k)=TLnew(nx,j,k)
end do

end do

do j=1,ny

do i=1nx+1
TLnew(i,j,1)=TLnew(i,j,2)
TLnew(i,j,nz+1)=TLnew(i,j,nz)
enddo

enddo

C Update all the TEold, TLold with TEnew and
C TLnew



do j=1,ny+1

do i=1,nx+1

do k=1,nz+1
TEold(i,j,k)=TEnew(i,j,k)
TLold(i,j,k)=TLnew(i,j,k)
enddo

enddo

enddo

C If flagE or flagL. is still be 1, then we should go
C back to 2

C to do iteration again to calculate new TE and TL
CUse "iteration" to remember the time of iterations

if((flagE.eq.1).OR.(flagL.eq.1)) then
iteration=iteration+1
TEnew(nx+1,1,nz+1)

goto 2

else

do j=l,ny

do i=1,nx

do k=2.,nz
gex(i,j,k)=4.0*taue*sse*qexo(i,j,k)
$/dt-qexo(ij,k)-tkex(i,j,k)*sse
$*(TEold(i+1,},k)+TEo(i+1,j,k)
$-TEold(i,j,k)-TEo(i,j,k))/dx
enddo

enddo

enddo

do j=1,ny

do i=2,nx

do k=2,nz

if (j.eq.ny) then
gey(i,j,k)=4.0*taue*sse*qeyo(i,j,k)/dt
$-qeyo(i,j,k) -tkey(i,j,K)*sse
$*(TEold(i,1,k)*TEo(i,1,k)
$-TEold(i,j,k)-TEo(i,j,k))
$/(dy*x(i)*sin(z(k)))

else
gey(i,j,k)=4.0*taue*sse*qeyo(i,j,k)/dt
$-qeyo(i,j,k) -tkey(i,j,k)*sse
$*(TEold(i,j+1,k)+TEo(i,j+1,k)
$-TEold(i,j,k)-TEo(i,j,k))
$/(dy*x(1)*sin(z(k)))

endif

enddo

enddo

enddo

do j=1,ny
do i=2,nx
do k=1,nz
gez(i,j,k)=4.0*taue*sse*qezo(i,j,k)/dt
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$-qezo(i,j,k) -tkez(i,j,k)*sse
$(TEold(i,j,k+1)+TEo(ij,k+1)
$-TEold(i,j,k)-TEo(ij,k))
$/(dz*x(1))

enddo

enddo

enddo

do j=1,ny

do i=1,nx

do k=2.nz
qlx(i,j,k)=4.0*taul*ssl*qlxo(i,j,k)/dt-qlxo0(i,j, k)
$-tk0*ss1*(TLold(i+1,j,k)+TLo(i+1,j,k)
$-TLold(i,j,k)-TLo(i,j,k))/dx

enddo

enddo

enddo

do j=1ny

do i=2,nx

do k=2,nz

if (j.eq.ny) then
qly(i,j,k)=4.0*taul*ssl*qlyo(i,j,k)/dt-qlyo(i,j,k)
$-tk0*ss1*(TLold(i,!,k)+TLo(i,1,k)
$-TLold(i,j,k)-TLo(i,j,k))/(dy*x (i) *sin(z(k)))
else
qly(i,j,k)=4.0*taul*ssl*qlyo(ij,k)/dt-glyo(i,j,k)
$-tk0*ss1*(TLold(i,j+1,k)+TLo(i,j*+1,k)
$-TLold(i,j,k)-TLo(i,j,k))/(dy*x(i)*sin(z(k)))
endif

enddo

enddo

enddo

do j=1,ny

do i=2,nx

do k=1,nz
qlz(i,j,k)=4.0*taul*ssi*qlzo(i,j,k)/dt-qlzo(i,j,k)
$-tk0*ss1*(TLold(i,j,k+1)+TLo(i,j,k+1)
$-TLold(i,j,k)-TLo(i,j,k))/(dz*x(i))

enddo

enddo

enddo

endif

do j=1,ny

do k=1,nz+1
qex(1,j,k)=qex(2,j,k)
gex(nx+1,j,k)=qex(nx,j,k)
qey(1,j,k)=qey(2.,,k)
qey(nx+1,j,K)=qey(nx,j,k)
qez(1,j,k)=qez(2,j,k)
gez(nx+1,j,k)=qez(nx,j,k)



qlx(1,j,k)=qlx(2,j.k)
gix(nx+1,j,k)=qlx(nx,j,k)
qly(1,),k)=qly(2.j.,k)
qly(nx+1,j,k)=qly(nx,j,k)
qlz(1,j,k)=qlz(2,j,k)
glz(nx+1,j,k)=qlz(nx,j k)
enddo

enddo

do j=1,ny

do i=1,nx+1

gex(ij, 1)=qex(ij,2)
gex(i,j,nz+1)=qex(i,j,nz)
qey(ij,1)=gey(i,},2)
qey(i,j,nz+1)=qey(i,j,nz)
qez(i,j,1)=qez(i,},2)
qez(i,j,nz+1)=qez(i,j,nz)
qlx(ij,1)=qlx(i,j,2)
qlx(i,j,nz+1)=qlx(i,),nz)
qly(i,j,1)=qly(i,j,2)
qly(ij,nz+1)=qly(i,j,nz)
qlz(i,j, 1)=qlz(i,j,2)
qlz(i,j,nz+1)=qlz(i,j,nz)
enddo

enddo

do j=1,ny

do i=1,nx+1

do k=1,nz+1
etn(i,j,k)=TEnew(i,j,k)
Itn(i,j, k)=TLnew(i,j k)
enddo

enddo

enddo

write (*,*) 'Te bottom =", etn(n+1,1,r+1)
write (*,*) 'Te top =, etn(n+1,1,1)

end

C end of subroutine temp()
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$xse0(101,31,31),yse0(101,31,31),
$zse0(101,31,31),
$sseoxy(101,31,31),sse0xz(101,31,31),
$sseoyz(101,31,31), xsen(101,31,31),
$ysen(101,31,31),zsen(101,31,31),
$ssenxy(101,31,31),ssenxz(101,31,31),
$ssenyz(101,31,31), vio(101,31,31),
$v20(101,31,31),v30(101,31,31),

$ vin(101,31,31),v2n(101,31,31),
$v3n(101,31,31), ulo(101,31,31),
$u20(101,31,31),u30(101,31,31),
$uln(101,31,31),u2n(101,31,31),
$u3n(101,31,31),difx(101,31,31),
$dify(101,31,31),difz(101,31,31),
$difxyx(101,31,31),difxyy(101,31,31),
$difxzx(101,31,31),difxzz(101,31,31),
$difyzy(101,31,31),difyzz(101,31,31)

integer L1

¢ Density

lou=1.93d+4

¢ Electron - blast coefficient

tri=70.0

do1=2r

doj=1,m

doi=1,n

if (j.eq.1) then
vin(ig,l)=vio(ij,l)y+dt*difx(ij,])
$/(lou)+dt*difxzz(ij,l)
$/(lou*(x(i)+h1/2))+dt*difxyy(i,j,1)
$ /(lou*(x(1)+h1/2)*sin(z(1)))+dt
$*((xsen(ij,D+xsen(i+1,j,1))

$ -(ysen(i,j,)+ysen(i+1,j,1))/2
$-(zsen(ij,))+zsen(i+1,j,1))/2
$+(ssenxz(i,j,])+ssenxz(i,j,i-1))
$*(cos(z(1)))/(2*sin(z(1)))) /(lou*(x(i)+h1/2))
$+dt*tri*(etn(i+1,j,)*etn(i+1,j,)
$-etn(ij,])*etn(i,j,))/(lou*h1)

else
vin(i,j,D=v1o(i,)+dt*difx(ii,l)

$ /(low)+dt*difxzz(ij,l)

$ /(ou*(x(i)+h1/2))+dt*difxyy(i,j,))
$ /(lou*(x(1)+h1/2)*sin(z(1)))+dt
$*((xsen(i,j,])+xsen(i+1,j,1)) -(ysen(i,j,])

subroutine
velocity(n,m,r,h1,h2,h3,dt,x,y,z,eto,etn,xseo,yseo,
$ zseo,sseoxy,sse0xz,ss€0yz,

$+ysen(i+1,j,1))/2-(zsen(i,j,))+zsen(i+1,j,1))
$/2+(ssenxz(i,j,)+ssenxz(i,j,1-1))
$*(cos(z(1)))/(2*sin(z(1)))) /(lou*(x(i)+h1/2))
$ xsen,ysen,zsen,ssenxy,ssenxz,ssenyz, $+dt*tri*(etn(i+1,5,)) *etn(i+1,j,1)
$ vlo,v20,v30,vIn,v2n,v3n,ulo,u2o,u3o, $-etn(i,j,D*etn(i,j,1))/(lou*hl)
$ uln,u2n,u3n,difx,dify,difz,difxyx,difxyy, endif
$ difxzx,difxzz,difyzy,difyzz)
uln(i,j,)=vin(i,j,)*dt+ulo(i,j,l)

implicit double precision (a-h,l,0-z) end do

dimension x(150),y(50),z(50) end do

dimension eto(150,50,50),etn(150,50,50), end do



do j=1,m

doi=1,n
uln(i,j,1)=uln(i,j,2)
uln(i,j,r+1)=uln(i,j,r)
vIn(i,j,1)=vIn(,j,2)
vin(i,j,r+1)=vin(i,j,r)
end do

end do

doi=2n

doj=1,m

doI=1r

if (j.eq.1) then
v3n(i,j,=v3o(i,j, ) +dt*difkzx(i,j,1)

