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ABSTRACT

The concept of a residuated mapping relates to the concept of Galois con-
nections; both arise in the theory of partially ordered sets. They have been
applied in mathematical theories (e.g., category theory and formal concept
analysis) and in theoretical computer science. The computation of residu-
ated approximations between two lattices is influenced by lattice properties,
e.g. distributivity.

In previous work, it has been proven that, for any mapping f : L — Q
between two complete lattices L and (, there exists a largest residuated
mapping o, dominated by f, and the notion of “the shadow o, of f is
introduced. A complete lattice Q is completely distributive if, and only if,
the shadow of any mapping f : L — Q from any complete lattice L to O is
residuated.

Our objective herein is to study the characterization of the skeleton of a
poset and to initiate the creation of a structure theory for finite lattices of
small widths. We introduce the notion of the skeleton L of a lattice L and
apply it to find a more efficient algorithm to calculate the umbral number
for any mapping from a ~ finite lattice to a complete lattice.

We take a maximal autonomous chain containing x as an equivalent class

[x] of x. The lattice L is based on the sets { [x] | x € L }. The umbral number

111



v
for any mapping f : L — @ between two complete lattices is related to the
property of L. Let L be a lattice satisfying the condition that [x] is finite
for all x € L; such an L is called ~ finite. We define L, = {A\[x] | x € L}
and f, = f];,. The umbral number for any isotone mapping f is equal to
the umbral number for f,, and O'(ffj) = O'(fa)l 1, for any ordinal number a. Let
ur o be the maximal umbral number for all isotone mappings f : L — 0
between two complete lattices. If L is a ~ finite lattice, then u; o = uy, o.
The computation of u;_ ¢ is less than or equal to that of u; o, we have a more
efficient method to calculate the umbral number u; .

The previous results indicate that the umbral number u; o determined by
two lattices is determined by their structure, so we want to find out the struc-
ture of finite lattices of small widths. We completely determine the structure
of lattices of width 2 and initiate a method to illuminate the structure of lat-

tices of larger width.



TABLE OF CONTENTS

ABSTRACT . . . . . . . e iii
LISTOFFIGURES . . . . .. . . ... . e vii
NOMENCLATURE . . . . . . .. . o oo, viii
ACKNOWLEDGEMENTS . . . . . ... ... .. . ... ... X
CHAPTER 1 INTRODUCTION . . ... ... ........... 1
1.1 General Overview . . . . . . . . .. ... ... ....... 1
1.2 Research Objectives . . . . . .. ... ... ... ...... 2
1.3 Organization . . . ... ... .. ... ..., 3
CHAPTER 2 REVIEW OF POSETS AND LATTICES . . . . . .. 4
2.1 POSELS . . . . ... 4
2.2 Lattices . . . . ... e e e 8
CHAPTER 3 ORDER SKELETONS . ... ............ 13
3.1 Order SkeletonofaPoset . . . .. ... ... ... ...... 13
3.2 Order Skeleton of a Lattice . . . . ... ............ 23
CHAPTER 4 RESIDUATED APPROXIMATIONS AND UMBRAL
MAPPINGS . . .. ... ... . .. ... 28
4.1 Residuated Mappings . . . . . .. ... . ... ... ..... 28
42 Umbral Mappings . . . . . .. ... ... .. ... ..., 33
4.2.1 Umbral Number . . .. ... ... ... ........ 33
4.2.2 Some Insight into Umbral Mappings . . ... ... .. 37
4.3 Umbral Mappings Based on ~ Finite Lattices . . .. ... .. 47



CHAPTER 5 FINITE LATTICES . . .. ... ... ... ..... 60
5.1 Introduction . . . . .. .. ... 60
5.2 Signif cant Intervals and Components in Finite Lattices . . . . 66

CHAPTER 6 FINITE LATTICES OF WIDTH2 AND3 . ... .. 79
6.1 Finite LatticesofWidth2 . . . . . .. ... ... ... .... 79

6.1.1 Properties of Finite Latticesof Width2 . . . . . . . .. 79

6.1.2 The Structure of a Finite Lattice of Width 2 . . . . . . . 89

6.2 Finite Latticesof Width3 . . . . . . ... ... ... .. ... 98
6.2.1 Properties of Finite Lattices of Width3 . . . . . . . .. 98

6.2.2 The Structure of a Finite Lattice of Width 3 . . . . . . . 101
CHAPTER 7 SUMMARY AND DISCUSSION . . . .. ... ... 103
APPENDIX A SOURCECODE . . ... ... ... ........ 105

BIBLIOGRAPHY . . . . . . . 112



Figure 2.1
Figure 2.2
Figure 3.1

Figure 4.1
Figure 4.2
Figure 4.3
Figure 4.4

Figure 4.5
Figure 4.6

Figure 6.1
Figure 6.2

Figure 6.3

Figure 6.4

Figure 6.5
Figure 6.6

LIST OF FIGURES

M. . . 10
Ns. 10
An example of a skeleton containing an interval which
isnotaskeleton. . ... ... .. ... ... ... 26
An isotone mapping f with u, > height(Q). . . . ... .. 40
An example of a mapping f with o, # 07l - .- 40
An isotone mapping f : L, = L, withuy=n.. .. .. .. 43
An isotone mapping f from a lattice L of height 2 to
alattice Osuchthatuy=mn. .. .. .. ... ... ... .. 45
Non-distributive lattices. . . .................. 54
An example such that [ is distributive, but oy is not
residuated. . . ... . ... 58
A generic 2-significant interval [x,y]. . ... ... ... .. 84
Six types of significant intervals in a finite lattice

of width 2 and their skeletons. . . . .. ... ...... ... 89
The Hasse diagram and the enhanced Hasse diagram

of a prototypical finite lattice, L9, of width 2. . . . . . .. 94
The ith significant interval of L is highlighted,

notated and the siin presented below it. . .. ... ... .. 95
The lattice L9 and its skeleton. . . . .. .. .. ... .... 96
Two significant intervals iy and iy in a lattice with

AXIAYandVXIVY. .o 100

Vil



(a,b)
(a,b]

[a, D)
[a, b]

iel

NOMENCLATURE

open interval, page 13

left-open, right-closed interval, page 13
equals by definiton, page 4

left-closed, right-open interval, page 13
closed interval, page 13

maximal autonomous chain containing an element x in a
poset, page 15

intersection of a family of sets, page 8
union of a family of sets, page 8
function composition: g o f, page 28
principal ideal generated by x, page 6
empty set, page 4

membership: a € 4, page 4

partial order relation, page 5

converse of <, page 5

the set of antichains of P which contain & elements, page 60
the set of antichains of P, page 60
power set of a set M, page 8

number of elements in a set P, page 4
nonmembership: a ¢ 4, page 13

set of elements parallel with x, page 13

product of a family of sets, page 20

viii



Pf

@

gf

I

Tx

{x | P(x)}
ACB
ANB
A=B
AUB
AMB
AUB
A%B
AXB
aVvb
anb
e

f(4)
f(a)
f:A—> B
VA
ged

HS(L, : lel)

J(L)
J(L)

the residuated approximation of f, page 35
umbral mappings corresponding f, page 35

the shadow of f, page 33

partial order relation in a set of antichains, page 62
the order skeleton of a poset P, page 15

principal filter generated by x, page 6

set of all elements x which satisfy P(x), page 4

set inclusion, page 5

intersection of two sets 4 and B, page 19
isomorphism structures, page 5

union of two sets 4 and B, page 13

meet of two antichains A4 and B, page 62

join of two antichains 4 and B, page 62

isomorphism ¢, page 5

product of sets, page 4

join of @ and b, page 7

meet of ¢ and b, page 7

dual structure of 4, page 5

image of set 4 under f, page 4
image of element a under f, page 4
mapping of 4 into B, page 4
inverse image of @ under f, page 5
greatest common divisor, page 58
horizontal sum, page 57

the set of join-irreducible elements, page 24

the set of join-reducible elements, page 24

X



Je (L)
Je(L)
L,

lem
Lex{P,|te T}
M(L)
M~(L)
M:(L)
Mc(L)
Max(S)
Min(S)

the set of completely join-reducible elements, page 24
the set of completely join-irreducible elements, page 24
Bo-skeleton of a lattice L, page 49

least common multiple, page 58

lexicographic sum, page 19

the set of meet-irreducible elements, page 24

the set of meet-reducible elements, page 24

the set of completely meet-reducible elements, page 24
the set of completely meet-irreducible elements, page 24
the set of maximal elements of S, page 6

the set of minimal elements of S, page 7

QVS(P, Q,[x, 1]p) quasi vertical sum, page 40

S’

us

VS(P Q)
x<y

x <y

B-skeleton of a poset P, page 20
umbral number of f, page 36
vertical sum, page 41

x <yandx # y, page 6

x 1s covered by y, page 6



ACKNOWLEDGEMENTS

I am deeply indebted to my advisor, Dr. Richard J. Greechie whose
constant support, patient guidance and stimulating suggestions helped me
throughout the writing of this dissertation.

I would like to thank Dr. Jinko Kanno for her help and advice, Dr. Raja
Nassar and Dr. Weizhong Dai for teaching me a great deal about statis-
tics and mathematics, and Dr. Ben Choi for helpful suggestions related to
computer science.

Of course, [ am grateful to my parents for their love and encouragement.
Finally, I want to express my gratitude to all my teachers and my friends

who helped make possible the completion of this dissertation.

X1



CHAPTER 1
INTRODUCTION

1.1 General Overview

As an algebraic system, a partially ordered set consists of a set and a
binary operation (a partially order relation between two elements). A resid-
vated mapping is a special morphism between two partially ordered sets and
has better property than another mapping, Galois connections. Recently, M.
F. Janowitz has suggested that residuated mappings may play a role in the
theory of cluster analysis [11].