$ /(louy+dt*difz(i,j,l)

$ /(lou*x(i)+dt*difyzy(ij,D)

$ /(lou*x(i)*sin(z(1)*+h3/2))+dt*(((zsen(i,j,1+1)
$ +zsen(i,j,1))/2-(ysen(i,j,I+1)+ysen(i,j,))/2)

$ *(cos(z()+h3/2))/sin(z(l)+h3/2)+3
$*(ssenxz(i,j,l) +ssenxz(i-1,j,1))/2)/(lou*x(i))
$+dt*tri*(etn(i,j,1+1)
$*etn(i,j,1+1)-etn(i,j,)*etn(i,j,1))/ (lou*h3*x(i))
else

v3n(i,j,))=v30(,j,D+dt*difxzx(i,j,])

$ /(lou)+dt*difz(i,j,l)

$ /(lou*x(i))+dt*difyzy(i.j,])

$ /(lou*x(i)*sin(z(1)+h3/2))+dt*(((zsen(i,j,1+1)
$ +zsen(i,j,1))/2-(ysen(i,j,I+1)+ysen(i,j,1))/2)

$ *(cos(z(l)y+h3/2))/sin(z(1)+h3/2)+3
$*(ssenxz(i,j,]) +ssenxz(i-1,j,1))/2)/(lou*x(i))
$+dt*tri*(etn(i,j,1+1)

$ *etn(i,j,1+1)-etn(i,j,))*etn(i,j,1))/(lou*h3 *x(i))
endif

u3n(i,j,l)=v3n(i,j,)*dt+u3o(ij,l)
end do
end do
end do

do j=1,m

do i=1,n+1
u3n(i,j,r+1)=udndi,j,r)
v3n(i,j,r+1)=v3n(i,j,r)
end do

end do

do j=1,m

do I=1,r+1
u3n(1,j,1)=u3n(2,j,1)
u3n(n+1,j,l)=u3n(n,j,)
v3n(1,j,H)=v3n(2,j,])
v3n(n+1,j,))=v3n(n,j,l)
end do
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end do

do 1=2,r

do i=2,n

do j=1,m

if (j.eq.m) then
v2n(i,j,D=v20(,j,D+dt*difxyx(i,j,l)

$ /(lou)+dt*difyzz(i,j,1)

$ /(lou*x(i))+dt*dify(ij,l)

$ /(ou*x()*sin(z()+dt*((ssenyz(i,j,])
$ +ssenyz(i,j,l-1))*(cos(z(1)))/sin(z(1))+3
$*(ssenxy(i,j,l) +ssenxy(i-1,j,1))/2)/(lou*x(i))
$+dt*tri*(etn(i, 1,1
$*etn(i, 1, Detn(i,j,)*etn(i,j,1))
$/(lou*h2*x(i)*sin(z(1)))

else

v2n(ij,)=v2o(ij,))+dt*difxyx(ij,])

$ /(lou)+dt*difyzz(i,j,))

$ /(lou*x(i))+dt*dify(ij,l)

$ /[lou*x()*sin(z(1)))+dt* ((ssenyz(i,j,])
$ +ssenyz(i,j,I-1))*(cos(z(1)))/sin(z(1))+3
$*(ssenxy(i,j,1) +ssenxy(i-1,j,1))/2)
$/(lou*x(@))+dt*tri*(etn(i,j+1,1)

$ *etn(i,j+1,])-etn(ij,l)*etn(i},1)
$/(ou*h2*x(i)*sin(z(1)))

endif

u2n(i,j,l)=v2n(i,j,)*dt+u2o(i,j,l)
end do
end do
end do

doi=1,n

doj=l,m

u2n(ij, [)=u2n(i,j,2)
u2n(i,j,r+1)=u2n(i,j,r)
v2n(i,j,1)=v2n(i,j,2)
v2n(i,j,r+1)=v2n(i,j,r)
end do

end do

do I=1,r+1

do j=1,n
u2n(1,j,h)=u2n(2,j,)
u2n(n+1,j,1)=0
v2n(1,j,l)=v2n(2,j,))
v2n(n+1,j,1)=0

end do

end do

return
end



APPENDIX B

SOURCE CODE FOR 3D
DOUBLE-LAYERED CASE
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¢ main

implicit double precision (a-h,l,0-z)

dimension t(20010),t1(20010),t2(20010),x(150),
$y(50),2(50),
$x1(150),x2(150),y1(50),21(50),a(150),b(150),
$c(150),beta(150)

dimension eto(150,50,50),etn(150,50,50),
$lto(150,50,50),1tn(150,50,50),
$etm(20010),etm1(20010),1tm(20010),
$itm1(20010),ulm(20010),u2m(20010),
$u3m(20010),xsa0(101,31,31),ysao(101,31,31),
$zsa0(101,31,31),ssa0xy(101,31,31),
$ssaoxz(101,31,31),ssaoyz(101,31,31),
$xsa00(101,31,31),ysa00(101,31,31),
$zsa00(101,31,31),ssa00xy(101,31,31),
$ssaooxz(101,31,31),ssa00yz(101,31,31),

$xsan(101,31,31),ysan(101,31,31),zsan(101,31,31),

$ssanxy(101,31,31),ssanxz(101,31,31),
$ssanyz(101,31,31),xse0(101,31,31),
$yseo0(101,31,31),zse0(101,31,31),
$sseoxy(101,31,31),sseoxz(101,31,31),
$sseoyz(101,31,31),xsen(101,31,31),
$ysen(101,31,31),zsen(101,31,31),
$ssenxy(101,31,31),ssenxz(101,31,31),
$ssenyz(101,31,31),difx(101,31,31),
$dify(101,31,31),difz(101,31,31),
$difxyx(101,31,31),difxyy(101,31,31),
$difxzx(101,31,31),difxzz(101,31,31),
$difyzy(101,31,31),difyzz(101,31,31),
$v10(101,31,31),v20(101,31,31),v30(101,31,31),
$vin(101,31,31),v2n(101,31,31),v3n(101,31,31),
$ulo(101,31,31),u20(101,31,31),u30(101,31,31),
$uln(101,31,31),u2n(101,31,31),u3n(101,31,31),
$d(101,31,31),gama(101,31,31),ul(101,31,31),
$u2(101,31,31),u3(101,31,31),u4(101,31,31),
$us(101,31,31),u6(101,31,31),u7(101,31,31),
$u8(101,31,31),u9(101,31,31),qex0(101,31,31),
$qeyo(101,31,31),qez0(101,31,31),

$qlx0(101,31,31),qlyo(101,31,31),qlz0(101,31,31),

$qex(101,31,31),qey(101,31,31), qez(101,31,31),
$q1x(101,31,31),qly(101,31,31), q1z(101,31,31)

integer o, counter,l,r

¢ Lame constant
lemta=199.0d+9

¢ Shear modulus
cmiu=27.0d+9

¢ Thermal expansion coefficient
alphat=14.2d-6

pi=3.14159265359
Ix=1.0D-7
ly=2.0*pi
1z=1.0*pi

n=80
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n2=NINT(1/2.0)+1
m=20

r=20

hl=Ix/n

h2=ly/m

h3=lz/r

dt=0.0025d-12
o0=NINT(20d-12/dt)+1
counter=0

t(1)=0

x(1)=0

y(1)=0

z(1)=0

¢ initial condition

k=1

do I=1,r+1
doj=1,m

do i=1,n+1
etn(i,j,)=300.0
Itn(i,j,1)=300.0
eto(i,j,1)=300.0
Ito(i,j,1)=300.0

x520(1,j,1)=0.0
ysao(i,j,1)=0.0
zsao(i,j,1)=0.0
ssaoxy(i,j,1)=0.0
ssaoxz(i,j,1)=0.0
ssaoyz(i,j,1)=0.0

x5200(1,j,1)=0.0
ysaoo(i,j,1)=0.0
75a00(i,j,1)=0.0
ssaooxy(i,j,1)=0.0
ssao0xz(i,j,1)=0.0
ssaooyz(i,j,1)=0.0

xseo(i,j,1)=0.0
yseo(i,j,1)=0.0
zseo(i,j,1)=0.0
sseoxy(i,j,)=0.0
sseoxz(i,j,1)=0.0
sseoyz(i,j,1)=0.0
difxyx(i,j,1)=0.0
difxyy(i,j,1)=0.0
difxzx(i,j,1)=0.0
difxzz(i,j,1)=0.0
difyzy(i,j,))=0.0
difyzz(i,j,1)=0.0
difx(i,j,1)=0.0
dify(i,j,1)=0.0
difz(i,j,1=0.0
v1o(i,j,[)=0.0