For any mapping f : L — Q from a complete lattice L to a complete
lattice O, Andréka, Greechie and Strecker developed the “shadow” of f to
obtain the maximal residuated mapping “dominated by” f (the residuated
approximation pr of f). If a mapping f is not residuated, iterations of um-
bral mapping converge to ps for f, the least ordinal number & such that
o*}a) = py 1s called the umbral number of f, u,. It is proven that (1) Q is
completely distributive iff' o/ is residuated for any complete lattice L and
any mapping f : L — Q, (2) L is completely distributive iff /*) is residual

for any complete lattice Q and any mapping f : L — O, (3) L is infinitely

'"'We use “iff” to represent “if and only if”.



distributive iff ) is residual for every finite lattice Q and any mapping
f: L — Q. Hence, the maximal number u; o for any f : L — ( between

two complete lattices L and Q is determined by the properties of such two

lattices.

1.2 Research Objectives

Our object is to study (1) the relation between the structure of L and the
umbral number for an isotone mapping f : L — Q between two lattices L
and Q, and (2) the structure of finite lattices.

First of all, we present the concept of “the order skeleton of a poset” and
use it to solve the previous two problems. The order skeleton P of a poset
P is based on an equivalent relation ~, and [x] is the equivalent class under
~. When we apply ~ to a lattice L, the relation ~ becomes a congruence
relation on L. Let B[x] be a fixed element in [x], for any element x in L;
we obtain the B-skeleton § ﬁ of L which is a copy of L, and for any g, it is
always true that ¥ = 7.

In a ~ finite lattice L, the maximal autonomous chain [x] is finite for any
x in L, and there exists a join subcomplete sub-semilattice L, of L which is
the union of A[x] for x. L, is a special B-skeleton of L and L, = L. If f is
isotone, then f, = f|;, is isotone and v, = uy,. By using of f, we can speed
up the computation of the umbral number u,, and we prove that u; o from
a ~ finite lattice L to a complete lattice Q is less than or equal to 1 if L, is

distributive.



Further, we study the structure of a finite lattice with its skeleton and

obtain some useful results about finite lattices of width 2 and 3.

1.3 Organization

Chapter 1 gives a brief introduction about the research and the objectives.
Chapter 2 provides the background and the previous work. In Chapter 3, we
introduce order skeletons of posets and lattices, and in Chapter 4, we focus
on the computation of umbral mappings.

Chapter 5 introduces and studies concepts with the potential of increas-
ing our understanding of the structure of finite lattices. Chapter 6 gives a
complete description of the structure of finite lattices of width 2 and it dis-
cusses salient results in lattices of width 3. The summary of our work and

some suggestions about future work are given in Chapter 7.



CHAPTER 2
REVIEW OF POSETS AND LATTICES

2.1 Posets

The cardinality of a set P, denoted by |P|, is the number of elements
of P. For a non-negative integer », the product set 4, X ... X 4, of n sets,
Ay, ..., Ay, is defined by 4 X... X4, := {(X1, ..., X,) | X1 € A1, e X, € A,). VIE
A =..=A4, = A4, then we write 4" := 41 X...X A4, and for n = 0, we define
A% := {0}. An n-ary operation (or function) on 4 is any function f from
A" to A, n is the arity (or type) of f; an operation f on A is unary, binary,
ternary or finitary if its arity is 1, 2, 3, or a finite non-negative integer.

An algebraic structure consists of a pair (4, {f, | @ € I}) where 4 is a
nonempty set and, for each ¢ in the indexing set /, there is an » such that
fo 1 A" — A is a finitary operation on 4; if I = {a, ..., a;} is finite and
Jo, 1s of type n; where, by convention, n; > niy; (i = 1,... ,k — 1), then the
algebraic structure is of type ny, ..., n;. If a subset B of an algebra A4 is itself
an algebra under the operation of 4 restricted to B, (i.e., fo(x1,...,X,) € B
for xy,...,x,, € B ), then B is called a subalgebra of 4. Let (4, f,) and

(B, go) for a € I be algebraic structures of type ny, ..., n;; a homomorphism

'We use “:=" to indicate that the bbject to the left of the equality is defined by the object to the right of
the equality.



¢ . A — B is a mapping between algebraic structures 4 and B such that
O(fa(x1, s Xo,)) = Zalp(x1), ..., p(x,,)) for each « € 1, x; € A, ¢ maps 4 onto
B; if the mapping ¢ is also one-to-one, i.e., for any y; € B, there exists an
unique ¢~ (y;) € 4 such that f,(¢7'31), ., 07 V) = ¢ (€1, -2 Va)),
then ¢ is called an isomorphism, expressed by 4 =B Ifd = B, then we
usually substitute endomorphism for homomorphism and automorphism
for isomorphism.

Let P be a nonempty set, a relation on P is a subset R € P X P. R may
satisfy some of these properties:

(a) reflexive. If x € P, then xRx holds.

(b) symmetric. If, for x,y € P, xRy holds, then yRx holds.

(c) antisymmetric. If, for x,y € P, xRy and yRx hold, then x = y.

(d) transitive. If, for x,y,z € P, xRy and yRz hold, then xRz holds.

A relation R on a set P is an equivalence relation iff it is reflexive, sym-
metric and transitive. A relation R on a set P is a partial order relation
iff it is reflexive, antisymmetric and transitive. A partially relation is usu-
ally written <. The pair (P, <) is called a partially ordered set (or poset);
we sometimes refer to it simply as P. The converse of a relation < is the
relation <* such that x <* y iff y < x. The dual poset of a poset (P, <
is (P*,<*) where P* = P and <" is the converse of <. If the dual poset of
a poset P is isomorphic with the poset P, then the poset P is a self-dual

poset. A nonempty subset S of a poset P is a subposet of P if there is a



one-to-one function f: S — Psuchthatx <y = f(x) < f(y) forx,y € S.
Let P and Q be two posets. If there is a bijection function f : P — Q
such that, for all a,b € P,a < b = f(a) £ f(b) and, for all ¢,d € Q,
c<d= fYc) < f7'(d), then f is a poset isomorphism and P = Q.

The strict inequality x < y (or, equivalently, y > x) means that x < y
and x # y. We say that x is covered by y (or y covers x), in symbol x < y
(or y > x), if x < y, and there is no element z such that x < z < y.

A poset P can be represented by a Hasse diagram. In such a diagram, a
point represents an element in P and a line that goes from x up to y means
that x < y.

A nonempty subset / of a poset P is called an order ideal (or simply an
ideal) of Pif x € I and y < x imply y € /. A nonempty subset F' of a poset
P 1s called an order filter (or simply a filter) of P if x € /" and y > x imply
yeF.

Let Pbe aposet, x € Pand 4 C P, then

lx:=ePly<x},Tx={yePlx<y}, 4 :=agl(ia).

The subset | x (resp., T x) is called the principal ideal (resp., principal
filter) generated by x. Let S C P and let s € S, then the element s is called
a maximal (resp.?, minimal) element of S if, for x € S, 5 < x (resp., x < s)
implies x = 5. For § C P, Max(S) is the set of all maximal elements of S,

1.e, Max(S) := {x € § | x is a maximal element in S'}; Min(S) is the set of all

We use “resp.” to represent “respectively”.



minimal elements of S, i.e, Min(S) := {x € S | x is a minimal element in §}.
Every finite poset has at least one minimal and one maximal element, but an
infinite poset may have neither. For example, the set of integers, with natural
ordering, is an infinte poset having neither minimal nor maximal element.
In some posets there are more than one minimal or maximal elements.

Let S C Pand s € P, s is an upper (resp., lower) bound of § if x < s
(resp., s < x) holds for all x € .§. S may have no bound or many different
bounds. If, for § C P, there exists an upper (resp., lower) bound a € P
such that a < x (resp., x < a) holds for all upper (resp., lower ) bounds x
of §, then a is called the least upper (resp., greatest lower) bound of S
The least upper (resp., greatest lower) bound of a subset § of P, if it exists,
is unique. The least upper bound of S is sometimes called the supremum
or join of § denoted by \/ .S, and the greatest lower bound of § is called
the infimum or meet of S denoted by A S. For any « and b of a poset P,
the join and meet of {q, b}, if they exist, are denoted by a vV b and a A b,
respectively. Let § C P. If an element x in P is the least upper bound (resp.,
greatest lower bound) of § and also x € S, then x is called the greatest
(resp., least) element of S and Max(S) = {x} (resp., Min(S) = {x}). The
least element of a poset, if it exists, is called 0, and the greatest element of a
poset, if it exists, is called 1. A poset P is a bounded poset if it has both 0
and 1. If P has a least element 0, then an element x of P is an atom if 0 < x;

if P has a largest element 1, then an element x of P is a coatom if x < 1.



2.2 Lattices

If, for any x and y in a poset L, the join (resp., meet) of the set {x, y}
exists, then the poset L is a join-semilattice (resp. meet-semilattice). If L
is both join-semilattice and meet-semilattice, it is a lattice. Often the lattice
L is expressed as (L, V, A). A bounded lattice is a lattice which has both 0
and 1. If there is a join (resp., a meet) for every subset of a lattice L, then L
is join complete (resp., meet complete). Any join complete lattice is also
a meet complete lattice, and vice versa. If, for any subset S of a poset L,
both \/ S and A S exist, then L is a complete lattice. A complete lattice is
a bounded lattice. The power set of a set M, written S?(M), is the set of
all subsets of M. (F(M), C) is an example of a complete lattice in which,
forS§ € (M), VS =JS and AS = S. A finite lattice is a complete
lattice, but a complete lattice may not be a finite lattice. For example, the
set of real numbers in [0, 1] under natural ordering is a complete lattice, not
a finite lattice.

A lattice (L, V, A) is an algebraic structure where V and A are binary
operations, this algebra satisfies the following axioms for all x, y,z € L:

Commutative laws: xVy=yVvx and xAy=yAx.