v20(i,},1)=0.0
v30(i,j,1)=0.0
ulo(i,,1)=0.0
u20(i,j,1)=0.0
u3o(i,j,1)=0.0

qexo(i,j,)=0.0
qlxo(i,j,1)=0.0
qex(i,j,1)=0.0
qIx(i,j,1)=0.0
geyo(i,j,)=0.0
qlyo(i,j,1)=0.0
qey(i,j,1)=0.0
qly(i,j,1)=0.0
gezo(i,j,1)=0.0
qlzo(i,j,})=0.0
qez(i,j,1)=0.0
qlz(i,),1)=0.0

end do
end do
end do

etm(k)=300.0
1tm(k)=300.0

do I=2,r+1
z(1)=z(1-1)+h3
z1()=z(1-1)+1.0/r

end do

doj=2,m

y(G)=y(-1)+h2
y1(G)=y1(G-1)+2.0/m
end do

do i=2,n+1
x(1)=x(i-1)+h1
x1({)=(x(i-1)+h1)*1.0d6
x2(1)=-(x(i-1)+h1)*1.0d6
end do

write(*,*) 'start’
do 1 k=2,0+1

t(k)=t(k-1)+dt
t1(k)=t(k-1)+dt/2.0
12(k)=(t(k-1)+dt)*1.0d12

do I=1,r+1

do j=1,m

do i=1,n+1
xsan(i,j,])=xsao(i,j,l)
ysan(i,j,1)=ysao(i,j,l)
zsan(i,j,1)=zsao(i,j,l)
enddo

106

enddo
enddo

call temp(n,m,r,n2,1x,h1,h2,h3 x,y,z,t1(k),dt,
$lto,Itn,eto,etn,xsan,ysan,zsan,xsao,ysao,zsao,
$qgexo,qeyo,qezo,qlxo,qlyo,qlzo,qex,qey,qez,qlx,ql
$y,qlz)

tol=1d-12
detuvmax=tol+1d-5

do while (detuvmax.gt.tol)
detuvmax=0.0

detlmax=0

det2max=0

det3max=0

detdmax=0

detSmax=0

detémax=0

C Compute normal stress

do j=1,ny+1

do k=1,nz+1
saxn(1,j,k)=0.0
saxn(nx+1,j,k)=0.0
end do

end do

do i=1,nx+1

do k=1,nz+1
sayn(i,1,k)=0.0
sayn(i,ny+1,k)=0.0
end do

end do

do j=1,ny+1

do i=1,nx+1
sazn(i,j,1)=0.0
sazn(i,j,nz+1)=0.0
end do

end do

do i=2,nx
do j=2,ny

C gold

& & H

clemta=clemtal

cmiu=cmiul

alpha=alphal

do k=2,nz2-1
saxn(i,j,k)=(clemta+2.0*cmiu)*epxn(i,j,k)
+clemta*epyn(i,j,k)

+clemta*epzn(i,j,k)
-(3.0*clemta+2.0*cmiu)*alpha*(TLold(i,j,k)-
300.0)



KB n e

e

sayn(i,j,k)=clemta*epxn(i,j,k)
+(clemta+2.0*cmiu)*epyn(i,j,k)
+clemta*epzn(i,j,k)
-(3.0*clemta+2.0*cmiu)*alpha*(TLold(i,j,k)-
300.0)

sazn(i,j,k)=clemta*epxn(i,j,k)
+(clemta+2.0*cmiu)*epzn(i,j k)
+clemta*epyn(i,j,k)
-(3.0*clemta+2.0*cmiu)*alpha*(TLold(i,j,k)
-300.0)

end do

C Chromium

o nes L

& n s s

clemta=clemta2

cmiu=cmiu2

alpha=alpha2

do k=nz2+1,nz
saxn(i,j,k)=(clemta+2.0*cmiu)*epxn(i,j,k)
+clemta*epyn(i,j,k)

+clemta*epzn(i,j,k)
-(3.0*clemta+2.0*cmiu)*alpha*(TLold(i,j,k)
-300.0)

sayn(i,j,k)=clemta*epxn(i,j,k)
+(clemta+2.0*cmiu)*epyn(i,j,k)
+clemta*epzn(i,j,k)
-(3.0*clemta+2.0*cmiu)*alpha*(TLold(i,j,k)
-300.0)

sazn(i,j,k)=clemta*epxn(i,j,k)
+(clemta+2.0*cmiu)*epzn(i,j,k)
+clemta*epyn(i,j,k)
-(3.0*clemta+2.0*cmiu)*alpha*(TLold(i,j,k)
-300.0)

end do

k=nz2
saxn(i,j,k)=(saxn(i,j,k+1)+saxn(i,j,k-1))/2
sayn(i,j,k)=(sayn(i,j,k+1)+sayn(i,j,k-1))/2
sazn(i,j,k)=(sazn(i,j,k+1)+sazn(i,j,k-1))/2
end do
end do

C Calculate shear stress

do j=1,ny

do k=2,nz
saxyn(1,j,k)=0.0
saxyn(nx,j,k)=0.0
end do

end do

do i=1,nx
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do k=2,nz
saxyn(i,1,k)=0.0
saxyn(i,ny,k)=0.0
end do

end do

do j=2,ny-1

do i=2,nx-1

clemta=clemtal

cmiu=cmiul

alpha=alphal

do k=2 nz2-1
saxyn(i,j,k)=cmiu*epxyn(i,j,k)
end do

clemta=clemta2

cmiu=cmiu2

alpha=alpha2

do k=nz2+1,nz
saxyn(i,j,k)=cmiu*epxyn(i,j,k)
end do

k=nz2
saxyn(i,j,k)=(saxyn(i,j,k+1)+saxyn(i,j,k-1))/2
end do

end do

do j=2,ny

do k=1,nz
saxzn(1,j,k)=0.0
saxzn(nx,j,k)=0.0
end do

end do

do i=1,nx

do j=2,ny
saxzn(i,j,1)=0.0
saxzn(i,j,nz)=0.0
end do

end do

do j=2,ny

do i=2,nx-1

clemta=clemtal

cmiu=cmiul

alpha=alphal

do k=2,nz2-1
saxzn(i,j,k)=cmiu*epxzn(i,j,k)
end do

clemta=clemta2

cmiu=cmiu2

alpha=alpha2

do k=nz2,nz-1
saxzn(i,j,k)=cmiu*epxzn(i,j,k)
end do

end do

end do



do i=2,nx

do k=1,nz
sayzn(i,1,k)=0.0
sayzn(i,ny,k)=0.0
end do

end do

do i=2,nx

do j=1,ny
sayzn(i,j,1)=0.0
sayzn(i,j,nz)=0.0
end do

end do

do j=2,ny-1

do i=2,nx

clemta=clemtal

cmiu=cmiul

alpha=alphal

do k=2,nz2-1
sayzn(i,j,k)=cmiu*sayzn(i,j,k)
end do

clemta=clemta2

cmiu=cmiu2

alpha=alpha2

do k=nz2,nz-1
sayzn(i,j,k)=cmiu*sayzn(i,j k)
end do

end do

end do

C Calculate derivative of stress difx

do k=2.nz

do j=2,ny
difx(1,j,k)=(saxn(2,j,k)-saxn(1,j,k))/dx
difx(nx,j,k)=(saxn(nx+1,j,k)-saxn(nx,j,k))/dx
end do

end do

b(2)=0.0
a(2)=11.0/12.0
c(2)=-1.0/24.0

do k=2,nz

do j=2,ny
d(2,j,k)=(saxn(3,j,k)-saxn(2,j,k))/dx
-1.0/24.0*difx(1,j,k)

end do

end do

do i=3,nx-2
b(i)=-1.0/24.0
a(i)=11.0/12.0
c(i)=-1.0/24.0
do j=2,ny

$
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do k=2 nz
d(i,j.k)=(saxn(i+1,j,k)-saxn(i,j,k))/dx
end do

end do

end do

b(nx-1)=-1.0/24.0
a(nx-1)=11.0/12.0
c(nx-1)=0.0

do k=2,nz

do j=2,ny
d(nx-1,j,k)=(saxn(nx,j,k)-saxn(nx-1,j,k))/dx
-1.0/24.0*difx(nx,j,k)

end do

end do

beta(nx)=0.0

do k=2,nz

do j=2,ny
gama(nx,j,k)=0.0
end do

end do

do m=2 nx-1

i=nx-m+1

beta(i)=b(i)/(a(i)-c(i)*beta(i+1))

do j=2,ny

do k=2,nz
gama(i,j,k)=(d(i,k)+c(i)*gama(i+1,),k))/(a(i)
-c(i)*beta(i+1))