Associative laws: xV(yvz)=(xVy)Vz and xA(pAz)=(xAy)Az.

Absorption laws: x V(x Ay)=x and xA(xVy)=x.

Idempotentlaws: xVx=x and xAx=x.

Any algebra (L, Vv, A) of type 2, 2 that is a lattice is said to correspond to



the poset (L, <) in case, for a,b € L, a < b is equivalent to a V b = b and
anb=a.

Let (L, V, A) and (M, L, M) be two lattices, and there exists a function ¢ :
L — M. The function ¢ is a lattice isomorphic iff ¢ is a bijection function
such that, for all x,y € L, ¢(x V y) = ¢(x) U ¢(¥) and ¢(x A y) = ¢(x) M ().

If (L, Vv, A) is a lattice corresponding to the poset (L, <), then (L*, V¥, A*)
is the lattice corresponding to the poset (L*, <*) such thataV*b =a A b and
aN*b=aVb fora b e L = L% the lattice (L*, V*, A") is called the dual
lattice of (L, v, A). If the dual lattice of a lattice L is isomorphic with the
lattice L, then the lattice L is a self-dual lattice.

We call a statement A4 a lattice theoretical propeosition if it includes only
V, A and variables. If we interchange Vv and A in 4, we obtain the dual of
proposition 4.

Lattice Theoretical Duality Principle: [17]

The dual of any true lattice theoretical proposition is itself a true lattice
theoretical proposition.
Theorem 2.2.1. In a lattice L, the following are equivalent:

xXVO@AZ)=(xVY)A(xVz) forallx,y,zelL (2.2.1)
xANyVzZ)=(xAY)V(xAz) forallx,y,zeL (2.2.2)

Proof. Let x,y,z € Land leta := (x A y) V (x A z). If the Formula 2.2.1
holds, then we have a = ((x A y) V x) A ((x A y) V z) by the Formula 2.2.1;

thusa = x A((x Vz) A (y V2)), since (x Ay) V x = x by commutative law and
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absorption law, and (x Ay) Vz = (x Vz) A(yV z) by commutative law and the
Formula2.2.1;s0a=(xA(xVzZ)A(yVz)=xA(yVz) by associative law
and absorption law, hence the Formula 2.2.2 holds. Dually, if the Formula
2.2.2 holds, then the Formula 2.2.1 holds. O

A lattice L is a distributive lattice if it satisfies the Formula 2.2.1 or the
Formula 2.2.2.

A nonempty subset S of a lattice L is a sublattice of L if S is a subalgebra
of L. Thus, if S C Land S # 0, then, fora,be S,avbeSandanbesS.
A nonempty subset S of a lattice L is a join sub-semilattice (resp. meet
sub-semilattice) if S € L and § # 0, then, fora,b € S,aVv b € § (resp.,
aNbels).

A lattice is distributive iff no sublattice of it is isomorphic with either the

lattice M5 of Figure 2.1 or the lattice N5 of Figure 2.2 [1].

Figure 2.1 M;. Figure 2.2 Ns.

Lemma 2.2.2. 4 lattice L is a distributive lattice iff the dual lattice L* is a
distributive lattice.

Proof. A lattice L is a distributive lattice iff L has no sublattice isomorphic
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with either M5 or Ns; L has no sublattice isomorphic with either M or Ns iff
L* has no sublattice isomorphic with either M; or Ns; L* has no sublattice
isomorphic with either M or Ns iff L* is a distributive lattice. Hence, L is a

distributive lattice iff L* is a distributive lattice. )

By the notation \/ y; (resp., A y;) we mean the least upper bound (resp.,
iel iel :

greatest lower bound) of the family {y;};c;. Let L be a complete lattice with

x € L, I be an index set and {y; | i € I} be a subset of L. We consider the

following infinite distributive laws:

x A\ ) = \/(x Ay, (2.2.3)
iel iel

xv(\y) = NV (2.2.4)
i€l iel

If L is join complete and L satisfies the Formula 2.2.3, then L is an in-
finitely distributive lattice. The following example shows that the property
of being infinitely distributive is not a self-dual. Let N be the set of non-
negative integers and a,b € N, a A b is their greatest common divisor, and
the aV b is their least common multiple. (N, V, A) is a complete lattice where
the least element is 1 and the greatest element is 0, which follows from the
representation of the greatest common divisor and the least common multi-
ple in terms of their prime factors. Also, from this representation, one can
prove that the lattice N satisfies the Formula 2.2.4; but it does not satisfy the
Formula 2.2.3. For example, {a;}(i = 1, .., ) is the set of all odd positive in-

tegers, then 2A(V @) = 2A0 = 2,but \/(2Aa) = V1 = 1 # 2 = 2A(V a).
i=1 i=1 i=1 i=1
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Let / be an index set and K(i) be aset foreachi € [. Define F :={ f| [ :
[ — [JK(7) and f(i) € K(@) }. Then F is the set of all functions choosing,
iel

for each index 7 of /, some element /(i) in K(i). A complete lattice L is

completely meet distributive if A\ \/ x;x = \/ A Xz holds; a com-

iel keK (i) f(DeF iel
plete lattice L is completely join distributive if \/ A xix = A V xiz
iel keK(i) J()HEF i€l

holds. In fact, a completely join distributive lattice is a completely meet
distributive lattice. In the light of this comment, we have that a lattice L is
completely distributive iff it is completely join distributive.

In the light of this comment, we have that a completely meet distributive
(resp., join distributive) lattice is an infinitely meet distributive (resp., join
distributive) lattice, an infinitely meet distributive (resp., join distributive)

lattice is a distributive lattice.



CHAPTER 3

ORDER SKELETONS

3.1 Order Skeleton of a Poset
If A and B are sets, then 4 — B := {x € A| x ¢ B}. A poset P is called
a linearly ordered set or chain if x < y or y < x holds for all x,y € P. Let
x and y be two elements in P. If x £ y and y £ x, then x is parallel with y,
we express it by x || y.
Let a, b € P. Define four types interval as follows,
closed interval: [a,b] :={x e Pla<x<b},
open interval: (a,b) :={xe Pla<x<b},
left-open, right-closed interval: (a,b] :={x € Pla<x<b},
left-closed, right-open interval: [a,b) = {x e Pla<x<b}.
Note that we define [a, b] even if @ £ b, in which case [a,b] = 0. A
similar comment also applies to the other intervals just defined.
Let x be an element in a poset P. Define
mx):={yePlyllx}
Note that 7(x) = P - ((T x) U ({ x)). The set mr(x) is the set of elements
which are parallel with x.

Let ~ be the binary relation defined by x ~ y for x,y € P in case

13
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x Y yand n(x) = n(z) forall z € [x,y] U [y, x].

A nonempty subset S of a poset P is called an autonomous set iff, for
any x € P—S, (1) x <y for some y € § implies that x < s forall s € S, and
(2) y < x for some y € S implies that s < x for all s € S. An autonomous
chain is a chain that is also an autonomous set.

Lemma 3.1.1. Let P be a poset and x,y € P. Then the following statements
are equivalent.

(Dx~y,

(2) we have m {f n, (Tm— Tn) U (Tn— Tm) = [m,n] U [n,m] and

(Um={m)yU(n-|m)=[m,n]U[nm]formnce[x,ylVl[y,x]

(3) [x,y] U [y, x] is an autonomous chain.

Proof. (1) = (2) Let x ~ y. Suppose m,n € [x,y] U [y, x]. Then m }f n and
n(m) = n(x) = m(n). We may assume that m < n. Then [m, n] C Tm— Trnand
(Tm—Tnm)U (Tn—Tm)=Tm— Tn. Leta € Tm— Tn, then a ¢ n(m) = n(n)
andn £ a,soa <nanda € [m,n]. Thus Tm— Tn C [m,n] = [m,n]U[n,m].
Hence (T m— T n) U (T n— T m) = [m,n] = [m,n] U [n,m]. Similarly
(Um—Ln)yU(n-Lm)=[mn]U[n m.

(2) = (3) Suppose that condition (2) holds. Then [x, y]U[y, x] is a chain.
We claim that [x, y]U [y, x] is an autonomous set. Let p € P—([x, y]U [y, x])
and a € [x,y]U[y,x]. If p < a,thenp < xand p < y, thus p < b for
all b € [x,y]U[y,x]. Ifa < p,then x < pand y < p, thus b < p for all
be[x,y]Ulyx].

(3) = (1) Suppose that [x,y] U [y, x] is an autonomous chain. We may
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assume that x < y. Letz € [x,y], then Tx = [x,z]JU Tzand |z = [x,z]U | x,
thus (Tx) U (lx) = [x,z2] U(T2) U (I x) = ([x,2]U L x) U(T2) = ({2) U (T2),
so m(x) = m(z). Hence x ~ y. O

When x < y, we have the following restatement of this Lemma.
Corollary 3.1.2. Let P be a poset, x,y € P and x < y. Then the following
Statements are equivalent.

Dx~y,

(2) for any m,n € [x,y], we have m {f n; if m < n, then Tm— Tn = [m,n]
and [n— | m = [m,n],

(3) [x,y] is an autonomous chain.
Lemma 3.1.3. The relation ~ defined on P is an equivalent relation.
Proof. The relation ~ is reflexive since x }f x and [x, x] = {x}.

We claim that ~ is symmetric. If x ~ y, then y ~ x by the definition of ~.

We claim that ~ is transitive. Let x,y,z € P with x ~ y and y ~ z. Since
n(x) = n(y) = n(z), the three elements x,y and z are in a chain. We may
assume that x < z. If y < x, then [x, z] is a subset of an autonomous chain
[, z], thus [x, z] is an autonomous chain. If z < y, then [x, z] is a subset of
an autonomous chain [x, y], so [x,z] is an autonomous chain. If y € [x,z],
then [x, z] is the union of two autonomous chains [x, y] and [y, z], it follows
that [x, z] is an autonomous chain. Therefore x ~ z. 0

Let P be a poset with x € P, define [x] :={y|x ~y }.

The order skeleton (or simply the skeleton) of P, (P, <), is defined as

follows:
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~

P:={[x]lxeP}
[x] < [y] iff there exist x; € [x] and y; € [y] such that x; < yi.
Lemma 3.1.4. Let P be a poset. Then

(1) (P, <) is a poset,

(2) for x € P, [x] is a maximal autonomous chain containing x.
Proof. (1) The relation < is reflexive since x € [x] and x < x.

We claim that < is antisymmetric. If [x] < [y] and [y] < [x], then there
exist x1, x; € [x] and yy, ¥, € [y] such that x; < y; and y, < x,. Sincey; ~ y2
and x; < y1, we have x; }{f y, by the definition of ~, 1.e., x; < y; or y» < x;.
If x; < y,, then yy € [x1,x2], S0y ~ ¥» ~ x; if y; < x1, then x; € [y2,y1], SO
x ~x; ~y. Hence x ~ y and [x] = [y].

We claim that < is transitive. Let [x],[y],[z] € P with [x] < [y] and
[¥] < [z], then there exist x; € [x], 1,2 € [y] and z; € [z] such that x; < y;
and y, < z;. Since y; ~ y, and x; < y;, we have x; {f y,. If x; < y,, then

x1 £y <z1,80 [x] < [z];if y» < x1, then x; € [y, 1] and x ~ x; ~ y, so

(2) Since x ~ x, we have x € [x]. Suppose that [a, b] is an autonomous
chain such that [x] € [a, b]. For any ¢ € [a, b], [x,c] U [c, x] is a subset of
the autonomous chain [q, ], so [x, c] U [c, x] is an autonomous chain, thus
x ~ ¢ by Lemma 3.1.1. Hence, ¢ € [x] and [x] = [a, b]. Therefore, [x] is a
maximal autonomous chain containing x. O

Lemma 3.1.5. Let P be a poset with x,y € P, then

D xl=Dblex~y
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Q) xllyinP e [x]|[y]inP,

(3) if there exist x) € [x] and y, € [y] such that x| <y, and x; + y\ hold,
then [x] < [y),

(4) if [x] < [y], then x1 < y; and x; + yy hold for all x, € [x] andy, € [y],

G)[xI<sle x~yorx<ywithx +Y,

6) [x] ~ D] in P & [x] = [y)

(7) x <y and 7(x) = 7(y) iff 1 x = [x,y]U Ty and Ly = [x,y]U Lx,

(8) if y € [x] and \/[x] exists, then Ty = [y, V[x]]U T (V[x]),

) if y € [x] and \[x] exists, then Ly = [A[x], y]U | (A[x]),

(10) if A[x] exists, then (\[x], x] C [x],

(11) if \/[x] exists, then [x, \/[x]) € [x],

(12) if Alx] exists and \[x] <y < x, then (\[x], x] = (A[x],¥] VU [y, x],

(13) if \V[x] exists and x <y < \/[x], then [x, \/[x]) = [x,¥] U [y, V[x]],

(14) if A[x] and \/ [x] exist, then [x]U{A[x], V[x]} = [Alx], x]U[x, V[x]].
Proof. (1) We only need prove that [x] = [y] implies x ~ y. Since x € [x]
and [x] = [y], we have x € [y] and x ~ y.

(2) Let x || y. Then, for a € [x] and b € [y], we have y € n(x) = n(a),
thus, a € n(y) = n(b). Hence [x] £ [y] and [y] £ [x], i.e., [x] || [¥]. To prove
the converse, let [x] |} [y], then x £ y and y £ x from the definition of the
ordering in P. Hence x || y.

(3) This proof follows from the definition of P and part (1).

(4) Let [x] < [¥] with x; € [x] and y; € [y]. Since [x] < [y], we have

y1 £ xp; also since x; } y; by part (2), it follows that x; < y;. Since
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[x1] = [x] # [¥] = D], we have x, + y; by part (1).

(5) The proof of « follows from part (1) and (3), the proof of = follows
from part (1) and (4).

(6) We only need to prove [x] ~ [y] in P implies [x] = [y¥]. Let [x] ~ [y]
in P. Then [x] # [y]in P and x }f y in P. We claim that x ~ y. But
suppose not. Then, there exists z € [x, y] U [y, x] such that 7(x) # n(z), thus
[z] € [[x], V11V [], [x]] and ([x]) # m([z]), so [x] + [y] in P contradicting
the hypothesis [x] ~ [y] in P. Hence, x ~ y and [x] = [y].

(7) Let x < y and 7(x) = n(y). Since x < y, we have [x,y] U (Ty) C T x.
Letp e Tx,then p ¢ n(x) = n(y),1.e p < yory < p, thus p € [x,Y]
orp €ty SoTxC[xylUTy Hencelx = [x,y]U Ty Similarly
Ly=1[xylulx

Suppose that Tx = [x,y]U Tyand |y = [x,y]U | x. Then x < y. Also, we
have (Tx) U (I x) = [x,y]U (U lx=T») U ([xy]V lx) = (Ty)Uly).
Hence, 71(x) = 71(y).

(8) Assume that y € [x] and \/[x] exists in P. Then y < \/[x] and
b, VIx]IV T(VIx]) € Ty. Letz € Ty, then [y] < [z]. If [y] = [z], then
z € [y] = [x], thus z € [y, \V[x]}; if [¥] < [z], then w < z for all w € [x], soO
VIx] <z Thus Ty € [y, V[x]JU T(V[x]). Hence Ty = [y, V[x]]U T(V[xD.

(9) This proof is dual to the proof of (8).

(10) Let z € (A[x], x]. Then z § x; for x; € [x] since z ¢ n(x) = n(x)),
and z is not less than all element in [x] since A[x] < z. Hence, there exists

p € [x] such that p < z. Thus, z € [p, x] C [x]. Hence (A[x], x] C [x].
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(11) This proof is similar to that of (10).

(12) Let y € [Alx], x], then (A[x],y] and [y, x] are the subsets of the
autonomous chain [x] by (10); also since the intersection of (A[x], y] and
[y, x] is not empty, we have (A[x], x] = (A[x},y]1V [y, x].

(13) This proof is dual to that of (12).

(14) We have (A[x], x] € [x] and [x, \/[x]) € [x] by part (10) and part
(11), so that [A[x], x] U [x, V[x]] € [x] U {Alx], V[x]}. Ify € [x], then
Alx] <y < V[x]and y { x, thus y € [A[x], x] U [x, V[x]]. It follows that
[x] UIALx], VIx]] € [Alx], x] Y [x, VV[x]]. Hence the formula holds. O

Let T be a nonempty poset as an index set and P, (¢ € T) be a family
of pairwise disjoint nonempty posets that are disjoint from 7. In [14] the

lexicographic sum Lex{P, | ¢t € T} is defined to be |J P;, and, for any
el

p1, p2 € Lex{P;}, py < py iff

(1) forsome t,,b € T, t) <ty, p1 € P, and p; € P,,, or

(2) forsome t € T, p1, p» € P,and p; <p, p>.
Theorem 3.1.6. Any poset P is isomorphic to the lexicographic sum of a
family of maximal autonomous chains [x] for x € P, ie., P = Lex{P; |
t € TYwhen T = Pandfort € T, P, = [x], when t = [x]; in brief
P = Lex{[x] | [x] € P}.
Proof Wetake T = P. P = UTP, becomes P = J [x], (ie., P = U P)
which is true, since ~ is reﬂex;f/e. Since P C @(P)[xa]ti)d [x] € L(P) for all
x € P, we have P € 2(Z(P))and PN[x] = 0 forall [x] € P. Forall p € P,

there exists # € T such that p € P, and ¢ = [x]. Let p; € P, with t; = [x]
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and p; € P, with &, = [x2]. Then p; < p, if (1) p1 < p2 with p1 » ps
or, (2) p1 < pa with p; ~ pa,ie., (1) t) < t, p1 € P, and p; € Py, or, (2)
t = t, p1,p2 € P, = P, and p; < p,. Hence, P is the lexicographic sum
of [x] for [x] € P. 0
A poset P is a skeleton if P = P via the bijection mapping ~ sending x
to [x].
Lemma 3.1.7. A4 poset P is a skeleton iff [x] = {x} for any x € P.
Proof. Assume that P is a skeleton, so that P = P. Let x € P and y € [x],
then [x] = [y]; also since ~ is one-to-one, we have y = x. Hence, [x] = {x}.
Assume that [x] = {x} for all x € P. Then ~: P — P is one-to-one.
Since ~ : P — P is a onto by the definition of ~, the mapping ~ is a poset
isomorphism. Hence P = P. O
Let P be a poset. We define
[1[x]:= (B: P — PIA(Ix]) € [x] ),

[x]eP

and, for g € [] [x],

[x]eP
Sy =BP)={BxD I [x1 € P} C P,
We call (S2, <| Sﬁ) the B-skeleton of P. We write < 58 for < ’Sﬁ'
Lemma 3.1.8. Let P be a poset and let p € ]] [x]. Then
(1) x ~ B([x]) for all x € P; e
(2) x € Sp & x = ([x]);
(3)let x,y € Sﬁ with x ~ y, then x = y;

(4) let x,y € Sﬁ with x # y, then x + y;
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(5) S is a subposet of P, i.e., for x,y € Sp, x <gp y & x S y;

(6) P =S5 for any B e 1 [,

(7)P=P. -

Proof. (1) and (2) These proofs follow directly from the definition of the
function B.

(3) Let x,y € S? with x ~ y. Then [x] = [y]. So x = ([x]) = B(Y]) = ».

(4) This proof follows from (3).

(5) The proof follows from the definition of <g,

(6) The function 8 : P — §% is onto by the definition of -skeleton. Let
B([x]) = B(]), then [x] = [B(x)] = [B(»)] = [¥] since B([x]) € [x] and
B(Y]) € [¥], so B is one-to-one.