end do

end do

end do

do j=2,ny

do k=2,nz
ul(1,j,k)=0.0
end do

end do

do i=2,nx-1

do j=2,ny

do k=2,nz
ul(ij,k)=beta(i)*ul(i-1,j,k)+gama(i,j,k)
difx(i,j,k)=ul(ij,k)

end do

end do

end do

do i=1,nx
a(i)=0
b()=0
c(i)=0
beta(i)=0
do j=1,ny



do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do

end do

end do

C Calculate derivative of stress dify

do k=2,nz

do i=2,nx

dify(i,1,k)=(sayn(i,2 ,k)-sayn(i,1,k))/dy
dify(i,ny,k)=(sayn(i,ny+1,k)-sayn(i,ny,k))/dy
end do

end do

b(2)=0.0
a(2)=11.0/12.0
c(2)=-1.0/24.0

dok=2,nz

do i=2,nx

d(i,2,k)=(sayn(i,3 k)-sayn(i,2,k))/dy
$ -1.0/24.0*%dify(i,1,k)

end do

end do

do j=3,ny-2

b(j)=-1.0/24.0

a(j)=11.0/12.0

c(j)=-1.0/24.0

do i=2,nx

do k=2,nz
d(i,j,k)=(sayn(i,j+1,k)-sayn(i,j,k))/dy
end do

end do

end do

b(ny-1)=-1.0/24.0
a(ny-1)=11.0/12.0
c(ny-1)=0.0

do i=2,nx

do k=2,nz

d(i,ny-1,k)=(sayn(i,ny,k)-sayn(i,ny-1,k))/dy
$ -1.0/24.0*dify(i,ny k)

end do

end do

beta(ny)=0.0

do i=2,nx

do k=2,nz
gama(i,ny,k)=0.0
end do

end do

$
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do m=2,ny-1

Jj=ny-m+1

beta(j)=b(j)/(a(j)-c(j)*beta(j+1))

do i=2,nx

dok=2.nz
gama(i,j.K)=(d(i k) +c()* gama(i,j+1 k))/(a())
-c(j)*beta(j+1))

end do

end do

end do

do i=2,nx

do k=2,nz
u2(i,1,k)=0.0
end do

end do

do j=2,ny-1

do i=2,nx

do k=2,nz
u2(i,j,k)=beta(j)*u2(i,j-1,k)+gama(i,j,k)
dify(i,j,k)=u2(i,j,k)

end do

end do

end do

do i=1,nx
a(i)=0
b(i)=0
c(i)=0
beta(i)=0
do j=1,ny
do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do

end do
end do

C Calculate derivative of stress difz

$

do i=2,nx

do j=2,ny
difz(i,j,1)=(sazn(i,},2)-sazn(i,j,1))/dz
difz(i,j,nz)=(sazn(i,j,nz+1)-sazn(i,j,nz))/dz
end do

end do

b(2)=0.0
a(2)=11.0/12.0
¢(2)=-1.0/24.0

do i=2,nx

do j=2,ny

d(i,j,2)=(sazn(i,j,3)-sazn(i,j,2))/dz-
1.0/24.0*difz(i,j,1)



end do
end do

do k=3,nz-2

b(k)=-1.0/24.0

a(k)=11.0/12.0

c(k)=-1.0/24.0

do j=2,ny

do i=2,nx
d(i,j,k)=(sazn(i,j,k+1)-sazn(i,j,k))/dz
end do

end do

end do

b(nz-1)=-1.0/24.0
a(nz-1)=11.0/12.0
c(nz-1)=0.0

do i=2,nx

do j=2,ny
d(i,j,nz-1)=(sazn(i,j,nz)-sazn(i,j,nz-1))/dz
-1.0/24.0*difz(i,j,nz)

end do

end do

beta(nz)=0.0

do i=2,nx

do j=2,ny
gama(i,j,nz)=0.0
end do

end do

do m=2,nz-1

k=nz-m+1

beta(k)=b(k)/(a(k)-c(k)*beta(k+1))

do j=2,ny

do i=2,nx
gama(i,j,k)=(d(i,j,k)+c(k)*gama(i,j,k+1))/(a(k)
-c(k)*beta(k+1))

end do

end do

end do

do i=2,nx
do j=2,ny
u3(i,j,1)=0.0
end do

end do

do i=2,nx

do j=2,ny

do k=2,nz-1
u3(ij.k)=beta(k)*u3(i,j,k-1)+gama(i,j,k)
difz(i,j,k)=u3(i,j,k)

end do

end do
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end do

do i=1,nx
a(i)=0
b(i)=0
c(i)=0
beta(i)=0
doj=1,ny
do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do

end do

end do

C Calculate derivative of stress difxyx

do k=2,nz

do j=1,ny
difxyx(2,j,k)=(saxyn(2,j,k)-saxyn(1,j,k))/dx
difxyx(nx,j,k)=(saxyn(nx,},k)-saxyn(nx-
1,j,k))/dx

end do

end do

b(3)=0.0
a(3)=11.0/12.0
¢(3)=-1.0/24.0

do k=2,nz

do j=1,ny
d(3,j,k)=(saxyn(3,j,k)-saxyn(2,j,k))/dx
-1.0/24.0*difxyx(2,j,k)

end do

end do

do i=4,nx-2

b(i)=-1.0/24.0

a(i)=11.0/12.0

c(1)=-1.0/24.0

do j=1,ny

do k=2,nz
d(i.j,k)=(saxyn(i,j,k)-saxyn(i-1,j,k))/dx
end do

end do

end do

b(nx-1)=-1.0/24.0
a(nx-1)=11.0/12.0
¢(nx-1)=0.0

do k=2,nz

do j=1,ny
d(nx-1,j,k)=(saxyn(nx-1,j,k)-saxyn(nx-
2,j,K)/dx

-1.0/24.0*difxyx(nx,j,k)



end do
end do

beta(nx)=0.0

do k=2,nz

do j=1,ny
gama(nx,j,k)=0.0
end do

end do

do m=3,nx-1

i=nx-m+2

beta(i)=b(i)/(a(i)-c(i)*beta(i+1))

doj=1,ny

do k=2,nz
gama(i,j,k)=(d(i,j,k)+c(i)*gama(i+1,j,k))/(a(i)
-c(i)*beta(i+1))

end do

end do

end do

do j=1,ny

do k=2,nz
u4(2,j,k)=0.0

end do

end do

do i=3,nx-1

do j=1,ny

do k=2,nz
ud(i,j,k)=beta(i)*u4d(i-1,j,k)+gama(i,j,k)
difxyx(i,j,k)=u4d(i,j,k)
end do

end do

end do

do i=1,nx
a(i)=0
b(i)=0
c(i)=0
beta(i)=0
do j=1,ny
do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do

end do

end do

C Calculate derivative of stress difxyy

$

do k=2,nz

do i=1,nx
difxyy(i,2,k)=(saxyn(i,2,k)-saxyn(i, 1,k))/dy
difxyy(i,ny,k)=(saxyn(i,ny k)-saxyn(i,ny-
L,k))/dy
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end do
end do

b(3)=0.0
a(3)=11.0/12.0
¢(3)=-1.0/24.0

do k=2.nz
do i=1,nx
d(i,3 ,k)=(saxyn(i,3,k)-saxyn(i,2,k))/dy

$ -1.0/24.0*difxyy(i,2,K)

@~ A

$

end do
end do

do j=4,ny-2

b(j)=-1.0/24.0

a(j)=11.0/12.0

c(j)=-1.0/24.0

do i=1,nx

do k=2,nz
d(i,j,k)=(saxyn(i,j,k)-saxyn(ij-1,k))/dy
end do

end do

end do

b(ny-1)=-1.0/24.0
a(ny-1)=11.0/12.0
¢(ny-1)=0.0

do k=2.nz

do i=1,nx
d(i,ny-1,k)=(saxyn(i,ny-1,k)-saxyn(i,ny-
2.X)y/dy

-1.0/24.0*difxyy(i,ny k)

end do

end do

beta(ny)=0.0

do k=2,nz

do i=1,nx
gama(i,ny,k)=0.0
end do

end do

do m=3,ny-1

j=ny-m+2

beta(j)=b(j)/(a(j)-c(j)*beta(j+1))

do i=1,nx

do k=2,nz

gama(i,j,k)=(d(i,j,k)+c(j)* gama(i,j+1,k))/(a(j)
-c(j)*beta(j+1))

end do

end do

end do

do i=1,nx



do k=2,nz
u5(1,2,k)=0.0

end do

end do

do i=1,nx

do j=3,ny-1

do k=2,nz
u5(i,j,k)=beta(j)*u5(i,j-1,k)+gama(i,j,k)
difxyy(i,j,k)=u5(i,j,k)
end do

end do

end do

do i=1,nx
a(i)=0
b(i)=0
c(i)=0
beta(i)=0
do j=1,ny
do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do