Let [x] < [¥]. If [x] < [¥], then B([x]) < B([¥]) by Lemma 3.1.5 part
(4); if [x] = [y], then B([x]) = B([¥]). Hence B([x]) < B([¥]). Suppose
that B([x]) < B([y]). There are two cases: in the first case, S([x]) ~ B(Iv]),
thus x ~ B([x]) ~ B(I¥]) ~ y; in the second case, B([x]) + B([¥]), thus
[x] = [B([xD] < [B(yD] = ] since B([x]) < B([¥]) with B([x]) € [x] and
B(v]) € [v]. Hence, [x] < [¥].

Therefore, P = S%.

(7) By abuse of notation, we define ~ : P — P by ~ ([x]) = [[x]]. Then
~ is clearly onto. Let [[x]],[y]] € P with [[x]] = [[¥]], then [x] ~ [y] in P
by Lemma 3.1.5 part (1), and [x] = [y] by Lemma 3.1.5 part (6). Hence ~

1S one-to-one.
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If [x] < [y] in P, then [[x]] < [[¥]] in 2. If [[x]] < [[¥]], then [x] ~ [¥] or
[x] < [y] with [x] + [y] by Lemma 3.1.5 part (5); [x] ~ [y] implies [x] = [y],
since [[x]] = [[¥]] and ~ is one-to-one. Hence, [x] < [y].

Therefore, P = P. O
Lemma 3.1.9. Let P be a poset and B € ] [x].

(1) If x,y € P with x < y, then B([x]) S[X]ﬁef[y]).

Q) If T € S5 and u is a minimal upper bound of T in P, then B([u]) is a
minimal upper bound of T in S%.

() If T € S% and v is a maximal lower bound of T in P, then B([v]) is a
maximal lower bound of T in Sb.

(4) If x Ay exists for x,y € P, then [x]A[y] exists in P and [x]A[y] = [xAY].

(5) If xVy exists for x,y € P, then [x]V[y] exists in P and [x]V[y] = [xVy].
Proof. (1) Let x < y, then [B([x])] = [x] < ] = [B([y])), by Lemma 3.1.5
(5) either B([x]) ~ B([y]) or B([x]) < B([y]) with B[x] + B[y]. Thus either
B([x]) = B([v]) by Lemma 3.1.8 part (3) or B([x]) < B([¥]). Hence, in either

case, B([x]) < B(D.

(2)LetT C Sﬁ and u be a minimal upper bound of 7 in P, then ¢ < u for
all t € T, thus [¢] < [¢] and ¢ = B([¢]) < B([u]) for all ¢ € T by (1). Hence,
B([u]) is an upper bound of 7 in S%, and therefore, also in P.

Let z be any upper bound of T in Sﬁ. Then z is a upper bound of T in
Pand z £ u since u is a minimal upper bound of 7 in P. If z ~ u, then

z ~ B([u]) since B([u]) ~ u, thus z = B([u]) by Lemma 3.1.8 part (3) since
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z,B([u]) € Sﬂ; if z + u, then z ¢ [u]; since B([u#]) ~ v and z £ u, we have
z ¢ B([u]). Soz £ 5 B([#]). Hence B([u]) is a minimal upper bound of T in
S5,

(3) This proof'is dual to that of (2).

(4) Let x,y € P, then either x }f y or x || y holds. If x } y, we may
assume that x < y. So [x] < [y] and [x]A[y] = [x] = [x Ay]. Hence, we may
assume x || y, then [x] || D/]’ by Lemma 3.1.5 part (2). Since x Ay < x, we
have [x A y] < [x]. Similarly, [x A y] < [y]. Hence, [x A y] is a lower bound
of [x] and [y]. Let [s] be any lower bound of [x] and [y]. Then [s] < [x]
and [s] < [y] since [x] || [¥]. Thus, s < x and s < y by Lemma 3.1.5 part
(4), s0 s < x Ayand [s] < [x Ay]. Therefore, [x] A [y] exists in P and
[x] A D] =[x Ayl

(5) This proof'is dual to that of (4). O

3.2 Order Skeleton of a Lattice

For completeness, we provide a direct proof that the relation ~ on a lattice
L 1s a congruence relation.
Lemma 3.2.1. Let L be a lattice. Then L is also a lattice, in fact, L = L] ~.
Proof. Leta ~ a; and b ~ by. We claim thataVv b ~ a; vV b;. Lemma 3.1.9
part (5) indicates that [a]V[b] and [a;]V[b,] exist, moreover [aVb] = [a]V[b]
and [a, V b] = [a1] V [b1]; also since [a] = [a;] and [b] = [b], it follows
that [a v b] = [a; V b;]. By Lemma 3.1.5 part (1) we have aV b ~ a; V b;.

Duallya A b ~ a; A by. a
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Corollary 3.2.2. Let L be a lattice, then ~ : L — L is a lattice homomor-
phism. Hence, for x,y € L, [x Vy] = [x] V [y] and [x A y] = [x] A [¥].

An element x of a lattice L is called join-irreducible ( resp., meet-
irreducible) if x = \/ 4 (resp., x = A A4) for any finite subset 4 € L implies
that x € 4. An element x is called join-reducible (resp., meet-reducible)
if there exists a finite subset 4 C L such that x = \/ 4 (resp., x = A 4) and
x ¢ A. Thus, an element x € L is join-irreducible (resp., meet-irreducible)
iff it is not join-reducible (resp., meet-reducible). Let J(L) and M(L) be the
set of all join-irreducible elements of L and the set of all meet-irreducible
elements of L, respectively. Let J7(L) and M~ (L) be the set of all join-
reducible elements of L and the set of all meet-reducible elements of L,
respectively. Thus, M~(L) = L — M(L) and J(L) = L — J(L). Note that
1 e M*(L)and 0 € J~(L), since @ is afinite set, ] = A@and 0 = \/ 0. An
element x is called completely join-irreducible (resp., completely meet-
irreducible) if, forany 4 € L, x = \/ 4 (resp., x = A\ A) implies that x € 4.
An element x is called completely join-reducible (resp., completely meet-
reducible) if there exists some 4 C L such that x = \/ 4 (resp., x = A 4)
and x ¢ A. The set of all completely join-reducible elements and the set
of all completely meet-reducible elements of L are denoted by J (L) and
M7 (L), respectively; the set of all completely join-irreducible elements and
| the set of all completely meet-irreducible elements of L are denoted by J.(L)
and M,(L), respectively. Thus M (L) = L — M(L) and J;(L) = L — J(L).
Obviously, J°(L) € J;(L) and M~(L) € M;(L). Note that (1) 1 € M (L),
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since 1 = A @ with 1 ¢ 0; (2) 0 € J;(L), since 0 = \/ 0 with 0 ¢ 0.
Lemma 3.2.3. Let L be a complete lattice with x € L.

(1) If [x) " M~ (L) # 0, then [x] N M~(L) = {\/[x]} and [x] € M~(L).

) If [x] N J(L) # O, then [x] N J~(L) = {A[x]} and [x] € J~(L).

) If[x] N M (LY N J (L) # 0, then [x] = {x} and [x] € M~(L) N J~(L).

(4) | M~ (L) = |M~(L)| and |J~(L)| = |J~ (L)

(5) Let \/[x] € [x]. If V[x] € M.(L) and \/[x] < 1, then |Cyy| = 1.

(6) Let A[x] € [x). If A[x] € J.(L)) and 0 < \[x], then |CN\P)] = 1.

(MY Letae Landletye|[x]. Ifall x, thenxVa=yVaandxha=yAa.
Proof. (1) Suppose that [x] " M~(L) # 0. Lety € [x] N M~(L), then there
exista,b € Lsuchthaty = aAbandy ¢ {a,b}, so a || b and n(y) # n(a);
thus, we have y < aand y + a, so [y] < [a] by Lemma 3.1.5 part (3);
therefore, z < a for all z € [y] = [x] by Lemma 3.1.5 part (4). Hence,
V[x] < a; similarly \/[x] < b; it follows that \/[x] < a A b = y. Since
y € [x], we have y < \/[x]. Therefore, y = \/[x], i.e., [x] " M~ (L) = {V[x]}.
Since [x] = [y] = [a A b] = [a] A [b] and [a] || [b], we have [x] ¢ {[a], [b]}.
Hence, [x] € M~(L).

(2) This proof is dual to that of (1).

(3) Let [x]N M~ (L)NJ~(L), then \/[x] = A[x] with [x] € M~ (L)nJ (L)
by (1) and (2). Since A[x] < x < \/[x], it follows that [x] = {x}.

(4) Define ~ : M~(L) —» M~ (L) by ~ (x) = [x]. We claim that ~ is
onto. Since [0] € M~(L) and 0 € M~(L), we may assume that [x] € M~ (L)
and [x] # [0]. Then there exists [a],[b] € L such that [x] = [a] A [&]
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and x ¢ {[a],[b]}. Thus, [a] || [6] and a || b by Lemma 3.1.5 part (2); so
aANbe M (L), since [x] = [a] A [b] = [a A b] by Corollary 3.2.2, we have
~ (x) = ~ (a A b) = [x]. We claim that ~ is one-to-one. Let [y], [z] € M~(L)
with [y] = [z]. By (1) I N M~(L) = V[¥] and [z] " M~ (L) = \/[z], so that
~U (O = VIV = VEz] =~ (2]). Hence ML) = [M~(L)l. Dually
@)l =1L,

(5) Lety = \/[x] € M.(L)N[x] andy < 1. We claim that C, # 0. Suppose
not. Theny = A(Ty — {y}) contradicting y € M.(L). Let a € C,. For any
z >y, we have z }f a, otherwise, y = a Az € {a,z} contradicts y ¢ M (L);
also z £ a since y < a, thus a < z. Hence, |Cy gl = |C,)| = l{a}l = 1.