end do

end do

C Calculate derivative of stress difxzx

do k=1,nz
do j=2,ny
difxzx(2,j,k)=(saxzn(2,j k)-saxzn(1,j,k))/dx
difxzx(nx,j,k)=(saxzn(nx,j,k)-saxzn(nx-
$ 1,k))dx
end do
end do

b(3)=0.0
a(3)=11.0/12.0
¢(3)=-1.0/24.0

do k=1,nz

do j=2,ny

d(3,j,k)=(saxzn(3,j,k)-saxzn(2,j,k))/dx
$ -1.0/24.0*difxzx(2,j,k)

end do

end do

do i=4,nx-2

b(i)=-1.0/24.0

a(i)=11.0/12.0

c(i)=-1.0/24.0

do j=2,ny

dok=1,nz
d(i,j,k)=(saxzn(i,j,k)-saxzn(i-1,j,k))/dx
end do

end do

©w &
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end do

b(nx-1)=-1.0/24.0
a(nx-1y=11.0/12.0
c(nx-1)=0.0

do k=1,nz

do j=2,ny

d(nx-1,j,k)=(saxzn(nx-1,j k)-saxzn(nx-
2,j,k)dx

-1.0/24.0 *difxzx(nx,j,k)

end do

end do

beta(nx)=0.0

do k=1,nz

do j=2,ny
gama(nx,j,k)=0.0
end do

end do

do m=3 nx-1

I=nx-m+2

beta(i)=b(i)/(a(i)-c(i)*beta(i+1))

do j=2,ny

do k=1,nz
gama(i,j,k)=(d(i,j,k)+c(i)*gama(i+1,j,k))/(a(i)
-c(i)*beta(i+1))

end do

end do

end do

do j=1,ny

do k=2,nz
u6(2,j,k)=0.0

end do

end do

do i=3,nx-1

do j=2,ny

do k=1,nz
u6(i,j,k)=beta(i)*u6(i-1,j,k)+gama(i,j,k)
difxzx(i,j,k)=u6(i,j,k)
end do

end do

end do

do i=1,nx
a(i)=0

b(i)=0

c(i)=0
beta(i)=0

do j=1,ny

do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do



end do
end do

C Calculate derivative of stress difxzz

do i=1,nx

do j=2,ny
difxzz(i,j,2)=(saxzn(i,j,2)-saxzn(i,j,1))/dz
difxzz(i,j,nz)=(saxzn(i,j,nz)-saxzn(i,j,nz-1))/dz
end do

end do

b(3)=0.0
a(3)=11.0/12.0
c(3)=-1.0/24.0

do i=1,nx

do j=2,ny
d(i,j,3)=(saxzn(i,j,3)-saxzn(i,j,2))/dz
-1.0/24.0*difxzz(i,j,2)

end do

end do

do k=4,nz-2

b(k)=-1.0/24.0

a(k)=11.0/12.0

c(k)=-1.0/24.0

do j=2,ny

do i=1,nx
d(i,j,k)=(saxzn(i,j,k)-saxzn(i,j,k-1))/dz
end do

end do

end do

b(nz-1)=-1.0/24.0
a(nz-1)=11.0/12.0
¢(nz-1)=0.0

do i=1,nx

do j=2,ny
d(i,j,nz-1)=(saxzn(i,j,nz-1)-saxzn(i,j,nz-2))/dz
-1.0/24.0*difxzz(i,j,nz)

end do

end do

beta(nz)=0.0

do i=1,nx

do j=2,ny
gama(i,j,nz)=0.0
end do

end do

do m=3,nz-1

k=nz-m+2
beta(k)=b(k)/(a(k)-c(k)*beta(k+1))
do j=2,ny
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do i=1,nx
gama(i,},X)=(d(i,j,k)y+c(k)*gama(i,j,k+1))/(alk)
-c(k)*beta(k+1))

end do

end do

end do

do i=1,nx

do j=2,ny
u7(i,j,2)=0.0

end do

end do

do i=1,nx

do j=2,ny

do k=3,nz-1
u7(i,j,k)=beta(k)*u7(i,j,k-1)+gama(i,j,k)
difxzz(i,j,k)=u7(i,j,k)
end do

end do

end do

do i=1,nx
a(i)=0
b(i)=0
c(i)=0
beta(i)=0
do j=1,ny
do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do

end do

end do

C Calculate derivative of stress difyzy

do k=1,nz

do i=2,nx
difyzy(i,2,k)=(sayzn(i,2,k)-sayzn(i, 1 ,k))/dy
difyzy(i,ny,k)=(sayzn(i,ny,k)-sayzn(i,ny-
1,k))/dy

end do

end do

b(3)=0.0
a(3)=11.0/12.0
¢(3)=-1.0/24.0

do k=1,nz
do i=2,nx
d(i,3,k)=(sayzn(i,3,k)-sayzn(i,2,k))/dy

$ -1.024.0*difyzy(i,2.k)

end do
end do

do j=4,ny-2



$
$

b(j)=-1.0/24.0

a(j=11.0/12.0

c(j)=1.0/24.0

do i=2 nx

do k=1,nz
d(i,j,k)=(sayzn(i,j,k)-sayzn(i,j-1,k))/dy
end do

end do

end do

b(ny-1)=-1.0/24.0
a(ny-1)=11.0/12.0
c(ny-1)=0.0

do k=1,nz

do i=2,nx
d(i,ny-1,k)=(sayzn(i,ny-1,k)-sayzn(i,ny-
2,k))/dy

-1.0/24.0*difyzy(i,ny k)

end do

end do

beta(ny)=0

do k=1,nz

do i=2,nx
gama(i,ny,k)=0
end do

end do

do m=3,ny-1

j=ny-m+2

beta(j)=b(j)/(a(j)-c(j)*beta(j+1))

do i=2,nx

do k=1,nz
gama(i,j,k)=(d(i,j,k)+c(j)*gama(i,j+1,k))/(a()
-c(j)*beta(j+1))

end do

end do

end do

do i=2,nx

do k=1,nz
u8(i,2,k)=0.0

end do

end do

do i=2,nx

do j=3,ny-1

do k=1,nz
u8(i,j,k)=beta(j)*u8(i,j-1,k)+gama(i,j,k)
difyzy(i,j,k)=u8(i,j,k)
end do

end do

end do

do i=1,nx
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a(i)=0
b(i)=0
c(i)=0
beta(i)=0
do j=1,ny
do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do

end do

end do

C Calculate derivative of stress difyzz

do i=2,nx

do j=1,ny
difyzz(i,j,2)=(sayzn(i,j,2)-sayzn(i,j,1))/dz
difyzz(i,j,nz)=(sayzn(i,j,nz)~sayzn(i,j,nz-1))/dz
end do

end do

b(3)=0.0
a(3)=11.0/12.0
c(3)=-1.0/24.0

do i=2.nx
do j=1,ny
d(i,j,3)=(sayzn(i,j,3)-sayzn(i,j,2))/dz

$ -1.0/24.0*difyzz(ij,2)

end do
end do

do k=4,nz-2

b(k)=-1.0/24.0

a(k)=11.0/12.0

c(k)=-1.0/24.0

do j=1,ny

do i=2,nx
d(i,j,k)=(sayzn(i,j,k)-sayzn(i,j,k-1))/dz
end do

end do

end do

b(nz-1)=-1.0/24.0
a(nz-1)=11.0/12.0
c(nz-1)=0.0

do i=2,nx

do j=1,ny
d(i,j,nz-1)=(sayzn(i,j,nz-1)-sayzn(i,j,nz-2))/dz
-1.0/24.0 *difyzz(i,j,nz)

end do

end do

beta(nz)=0.0
do i=2,nx



do j=1,ny
gama(i,j,nz)=0.0
end do

end do

do m=3 nz-1

k=nz-m+2

beta(k)=b(k)/(a(k)-c(k)*beta(k+1))

doj=1,ny

do i=2,nx

gama(i,j,k)=(d(i,j,k)+c(k)*gama(ij,k+1))/(a(k)
$ -ck)*beta(k+1))

end do

end do

end do

do i=2,nx

do j=1,ny
19(i,j,2)=0.0

end do

end do

do i=2,nx

do j=1,ny

do k=3 ,nz-1
u9(i,j,k)=beta(k)*u9(i,j,k-1)+gama(i,j,k)
difyz2(i,K)=u9(i,j,k)
end do

end do

end do

do i=1,nx
a(i)=0
b(i)=0
c(i)=0
beta(i)=0
do j=1l,ny
do k=1,nz
gama(i,j,k)=0.0
d(i,j,k)=0.0
end do

end do

end do

C Calculate velocity

call
velocity(nx,ny,nz,nz2,dx,dy,dz,dt,TEo,TEold,
$ saxo,sayo,sazo,saxyo,saxzo,sayzo,
$ saxn,sayn,sazn,saxyn,saxzn,sayzn,vxo,
$ vyo,vzo,vxn,vyn,vzn,
$ uxo,uyo,uzo,uxn,uyn,uzn,difx,dify,
$ difz difxyy,difxzz, difxyx,difyzz,difxzx,difyzy)

C Calculate strain

do k=2,nz
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do j=2,ny

do i=2,nx

epxn(i,j,k)=(theta*(vxn(i,j,k)-vxn(i-1,j.k))
$ +(1.0-theta)*(vxo(i,j,k)-vxo(i-1,j,k)))*dt/dx
$ +epxo(i,j,k)

epyn(i,j,k)=(theta*(vyn(i,j,k)-vyn(i,j-1,k))
$ +(1.0-theta)*(vyo(i,j,k)-vyo(i,j-1,k)))*dt/dy
$ +epyo(i,j.k)

epzn(i,j,k)=(theta*(vzn(i,j,k)-vzn(i,j,k-1))
$ +(1.0-theta)*(vzo(i,j,k)-vzo(i,j,k-1)))*dt/dz
$ +epzo(ij.k)

end do

end do

end do

C Calculate Shear strain

do k=2.nz

do j=2,ny-1

do i=2,nx-1
epxyn(i,j,k)=(theta*(vxn(i,j+1,k)-vxn(i,j,k))
+(1.0-theta)*(vxo(i,j+1,k)-vxo(i,j,k))) *dt/dy
+(theta*(vyn(i+1,j,k)-vyn(i,j,k))
+(1.0-theta)*(vyo(i+1,j,k)-vyo(i,j,k)))*dt/dx
+epxyo(i,j,k)

end do

end do

end do

& A ee s

do k=2,nz-1

do j=2,ny

do i=2,nx-1
epxzn(i,j,k)=(theta*(vxn(i,j,k+1)-vxn(i,j,k))
+(1.0-theta)*(vxo(i,j,k+1)-vxo(i,j,k)))*dt/dz
+(theta*(vzn(i+1,j,k)-vzn(i,j,k))
+(1.0-theta)*(vzo(it1,j,k)-vzo(i,j,k))) *dt/dx
+epxzo(i,j,k)

end do

end do

end do

s n s

do k=2,nz-1

do j=2,ny-1

do i=2,nx

epyzn(i,j,k)=(theta*(vyn(i,j,k+1)-vyn(i,j,k))
$ +(1.0-theta)*(vyo(i,j,k+1)-vyo(i,j,k)))*dt/dz
$ +(theta*(vzn(i,j+1,k)-vzn(i,j,k))
$ +(1.0-theta)*(vzo(i,j+1,k)-vzo(ij,k)))*dt/dy
$ +epyzo(i,j.k)

end do

end do

end do

C Check convergence



do k=1,nz+1

do j=1,ny+1

do i=1,nx+1
detl1=epxn(i,j,k)-xsaoo(i,j,k)
det2=epyn(i,j,k)-ysaoo(i,j,k)
det3=epzn(i,j,k)-zsao0o(i,j,k)
detd=epxyn(i,j,k)-ssaocoxy(i,j k)
detS=epxzn(i,},k)-ssaooxz(i,} k)
det6=epyzn(i,j,k)-ssaooyz(i,j,k)

det=max(abs(det1),abs(det2),abs(det3),abs(det4),
$ abs(det5),abs(det6))

if( abs(det).gt.detuvmax) detuvmax=abs(det)
if( abs(detl).gt.detlmax) detlmax=abs(det1)
if( abs(det2).gt.det2max) det2max=abs(det2)
if( abs(det3).gt.det3max) det3max=abs(det3)
if( abs(det4).gt.det4max) detdmax=abs(detd)
if( abs(detS).gt.detSmax) detSmax=abs(det5)
if( abs(det6).gt.detbmax) det6max=abs(det6)
end do

end do

end do

do k=1,nz+1

do j=1,ny+1

do i=1,nx+1
x5a00(i,j,k)=epxn(i,j.k)
ysa00(i,j,k)=epyn(i,j,k)
75200(i,j,k)y=epzn(i,j,k)
ssaooxy(i,j,k)=epxyn(i,j,k)
ssaooxz(i,j,k)=epxzn(i,j,k)
ssaooyz(i,j,k)=epyzn(i,j.k)
end do

end do

end do

write(*,*) 'detuvmax=", detuvmax
C End do with detmax
enddo

C End the current time step

C
do k=1,nz+1
do j=1,ny+1
do i=1,nx+1
TEo(i,j,k)=TEold(i,j,k)
TLo(i,j,k)=TLold(,j,k)
epxo(i,j,k)=epxn(i,j,k)
epyo(i,j,K)y=epyn(i,j,k)
epzo(i,j,k)=epzn(i,j k)
epxyo(i,j,k)=epxyn(ij.k)
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epxzo(i,j,k)=epxzn(i,j,k)
epyzo(i,j,k)=epyzn(i,j,k)
saxo(i,J,k)=saxn(i,j,k)
sayo(i,j,k)=sayn(i,j,k)
sazo(i,j,k)=sazn(i,j k)
saxyo(i,j,k)=saxyn(i,j,k)
saxzo(i,j,k)=saxzn(i,j k)
sayzo(1,j,k)=sayzn(i,j,k)
vxo(i,j,k)=vxn(i,j,k)
vyo(i,j,k)=vyn(i,j,k)
vzo(i,jk)~vzn(i,jk)
uxo(i,j,k)=uxn(i,j,k)
uyo(i,j,k)=uyn(i,j,k)
uzo(i,j,k)-uzn(i,j,k)

end do

end do

end do

if (big.1t.(TEold(11,11,1)-300.0)) then
big=TEold(11,11,1)-300.0
end if

TEm(n)=TEold(11,11,1)
TLm(n)=TLold(11,11,1)
ulm(n)=uxn(11,11,2)
u2m(n)=uyn(11,11,2)
u3m(n)=uzn(11,11,1)
vim(n)=vxn(11,11,2)
v2m(n)=vyn(11,11,2)
v3m(n)=vzn(11,11,1)

icounter=icounter+1
write(*,*) icounter

C Output
write(8,1020) t(n), TEm(n), TLm(n)
write(7,1020) t(n),ulm(n),u2m(n),u3m(n)

C Output intermediate result

if (n.eq.50) then
C The result at time t=0.25ps
C Electron temp

open(unit=10,file="ctexz025ps.txt")
do k=1,nz+1
write(10,1010) (TEold(i,11,k),i=1,nx+1)
enddo
open(unit=11,file="te025ps.txt")
do k=1,nz+1
write(11,1020) TEold(11,11,k)
enddo

C Lattice temp
open(unit=12 file="ctlxz025ps.txt")
do k=1,nz+1



write(12,1010) (TLold(i,11,k),i=1,nx+1)
enddo

open(unit=13,file="t1025ps.txt")

do k=1,nz+1

write(13,1020) TLold(11,11,k)

enddo

end if

if (n.eq.100) then

C The result at time t=0.5ps

C Electron temp
open(unit=14, file='ctexz05ps.txt")
do k=1,nz+1
write(14,1010) (TEold(i,11,k),i=1,nx+1)
enddo
open(unit=15,file="te05ps.txt")
do k=1,nz+1
write(15,1020) TEold(11,11,k)
enddo

C Lattice temp
open(unit=16,file='ctlxz05ps.txt")
do k=1,nz+1
write(16,1010) (TLold(i,11,k),i=1,nx+1)
enddo
open(unit=17,file="tI05ps.txt")
do k=1,nz+1
write(17,1020) TLold(11,11,k)
enddo
end if

1010 format(401el5.6)
1020 format(e15.6,3¢15.6)
end

C End main program
C Subroutines
C Calculate temperature

subroutine temp(nx,ny,nz,nz2,
$ dx,dy,dzx,y,zt,dt,TLo,TLold, TEo,TEold,
$ epxn,epyn,epzn,epxo,epyo,epzo)

implicit double precision (a-h,l,0-z)

dimension x(51),y(51),z(221)

dimension TEo(41,41,101),TEold(41,41,101),
$ TLo(41,41,101),TLold(41,41,101),
$ TEnew(41,41,101),TLnew(41,41,101),
$ epxn(41,41,101),epyn(41,41,101),epzn(41,41,1
01,
$ epxo(41,41,101),epyo(41,41,101),epzo(41,41,1
01),
$ dTE(41,41,101),dTL(41,41,101)

integer iteration,flagE, flagl.
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C data

C Lame constant
clemtal=199.0d+9
clemta2=83.3d+9

C Shear modulus
cmiul=27.0d+9
cmiu2=115.0d+9

C Thermal expansion coefficient
alphal=14.2d-6
alpha2=4.9d-6

C Electron heat capacity
ce01=2.1d+4
ce02=5.8d+4

C Lattic heat capacity
cl1=2.5d+6
cl2=3.3d+6

C Electron - lattic coupling factor
gl1=2.6d+16
22=42.0d+16

C Electron thermal conducitivity
cke01=315.0
cke02=94.0

C Laser fluence
flu=1000.0

C Laser pulse duration
tp=0.1d-12

C Optical penetration depth
delta=15.3d-9

C Surface reflectivity
sur=0.93

C Spatial profile parameters
zs=1.0d-6

iteration=0

rx=dt/(4.0*dx*dx)
ry=dt/(4.0*dy*dy)
rz=dt/(4.0*dz*dz)
deterror=1.0d-3

C Iteration starts-----------------
C flagE and flagl. indicate whether TE and TL are
precise enough