(6) This proof is dual to that of (5).

(7) Let y € [x]. By definition of ~, a || x iff a || y. Since a € n(x)-n(xVa), -
we have x » x Va. Since x < xVaandy ~ x, we have y < x V a, so
yVa<xVa Similarly x Va < yVa. Hence, xVa = yVa. Dually

xXANa=yAa. O

X

Figure 3.1 An example of a skeleton containing an interval which is not a
skeleton.
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A lattice L is a skeleton if L = [ via a lattice isomorphism ~. Figure 3.1
presents an example of a skeleton having an interval [x, y], which is not a

skeleton.



CHAPTER 4

RESIDUATED APPROXIMATIONS

AND UMBRAL MAPPINGS

4.1 Residuated Mappings

Let X, ¥, Z be sets, we denote the composition of functions / : X — ¥
andg:Y — Zbygo f;s0(go f)(x) = g(f(x)) forall x € X.

Let P, O be posets, a mapping / : P — ( is isotone if it satisfies x < y
implies f(x) < f(y) for all x,y € P; the mapping f is antitone if x < y
implies f(y) < f(x) forall x,y € P.

An isotone mapping f : P — ( is a residuated mapping iff there is
an isotone mapping g : Q — P such that (go f)(p) > p forall p € P and
(fog)(g) < gforall g € Q. Such a mapping g is called a residual mapping
corresponding to f. The following Lemma proves that such a g is uniquely
determined by f.

Lemmad4.1.1. Let f : P — Q be a residuated mapping between two posets,

then the residual of f is unique.

Proof. Let g and & be residual mappings corresponding to f. Then for all

q € Q,8(@q) s (hof)g@) = (hofog)g) = h((f °g)g)) < h(g) since

h and g are residual mappings corresponding to f; so g(g) < A(g) and, by
28
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symmetry, we have 4(q) < g(q). Hence g(q) = h(q) for all ¢ € Q, 1.e,
g=h. : O

The following lemma proves that the concept of being a residuated map-
ping is dual to the concept of being a residual mapping.
Lemma 4.1.2. Let P, Q be two posets. If f : P — Q is a residuated map-
ping, then [ : P* — Q" is a residual mapping, and vice verse.
Proof. Suppose f : P — (Qis aresiduated mapping, then there is a residual
mapping g : Q — P such that (g o /)(p) > p holds for all p € P and
(fog)(g) < gholds forall g € Q, so (go f)(p) <* pholds forall p € P* and
(f o 2)gq) =" g holds for all ¢ € Q*. The mapping g is isotone from Q* to
P* since, for q1,q, € Q" with q1 < g2, g1 = g, holds in Q and g(q;) > g(g92)
holds in P, thus g(q1) < g(g2) holds in P*. Hence f is a residual mapping
from P* to Q*. Similarly if f is a residual mapping from P to Q, then fis a
residuated mapping from P* to Q*. O

A residuated mapping f is also uniquely determined by the residual
mapping g corresponding to f. Often we write g := f™ and f := g7, so
f=g =(")"=f"andg=f"=(g)* ;=g *. We write Res(P, Q) for
the set of all residuated mappings from P to Q and Res*(Q, P) for the set of
all residual mappings from Q to P.

Let f: P — Qand g: Q — P be two antitone mappings between two
posets P and Q. The pair (f, g) is a Galois connection iff (g o f)(p) = p
forall p € Pand (f o g)(q) = g for all ¢ € Q. We define Gal(P, Q) :=
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(f1f:P— Qandg : Q — P such that (f,g) is a Galois connection
between P and Q}. The following lemma shows the connection between
Galois connections and residuated mappings.

Lemma 4.1.3. Let P and Q be posets. Every isotone mapping f : P — Q is
residuated iff the pair of mappings (f, f*) is a Galois connections between
P and Q, i.e. Res(P, Q) = Gal(P, O").

Proof. Let f € Res(P, Q), then there exists an isotone f* : Q — P such
that (f* o /)(p) = p holds for all p € P and (f o f*)(g) < ¢ holds for all
g € O, thus (f* o f)(p) = p holds in P and (f o f*)(q) =* q holds in Q".
The mapping /' : P — Q" is antitone since f : P — ( is isotone, and
the mapping f* : Q* — P is antitone since f* : Q — P is isotone. So
f € Gal(P, Q). Hence Res(P, Q) C Gal(P, Q*). It is similar to prove that
Gal(P, 0%) € Res(P, Q). Therefore Res(P, Q) = Gal(P, O%). O

Information obtained regarding the computation of residuated mappings
may be thought of as information obtained regarding the computation of
Galois connection. In the sequel we consider only residuated mappings.

By Lemma 4.1.2 and Lemma 4.1.3 we have the following corollary.
Corollary 4.1.4. Let P and Q be posets. Then Res(P, Q) = Res*(P*, Q%)
and Res*(P*, O*) = Gal(P, Q).

Let f: P — Q be aresiduated mapping between two posets with g € Q.
We define f~1(l q) := {p € P| f(p) < q}. The following lemma gives a

necessary and sufficient condition that an isotone mapping £ is residuated.
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Lemma 4.1.5. Given two posets P and Q, an isotone mapping f : P — Q
is residuated iff, for any q € Q, there exists a greatest element in f~'(| q).
Proof. If f is residuated, then there is an isotone mapping g : Q — P such
that (1) g(f(p)) = pforall p € P, (2) f(g(q)) < g forallg € Q. We
have g(g) € (1 g) for any g € Q by (2). Now letz € f~!({ @), so that
f(z) € g and z < g(f(2)) by (1). Since g is isotone and f(z) < g, we have
g(f(2)) < g(g), so z < g(f(2)) < g(q); therefore, g(g) is the greatest element
in /().

Conversely assume that, for any g € Q, there exists a greatest element in
(1 q); call it g(g) so that g : O — P. Then g is isotone since, for ¢, < ga,
it follows that f~'(Lq1) € f~'(1 92), s0 g(q1) < &(¢2). Since g(q) € /(L 9),
f(g(q)) < g holds. Now, let p € P, then f(p) € QO and g(f(p)) is the greatest
element in /~!({ f(p)) by the definition of g; since p is in f~!(| f(p)), we
have p < g(f(p)). Hence f is residuated. O

For f: L — Q between two complete lattices, define

A5(x)=(ge @lx< \/ /U b
Lemma 4.1.6. Let /' : P — Q be a residuated mapping between two posets

and I be an index set. If \/ x, exists in P, then \/ f(x,) exists in O and

a€l ael
SOV xo) = a\e/lf(xa)-

ael

Proof. Let f : P — Q be residuated. If / = (, then there exists 0 in P and

V xq, = 0; since f is isotone, we have f(\/ x,) = V f(x.) = 0 and there
a€l ael a€l
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exists 0 in Q; moreover, {x, | @« € I} € f}(} 0)and 0 € Af()![xa) =
A7(0), so that f(a\e/l Xe) = f(0) = 0 = a\e/lf(xa). If I # 0. We have
f(a\/[xa) > f(x,) since f is isotone. Let g > f(x,) for all @ € I, then
f+(eq) > (f(xe) = (ff o Hxq) = x, and therefore f7(q) > \6/1 Xq; hence
g=(fof )9 = (") = f( \({I Xq). Therefore \E/I f(x2) exiasts in QO and
/i (Q\E/I Xa) = a\e/lf (Xa). O
Let P be a posetand S C P, we denote f(S) = {f(s) | s €S}
The following corollary shows that an isotone mapping between two
complete lattices is residuated iff it preserves all existing joins.
Corollary 4.1.7. Let f : P — Q be an isotone mapping between two com-
plete lattices P and Q. Then the mapping f is a residuated mapping iff

f(V xo) =V f(xq) for all index sets I with x,, € P.
ael

ael

Proof. By the Lemma 4.1.6, if f is residuated, then f(\/ x5) = \/ f(xa)
for all subsets {x, | @ € I} C P. Assume that f{ lea;€1= v f(;zl). Let
g =Vrilgforge Q0 Iff'Ug=0 th(;l /d ;)e c /o
and g(g) = 0, thus £(0) = 0. We may assume that /-(| ) # 0. Then g is
isotone since, for g1 < ¢z, /7'(1 ¢1) € f7'(l ¢2) holds, so g(q1) < g(q2).
For p € P, we have g(f(p)) = V /7'l f(p)); since p € f~(L f(p)), it
follows g(f(p)) = V f7'(l f(p)) 2 p. Now let g € Q; then f(g(g)) =
SV U g) = VA (Lg), and f(z) < g holds for all z € £'(L g), so

fe(@) =V f(f 1l g9)) < q. Hence, f is residuated. O
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4.2 Umbral Mappings
4.2.1 Umbral Number
In this section, let f : L — Q be a mapping between two complete
lattices L and Q.

Define the mapping /™ : Q — L as follows; for g € Q,

S = \/IxeLl =gt =\/r"Ug.

Define the mapping /) : Q — L as follows; for g € Q,

gy = NlxeLlgs =\ '),

Define the mapping oy : L — Q as follows; for x € L,

o) = Nge 0lx< \/ gk

The mapping o/ is called the shadow of f in [2]. Note that

o) = N4 = N\lge 0lx<\/ ' Ug)
= \lge Qlx< /D)
= () = 7).

A mapping f may be not isotone, but /) and ) are isotone. Since, for
91,92 € Qwith gy < gy, wehave{x e L| f(x) < q1} S {x € L| f(x) < q2},
so that f™)(g)) = Vix e L| f(x) < q1} < Vix € L| f(x) < g2} = fFNq2).
Hence, /) is isotone. Similarly, we can prove that /{7 is isotone.