C keep on iterating as long as flagE or flagl
equals to 1

2 doj=2,ny
do i=2,nx
clemta=clemtal
cmiu=cmiul
alpha=alphal
ce0=ce01
cl=cll
g=gl



ckeO=ckeO1

do=g*dt/(2.0*cl)
ee=(3.0*clemta+2.0*cmiu)*alpha*300.0/cl
do k=2,nz2-1

C Heat source

$
$

A B B s

aa=-z(k)/delta-((x(1)-10.0*dx)*(x(i)-10.0*dx)
+(¥(})-10.0*dy)*(y(j)-10.0*dy))/(zs*zs)
=2.77*(t-2.0*tp)*(t-2.0*tp)/(tp*tp)

q=0.94*flu*(1.0-sur)*exp(aa)/(tp*delta)

a0=ce0*(TEo(i,j,k)+TEold(i,j,k))/(2.0*300.0)
bl1=cke0*(TEold(i+1,j,k)/TLold(i+1,j,k)
+TEold(i,j,k)/TLold(i,j,k))*rx
b2=cke0*(TEold(i,j,k)/TLold(i,j.k)
+TEold(i-1,j,k)/TLold(i-1,j,k))*rx
b3=cke0*(TEold(i,j+1,k)/TLold(i,j+1,k)
+TEold(i,j,k)/TLold(i,j,k))*ry
b4=cke0*(TEold(i,j,k)/TLold(i,,k)
+TEold(i,j-1,k)/TLold(i,j-1,k))*ry
b5=cke0*(TEold(i,j,k+1)/TLold(i,j,k+1)
+TEold(i,j,k)/TLold(i,j,k))*rz
b6=cke0*(TEold(i,j,k)/TLold(i,j,k)
+TEold(i,j,k-1)/TLold(i,j,k-1))*rz

cl=cke0*(TEo(i+1,j,k)/TLo(i+1,j,k)
+TEo(i,j,k)/TLo(i,j,k))*rx
c2=cke0*(TEo(i,j,k)/TLo(i,j,k)
+TEo(i-1,j,k)/TLo(i-1,j,k))*rx
c3=cke0*(TEo(i,j+1,k)/TLo(i,j+1,k)
+TEo(i,j,k)/TLo(i,j,k))*ry
cd=cke0*(TEo(i,j,k)/TLo(i,j,k)
+TEo(i,j-1,k)/TLo(i,j-1,k)) *ry
c5=cke0*(TEo(i,j,k+1)/TLo(i,j,k+1)
+TEo(i,j,k)/TLo(i,j,k))*rz
c6=cke0*(TEo(i,j,k)/TLo(,j,k)
+TEo(i,j,k-1)/TLo(i,j,k-1))*rz

dd=a0+b1+b2+b3+b4-+b5+b6+g*dt/(2.0*(1.0+d0))

TEnew(i,j.k)=(b1 *TEold(i+1,j,k)*+b2* TEold(i-

Lj,k)

&~

$
$
$
$
$
$
$
$
$
$
$
$

+b3*TEold(i,j+1,k)+b4* TEold(ij-1,k)
+b5*TEold(i,j,k+1)+b6*TEold(i,j.k-1)
-g*dt*(TEo(i,j,k)-TLo(i,j,k))/(2.0*(1.0+d0))
+g*dt*TLo(i,j,k)/(2.0%(1.0+d0))+a0*TEo(i,j,k)
-g*dt*ee*((epxn(i,,k)+epyn(ij.k)+epzn(ij.k))
-(epxo(ij K)*+epyo(i,k)+epzo(i k)
/(2.0%(1.0+d0))

+c1*(TEo(i+1,j,k)-TEo(ij,k))
-c2*(TEo(i,j,k)-TEo(i-1,j,k))
+c3*(TEo(i,j+1,k)-TEo(i,j,K))
-c4*(TEo(ij,k)-TEo(i,j-1,k))
+c5*(TEo(i,j,k+1)-TEo(ij,k))
-c6*(TEo(i,j,k)-TEo(i,j,k-1))

LRI R s ]
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+q*dty/dd

TLnew(i,},k)=d0*TEnew(i,j,k)/(1.0+d0)

+d0*(TEo(i,j,k)-TLo(i,j,k))/(1.0+d0)
+TLo(i,j,k)/(1.0+d0)
-ee/(1.0+d0)
*((epxn(i,j,k)+epyn(ij.k)repzn(i,j,k))
'(epxo(i’j 7k)
+epyo(i,j,k)+epzo(i,j.k)))

end do

clemta=clemta2

cmiu=cmiu?2

alpha=alpha2

cel=ce02

cl=cl2

g=g2

ckeO=cke02

d0=g*dt/(2.0*cl)

ee=(3.0*clemta+2.0*cmiu)*alpha*300.0/cl

do k=nz2+1,nz

aa=-z(k)/delta-((x(1)-10.0*dx)*(x(i)-10.0*dx)

Hy()-10.0*dy)*(y(j)-10.0*dy))/(zs*zs)
“2.77*(t-2.0%tp) *(t-2.0*tp)/(tp*tp)

q=0.94*flu*(1.0-sur)*exp(aa)/(tp*delta)

a0=ce0*(TEo(i,j,k)+TEold(ij,k))/(2.0*300.0)
bl=cke0*(TEold(i+1,j,k)/TLold(i+1,j,k)
+TEold(i,j,k)/TLold(ij,k))*rx
b2=cke0*(TEold(ij,k)/TLold(ij k)
+TEold(i-1,j,k)/TLold(i-1,j,k)) *rx
b3=cke0*(TEold(i,j+1,k)/TLold(ij+1,k)
+TEold(ij,k)/TLold(i,j.k))*ry
bd=cke0*(TEold(i,j,k)/TLold(i,j,k)
+TEold(i,j-1,k)/TLold(i,j-1,k)*ry
b5=cke0*(TEold(ij.k+1)/TLold(ij,k+1)
+TEold(ij,k)/TLold(ij,k))*rz
b6=cke0*(TEold(i,j,k)/TLold(ij,k)
+TEold(i,j,k-1)/TLold(i,j.k-1))*rz

cl=cke0*(TEo(i+1,j,k)/TLo(i+1,,k)
+TEo(i,j,k)/TLo(i,j,k))*rx
c2=cke0*(TEo(i,j,k)/TLo(i,j,k)
+TEo(i-1,j,k)/TLo(i-1.j,k))*rx
c3=cke0*(TEo(i,j+1,k)/TLo(i,j+1,k)
+TEo(i,j,k)/TLo(i,j,k))*ry
c4=cke0*(TEo(i,j,k)/TLo(i,j,k)
+TEo(i,j-1,k)/TLo(i,j-1,k))*ry
c5=cke0*(TEo(i,j,k+1)/TLo(i,j,k+1)
+TEo(i,j,k)/TLo(i,j,k))*rz
c6=cke0*(TEo(i,j,k)/TLo(i,j,k)
+TEo(i,j,k-1)/TLo(i,j,k-1))*rz

dd=a0+b1+b2+b3+b4+bS5+b6+g*dt/(2.0*(1.0+d0))

TEnew(i,j,k)=(b1 *TEold(i+1 j,k)+b2*TEold(i-
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1,j,k)

+b3*TEold(i,j+1,k)+b4*TEold(ij-1,k)
+bS*TEold(i,j.k+1)+b6*TEold(i,j,k-1)
~g*dt*(TEo(i,j,k)-TLo(i,j,k))/(2.0*(1.0+d0))
+g*dt*TLo(i,j,k)/(2.0%(1.0+d0))+a0* TEo(i,j,k)
-g*dt*ee*((epxn(iy. k) repyn(ij K)+epzn(i,j,k))
-(epxo(iy K)+epyo(i, k) Hepzo(i,,K)))
/(2.0%(1.0+d0))

+c1*(TEo(i+1,j,k)-TEo(i,j,k))
~c2*(TEo(i,j.k)-TEo(i-1,j,k))
+¢3*(TEo(i,j+1,k)-TEo(i,j,k))
-c4*(TEo(i,j,k)-TEo(i,j-1,k))
+c5*(TEo(i,j,k+1)-TEo(i,j,k))
-c6%(TEo(ij,k)-TEo(i,j,k-1))

+q*dt)/dd

TLnew(i,j,k)=d0*TEnew(i,j,k)/(1.0+d0)
+d0*(TEo(i,j,k)-TLo(i,j,k))/(1.0+d0)
+TLo(4,j,k)/(1.0+d0)

-ee/(1.0+d0)

*((epxn(ij,k) repyn(ij.k)+epan(iij,k))
(epxo(i,j k)