The proofs of the following theorems in this section are given in [2] or

[8].
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Theorem 4.2.1. Let f : L — Q be a mapping between two complete lat-
tices.
(1) If f is residuated, then ) is the residual mapping f*, i.e., f = f*.
(2) If f is residual, then ) is the residuated mapping f~, i.e., ) = f~.
() If f) = f7, then oy is residuated.
(4) If fO = [, then o is residuated.
Proof. (1) The mapping /™ for any mapping £ is always isotone. Lety € L,
theny € {x € L] f(x) < fO)) soy < Vix € L] f(x) < f0)} = SOU0)).
Letg € Q, then f™M(g) = VV{x € L | f(x) < q}. Let g € Q. By Corollary
417 we have (/@) = f(VIx € L1 ) <qh = V[ =

zel{xeL|f(x)<q)
\/ f(z) < q. Hence /™ is a residual mapping corresponding to f. Since

?i)giz the unique residual of f by Lemma 4.1.1, we have f(*) = f*,

(2) This proof is dual to (1).

(3) Note that cp(x) = AN4r(x) = Ng € Qlx < fHg) If fPis
residual, then 4 ,(x) has a least element g,. Also x < f™M(g,) < f™(g)
holds for any g € 4 /(x) since f1*) is isotone. Hence g € 44(x) © g, < g &
x < fM(g).

(4) This proof is similar to (3). 0

Let f: L — Qandg: L — Q be two mappings between two posets.

Define f < g to mean that f(x) < g(x) for each x € L, sometimes we write

g > ffor f < g. Wesay fis “dominated by” g if /' < g.
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Theorem 4.2.2. For any mapping f : L — Q between two complete lattices
L and Q, there is a largest residuated mapping py dominated by f.

Proof. Let H :={h: L — Q| h < fand his residuated}. Then H # 0 since
there exists 0 in O and the mapping g satisfying g(x) = 0 for all x € L is

contained in A. Define p/(x) := \/ h(x) forall x € L. Since & < f, we have
heH

pr=\V hsf.
heH

We claim that p is residuated. Let.S € L. Since #(\/ S) = \/ h(s) for
any h € H, we have ps(\/ S) = \/ WV S) = hYH(SY h(s)) = S\E/ (hzi h(s)) =
s\/s ps(s). By Corollary 4.1.7 pr is res1duated. Since any residuated mapping
deominated by f is less than or equal to py, the residuated mapping p; is the
largest residuated mapping dominated by f. O

Following the definition in [2], we call the ps in the previous theorem the
residuated approximation of f.

For any ordinal number a, we define the umbral mapping a'(“) as fol-
lows:

7 a=0,

o (fa)(x) = 0'53—1), for a successor ordinal «,

A o®,  for a limit ordinal.
\S<a

In Theorem 4.2.3 we prove that, for any mapping f : L — QO between
two complete lattices L and O, f > oy > 0'5,2) . > pris true. Moreover,

we prove, in Corollary 4.2.10, that there always exists a least ordinal a such
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that (Tf,“) = ps. We call this o the umbral number u, of f.
Theorem 4.2.3. Let f : L — Q be a mapping between two complete lat-
tices. Then

(1) o is isotone,

(2) prsorsfs

() if o s is residuated, then oy = py;

(4) if fis residuated, then | = o = py.
Proof. (1) Since oy = (™)) is the composition of two isotone functions
f® and /O, o is isotone.

(2) For x € L, we have o (x) < f(x) since f(x) € As(x). Let q € 47(x),
then x < \/ /7!l g); since py is a residuated mapping under f, we have

pr) <p VA g)= NV opw =V pw) < V fw) <q.
wef~'(lg) Fw)<q Jw)<q

Hence ps(x) < A Ag(x) = op(x),s0 pr < 0.

(3) If o is residuated, then oy < py by Theorem 4.2.2; and since py < 07
by (2), we have oy = p;.

(4) If 1 is residuated, then / < py; and since py < f by (2), we have
S =py. Therefore [ = oy = p;. O

Let OF be the set of all mappings from a complete lattice L to a complete
lattice Q, ie., Q" == {f | f: L —» Q}. We define u;g := \/Luf and
ur := V{urp | O is any complete lattice } if u;, exists. e

Theorem 4.2.4. Let L be a complete lattice. If L is completely distributive,

then, for any complete lattice Q and any f: L — Q, f™) is residual and o ¢
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is residuated, i.e., u; = 1.
Proof Let K € Q. Forany g € K, {x] f(x) < AK} C {x| f(x) < g}; 1€

Apnkg € A4, Thus \/ Ay x <V A,. Since L is completely distributive,

VApxks ANV Ay = \/ (A m(q)).
geK me EK q 9€K

Let m € [] 44 and qo € K. Then m(qo) € Ay, and f(m(qo)) < qo. Since
gek

/\K m(q) < m(qo), we have f( /\ m(q)) < f(m(qo)) < qo, thus /\K m(q) € Ag,
g€ €

and A m(q) € ﬂA —A/\K,hence /\ m(q) < \/ Apk and
gek

V. (A m@) <V Aprk.

me HKAq qek
Therefore, \/ Apx = A (V 4y, ie, fF(ANK) = A f*(g). By Theorem
gekK qekK
4.2.1 part (3) oy is residuated. O

The proof of the following corollary is similar to the above proof.
Corollary 4.2.5. Let f : L — Q be a mapping from a complete lattice L
to a finite lattice Q. If L is infinitely distributive, then the mapping ™ is

residual.

4.2.2 Some Insight into Umbral Mappings
Lemma 4.2.6. Let L and Q be complete lattices. If f : L — Q is an isotone
mapping with x € L, then

(D) T/(x) € Ap(x) and o 4(x) = f(x) A (ANAp(x)~ T f(x))),

(2) o p(x) < f(x) implies As(x)— T f(x) # 0.
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Proof. (1) Let g € 7 f(x), then x < f(f(x)) < f™M)(q) and g € 44(x). Thus

T f(x) € Ay(x). Hence

o(x) = /\ 45(x)
= A\ @ f@) Y Asx) = 1 /=)
= (/\A £ A N\ Asx) = 1 1(x)
= /@) A\ (Ar®) = 1F0)).

(2) This can be deduced directly from (1). O
Lemma4.2.7. Let f : L — Q be an isotone mapping between two complete
lattices L and Q.

(1) Ifq € Af(x), then Tq C Ax(x).

(2)If q ¢ A/(x), then L q N Ay(x) = 0.

G)IfL=(a)V(Ta)and f(a) £ q, then f*)(g) < a
Proof. (1) Let ¢ € A/(x). For go € Tq, we have x < f™®)(q) < f™(qo) and
qo € A /(x). Hence Tq C A/(x).

(2) Let g ¢ As(x), then x £ f™)(g). If o € | g, then f™)(qo) < f™)(q)
and x £ ™(qo), 50 qo & A(x). Hence | g N As(x) = 0.

(3)Let L = (L @) U (T a) and f(a) £ q. Suppose f™(q) £ a. Then
a < f™)(g) holds since L = (| a) U (T a). There exists xo € {x € L | f(x) < ¢}
such that a < xo; otherwise, any element in {x € L | f(x) < g} is less than or
equal to a, so f™(q) = \V{x € L | f(x) < ¢} < a contradicting /™¥)(q) £ a.

Thus, f(a) < f(xo) < g since f is isotone, which contradicts f(a) £ ¢q. O
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Theorem 4.2.8. Let f : L — Q be an isotone mapping between two com-
plete lattices. Then f is residuated iff o r(x) = f(x) for all x € J(L).
Proof. By Corollary 4.1.7 we need only to show the sufficiency. We claim
that f(\/ 4) = \/Af(a) for any A € L. We have f(\V 4) > \E/Af(a) since
f 1is isotone. Ifae\/A € A4, we have f(\/ A) = \/Af(a) becaljse VA e A
If VA ¢ 4,then \/4 € J7(L) and f(\V 4) = oa'jr(\/ A) by the hypothesis.
Since a € 1 \E/A f(a)) for all a € 4, it follows that 4 € fC1)( \E/A f(@)) and
V4 < \/f(‘”(a\e/Af(a)), thus a\e/Af(a) € Ay(\ 4), s0o o4(\V 4) < a\E/A fa);
hence, f(\V 4) = o 4(\/ 4) < a\e/A f(a). Theorefore, f(\/ 4) = a\E/A f(a). |
The length of a chain consisting of ¥+ 1 elements, say xp < x; < ... < X,

is r. The height of a poset P is the least cardinality which is greater than or

equal to the length of any chain in P; we denote it by height(P).

Example 4.2.1. For the isotone mapping f in Figure 4.1, 0'5,3) is residuated,
but O'(fz) is not, so uy = 3 > 2 = height(Q). Thus, us is not necessarily

bounded by the height of Q.

If f: L — Qanda,b e Pwith a < b, then the restriction of f to the
interval [a, b] is denoted by fl4s). Thus oy, : [a, b] — Qs the shadow of
the function fli, 4], and o |4z 1s the restriction of o to the interval [a, b].
We now show that these functions may be different.

Example 4.2.2. For the isotone mapping f in Figure 4.2, 0y, is a one-to-
one mapping while o slj4 4] is the zero mapping, which is not one-to-one, so

O fluny # O fliap)-
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Figure 4.1 An isotone mapping f with u, > height(Q).

fl["wb] = O fllaw

Figure 4.2 An example of a mapping f with o, # 0 rlas)

Let P and Q be disjoint lattices with x,1 € P and 0,y € Q such that
[x,1]p = [0,y]p, and let ¢ : [x,1]p — [0,y]p be a lattice isomorphism.
Then the quasi vertical sum of P and Q (over [x, 1], via ¢), denoted by the

symbol QVS (P, O, [x, 1]p, ¢), or QVS(P, Q) if [x, 1]p and ¢ are understood,
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is the disjoint union of P — [x, 1] with Q and is partially ordered by the rule
u<v in QVS(P,Q,[x,1]p)if

(Du,ve P—[x,1]pwithu <p v, or

(Q)ue P—[x,1]pandv e [0,y]g with u <p ¢~'(v), or

B)u,ve Q withu <g v, or

4)ueP—[x,1]p,ve Q-[0,y]lp and there exists w € [0, y]p such that
w <gvandu <p ¢~ (W).