+epyo(i,j,k)+epzo(ij,k)))

end do

k=nz2
TEnew(i,j,k)=(cke02*TEnew(i,j,k+1)

+cke01*TEnew(i,j,k-1))

/(cke01+cke02)
TLnew(i,j,k)=(cke02*TLnew(i,j,k+1)
+cke01*TLnew(i,j,k-1))
/(cke01+cke02)
end do

end do

Boundary Conditions

do k=2,nz

do j=2,ny

TEnew(1,j,k)=TEnew(2,j,k)

TEnew(nx+1,j,k)=TEnew(nx,j,k)

TLnew(1,j,k)=TLnew(2,j,k)

TLnew(nx+1,j,k)=TLnew(nx,j,k)

end do

end do

do k=2,nz

do i=2,nx
TEnew(i,1,k)=TEnew(i,2,k)
TEnew(i,ny+1,K)=TEnew(i,ny k)
TLnew(i,1,k)=TLnew(i,2,k)
TLnew(i,ny+1,k)=TLnew(i,ny,k)
end do

end do

do j=2,ny

do i=2,nx
TEnew(i,j,1)=TEnew(i,j,2)
TEnew(i,j,nz+1)=TEnew(i,j,nz)
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TLnew(i,j,1)=TLnew(i,j,2)
TLnew(i,j,nz+1)=TLnew(i,j,nz)
end do

end do

C Test for convergence
detmax=0.0
do i=2,nx
do j=2,ny
do k=2.nz
det1=abs(TEnew(i,j,k)-TEold(i,j,k))
if (detl.gt.detmax) detmax=det1
det2=abs(TLnew(i,j,k)-TLold(i,j,k))
if (det2.gt.detmax) detmax=det2
enddo
enddo
enddo

if (detmax.le.deterror) goto 3
do i=1,nx+1

do j=1,ny+1

do k=1,nz+1
TEold(i,j,k)=TEnew(i,j,k)
TLold(i,j,k)=TLnew(i,j,k)
enddo

enddo

enddo
iteration=iteration+1

goto 2

C Update all the TEold, TLold with TEnew and
TLnew

3  doj=1lny+l
do i=1,nx+1
do k=1,nz+1
TEold(i,j,k)=TEnew(i,j,k)
TLold(i,j,k)=TLnew(i,j,k)

enddo
enddo
enddo
write (*,*) "iteration=", iteration
C Iterations Done------—-—---
END

C End of subroutine temp()
C Calculate velocity

Subroutine
velocity(nx,ny,nz,nz2,dx,dy,dz,dt, TEo,TEold,

$ saxo,sayo,sazo,saxyo,saxzo,sayzo,

$ saxn,sayn,sazn,saxyn,saxzn,sayzn,

$ wvxo,vyo,vzo,vxn,vyn,vzn,uxo,uyo,uzo,

$ uxn,uyn,uzn,difx,dify,

$ difz difxyy,difxzz,difxyx,difyzz,difxzx,difyzy)



implicit double precision (a-h,l,0-z)

dimension TEo(41,41,101),TEold(41,41,101),
$ saxo(41,41,101),say0(41,41,101),5az0(41,41,10
1),
$ saxyo(41,41,101),saxzo(41,41,101),sayzo(41,41
,101),
$ saxn(41,41,101),sayn(41,41,101),sazn(41,41,10
D,
$ saxyn(41,41,101),saxzn(41,41,101),sayzn(41,41
,101),
$ vxo(41,41,101),vyo(41,41,101),vzo(41,41,101),
$ vxn(41,41,101),vyn(41,41,101),vzn(41,41,101),
$ uxo(41,41,101),uyo(41,41,101),uzo(41,41,101),
$ uxn(41,41,101),uyn(41,41,101),uzn(41,41,101),
$ difx(41,41,101),dify(41,41,101),difz(41,41,101),
$ difxyy(41,41,101),
$ difxzz(41,41,101),difxyx(41,41,101),
$ difyzz(41,41,101),
$ difxzx(41,41,101),difyzy(41,41,101)

C Density
loul=1.93d+4
lou2=7190.0

C Electron - blast coefficient
tri1=70.0
tri2=193.3

theta=0.5

do j=2,ny

do i=1,nx
lou=loul
tri=tril

do k=2,nz2-1

vxn(i,j k)=(dif(i,j k)
+difxyy(i,j,k)+Hdifxzz(i,j,k)
+tri*theta*(TEold(i+1,j,k)
*TEold(i+1,j,k)-TEold(i,j,k)* TEold(i,j,k))/dx
+tri*(1.0-theta)*(TEo(i+1,j,k)
*TEo(i+1,j,k)-TEo(i,j,k)* TEo(i,j,k))
/dx)*dt/lou+vxo(i,j,k)

PR

uxn(i,j,k)=(theta*vxn(i,j,k)
$ +(1.0-theta)*vxo(i,j,k))*dt+uxo(i,j,k)
end do
lou=lou2
tri=tri2
do k=nz2+1,nz
vxn(i,j,K)=(difx(i,j,k)
+difxyy(i,j,k)+difxzz(i,j,k)
+tri*theta*(TEold(i+1,j,k)
*TEold(i+1,j,k)-TEold(i,j,k)*TEold(i,j,k))/dx
+tri*(1.0-theta)*(TEo(i+1,j,k)

L]
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*TEo(i+1,j,k)-TEo(i,j,k)*TEo(i,j,k))
/dx)*dt/loutvxo(i,j,k)

&2 5

uxn(i,j,k)=(theta*vxn(i,j,k)
$  +(1.0-theta)*vxo(i,j,k)) *dt+uxo(i,j,k)

end do

k=nz2
vxn(i,j,k)=(vxn(i,j,k+1)+vxa(i,j,k-1))/2
uxn(i,j,k)=(uxn(i,j,k+1)+uxn(i,j,k-1))/2
end do

end do

do i=2,nx
do j=1,ny

lou=loul
tri=tril
do k=2,nz2-1
vyn(i,,k)=(difxyx(i,j.k)
$ +dify(i,j,k)+difyzz(i,j,k)
$ +tri*theta*(TEold(i,j+1,k)
$ *TEold(i,j+1,k)-TEold(i,j,k)*TEold(i,j,k))/(dy)
$ +tri*(1.0-theta)*(TEo(i,j+1,k)
$ *TEo(i,j+1,k)-TEo(i,j,k)
$ *TEo(i,j,k)) /(dy))*dt/loutvyo(i,j,k)

uyn(i,j,k)=(theta*vyn(i,j, k)
$  +(1.0-theta)*vyo(i,j,k))*dt+uyo(i,j,k)
end do
lou=lou2
tri=tri2
do k=nz2+1,nz
vyn(i,j,K)y=(difxyx(i,,k)
$ +dify(i,j.k)+difyzz(i,j,k)
$ +tri*theta*(TEold(i,j+1,k)
$ *TEold(i,j+1,k)-TEold(i,j,k)* TEold(i,j,k))/(dy)
$ +tri*(1.0-theta)*(TEo(i,j+1,k)
$ *TEo(i,j+1,k)-TEo(i,j,k)*TEo(i,j,k))
$ /(dy))*dtlou+vyo(i,,k)

uyn(i,j k)=(theta*vyn(i,j,k)
$ +(1.0-theta)*vyo(i,j,k)) *dt+uyo(i,j,k)

end do

k=nz2

vyn(ijK)=(vyn(ij,k+ 1y +vyn(i,jk-1)/2
uyn(i,j ,k)=(uyn(i’j ’k+ 1 )+Uyn(iJ ak' 1 ))/2
end do

end do

do i=2,nx

do j=2,ny
lou=loul
tri=tril

do k=1,nz2-1

vzn(i,j.k)=(difxzx(i,j,k)
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+difyzy(i,j,k)+difz(i,j,k)

+tri*theta* (TEold(ij,k+1)
*TEold(i,j,k+1)-TEold(i,j,%)
*TEold(i,j,k))/(dz)
+tri*(1.0-theta)*(TEo(i,j,k+1)
*TEo(i,j,k+1)-TEo(i,j,k)*TEo(i,j,k))
/(dz))*dt/lout+vzo(i,j.k)

uzn(i,j,k)=(theta*vzn(i,j,k)
+(1.0-theta) *vzo(i,j,k))*dt+uzo(i,j,k)

end do

lou=lou2

tri=tri2

do k=nz2,nz
vzn(i,j,k)=(difxzx(i,j,k)
+difyzy(i,j,k)+difz(i,j,k)
+tri*theta*(TEold(i,j,k+1)
*TEold(i,j,k+1)-TEold(i,j,k)*TEold(i,j,k))/ (dz)
+tri*(1.0-theta)*(TEo(i,j, k+1)
*TEo(i,j,k+1)-TEo(i,j,k)
*TEo(i,j,k))/(dz))*dt/lout+vzo(i,j k)

uzn(i,j,k)=(theta*vzn(ij,k)
+(1.0-theta)*vzo(i,j,k))*dt-+uzo(i,j,k)

end do
end do
end do

return
end
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