The Hasse diagram for QVS (P, O, [x, 1]p) is obtained by placing the di-
agram for Q over the one for P, overlapping [x, 1]p with [0, y]o.

If xp = 1p (and, therefore, yg = 0g), then QVS (P, O, [x, 1]p) is the quasi
vertical sum of P and Q over {1p}; we call it the vertical sum of P and Q,
and denote it by VS(P, Q). Thus, every vertical sum of lattices is a (trivial)
quasi vertical sum of lattices. The Hasse diagram for VS (P, Q) is obtained
by placing the diagram for Q above the one for P, then removing 1p from
the resulting diagram. Loosely speaking, one may think of identifying 0o
with 1p and taking the transitive closure of <p U <p for the ordering on
VS (P, Q). The most important elementary fact about V'S (P, Q) is this: if

x€Pandy e Q,thenx < yin VS(P, Q).

Example 4.2.3. Let n be an integer greater than 0. Figure 4.3 presents a
lattice L, and an isotone mapping f : L, — L, with uy = »n, showing that
the umbral number of an isotone mapping f might be any positive integer.

We now define the lattice L, inductively. The Mj is the nondistributive
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lattice having five elements consisting of the bounds and three atoms a, b, ¢
given in Figure 2.1, thus Mj; is a quintuple (q, b, ¢, 0, 1) such that @, b and
¢ are both atoms and coatoms. Let P; be a family of disjoint copies of
M, let a; be the element of P; corresponding to a in Mj. Define L, to be
P; and L, to be the quasi vertical sum of P, and L; over [ay, 1]p,; there
exists a lattice isomorphism ¢ such that ¢(a;) = 0z, and ¢(1p,) = a, 1.€,,
L, = QVS (P, L1, [a3, 1]p,). Assuming that the lattice L, has been defined,
the lattice L, is the quasi vertical sum of P, and L,-; over [a,, l]p,, 1.6,
L, = QVS(Py, Ly-1,[an, 1]1p,). The bounds of L, are a,.; and ay. For each
I, Li_y = [a;, ag]. For convenience, we regard L;_; as the sublattice of L; for
1 <i < n,inthe natural way L;_1 = Li|g, 401

The isotone mapping f : L, — L, is defined to be:
a, ifx € {ap, a1},

Jx)=1a,, ifxe(a,a0)-{ai),

X, otherwise.

It is easy to verify that
as, if x € {ao, a1},

Tr(X) = {as, if x € (a3, a1) — {az},

f(x), otherwise.
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Figure 4.3 Anisotone mapping f : L, — L, withu, = n.

Iterating to obtain the umbral mapping o we have
disl, ifx € {ai—laai}s
oD(x) = 4 '
f A+, if x € (a2, a;) — {air1},
G-1) :
os (x), otherwise.

Finally,

An+1, ifxe [an+1s an—l]a
My —
o (x) =

O'(f”_l)(x), otherwise.
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It is easy to verify that 0'5,7) preserves joins, so that the mapping o'(f") is
residuated, i.e., 0';7) =pranduy = n.

Let 0 ¢ QL,- and define the lattice L, := {0} U QL,-, with the induced
ordering (ml;king 0 the bottom element). Since L, li—s a sublattice of L, if
n < m, the function f, : L, — L, induces a function f : L, — L, as
follows: for x € L, f(x) = fu(x)ifx € L,; if x € L,, N L,, with n < m, then
L, is a sublattice of L,,, so fu(x) = f,(x). The umbral number u might be
w.

It is an open question as to whether or not, for any ordinal number «,
there exists a lattice M,, and a function f : M, — M, such thatu, = a.
Example 4.2.4. Figure 4.4 gives another example to show that, for an isotone
mapping f : L — Q from a lattice L of height 2 to a lattice Q, the umbral
number u, of f might be any positive integer. Let L be the horizontal sum
of 2n (n > 2) chains of height 2and Q0 := {0, 1}U{b;; | 1 <i<n—-1}U{d;; |
1l <i<n-1,2i < j<4i-1}. Define < on L to the following transitive
closure of the relation

(bi1,biv11), 0<i<n-1
(bi,l,bi+1,j)a 0Sl§l’l—1,21_<_]$4l—1
(bi,lybi-—l,ja 1 SlSn, 2(1—1)3]341— 1)

(bi,j9bi+1,js 1Sl§l’l—2,21§]$4l—1)
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Figure 4.4 An isotone mapping f from a lattice L of height 2 to a lattice
Q such that uy = n.

The 1sotone mapping f : L — Q is defined to be:
b(),}, ifx = 1,
bn,la if x = O,

bi1, 1fxe€la,a)l,

bl,j, ifx = dj+1, j=2.
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It is easy to verify that
by1, ifxe{l,a,al,

bo,], if x = O,
O'f(x) = J

b2,la lfx € {613, a4}>

b2,j, ifx:aj+1,j24.

Iterating to obtain the umbral mapping o we have

bi,l’ Ifx € {laalaaz’ '-'sazi—lsaZi}a
. b()y], ifx = O,
o (x) =4
S/
biv1,1,  if x € {a2ir1, A2iz2),
biv1j, ifx=a,j>2i

Finally, Uﬁﬁ?)(x) =0 for all x € L, hence uy = n.

Let /: L — Q be a mapping between two finite lattices. If uy > 2, then
the decreasing sequence [ > oy > O'(fz) > ... > pyis finite. The image of
any element decreases at most height(Q) times before it reaches 0; thus all
elements are mapped to 0 in less than |L| X height(Q) iterations of umbral
mapping. Hence u, < |L| X height(Q).

Given two complete L and Q, the following lemma in [7] gives the upper
bound of u, forall f: L — Q.

Lemma 4.2.9. Let f : L — Q be any mapping between two complete lat-

tices. Then uy g < |L||Q|.
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Proof. Let S := { Ef’) C L X Q| a is an ordinal number and 0'5,5’) # 0'5,‘”1)}

Since o'(fa) e O for all ordinals number ¢, it follows that |S| < |QX and S
is a set. For any ordinal number «, there exists x, € L and g, € Q such that
a(“)(xa) =qq > a"”l(xa). Defineg: S — L x Q by g(O'(a)) = (Xg» Go). We
claim that g is one-to-one. Suppose that @ P e Sand g(O'(“)) g(a(ﬂ))
then (o, ga) = (") = g(aP) = (x5, qﬂ>, 50 xo = x5 and go = gp. We
claim that @ = 8. Suppose not. We may assume that @ < 8; sincea + 1 <8
and x, = xg, we have gz = O'(f)(x[;) = 0'(’8) (xq) < 0'(“+I)(xa) < O'(C’)(xa) = qq
contradicting g, = gs. So @ = 8 and a'(“) = O'(B) Therefore, g is one-to-one
and |S| < |L]|Q. O
Corollary 4.2.10. Let f : L — Q be a mapping between two complete

lattices. Then there exists an ordinal number « such that O'(fa) = py. Hence

the residuated approximation can always be calculated using the umbral

mappings.

4.3 Umbral Mappings Based on ~ Finite Lattices
A lattice L is called a ~ finite lattice if, for all x € L, [x] is a finite chain.
Lemma 4.3.1. Let L be a ~ finite lattice with x € L.
(1) The subset [x] is a finite chain.
(2) Both \[x] and \/[x] exist, and \[x], VV[x] € [x].
(3) If x € J7 (L), then x = A\[x].
(4) If x € M7 (L), then x = \/[x].
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(5YLet A C L. If\/ A & A, then, for any u € A, there exists v € 4 such
that [u] || [v] or [u] < [v], i.e., there is now € A such that [a] < [w] for all
ac€A.

(6)Let ACL. If\/ A ¢ A, then a\e/A(/\[a]) = a\GQ(V[a]).

Proof. (1) and (2) come directly from the definition of ~ finite lattice.

(3) Let x € J(L). Then there exists 4 C L such that x = \/ 4 and
x ¢ A. By Lemma 3.1.5 part (9) we have | x = [A[x], x]JU | (A[x]), so that
x=\A=VUN |x)= VUAN([AL] x]V LAIXD) = (VANTALX] xD)V
(VAN L(A[x])). We claim that 4 N [A[x], x] = 0, otherwise it is a subset
of a finite chain [x], namely 4 N [A]x], x], and x = \/(4 N [A[x], x]), thus
x € A contradicting x € A. Hence x = \/(4N | (A[x])) and x < A[x]; also
since A[x] < x is always true, it follows that x = A[x].

(4) This proof is dual to (3).

(5) Let x = \/ A. Suppose that there exists w € A4 such that [a] < [w]
forall a € A. Thena < \/[w] foralla € 4,s0o x = \/ 4 < \/[w]. Since
x =\ A ¢& A4, the element x is a completely join-reducible element; thus,
x = Alx] by part (3). Since w < x = A[x] and [w] is finite, we have
[w] < [x] and \/[w] < x. Hence x < \/[w] < x, a contradiction.

(6) We have \E/A(/\[a]) <V4<L \E/A(\/[a]) since A[a] < a < V[a] for all
acA Letz= 1{4(/\[61])' Since L i: ~ finite and A[a] <z forall a € 4, we
have [a] = [ /\[:1]] < [z] for all @ € 4. Since there is no element w in 4 such

that [a] < [w] for all a € 4, but [a] < [z] for all a € 4 by part (5), it follows
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that z ¢ A, so that [a] < [z] for all @ € 4, thus, \/[a] < zforall a € 4, so

VVIa) sz = \E/A(/\[a])- Hence \/ 4 = \G/A(/\[a]) = a\e/A(\/[a])- &

a€A

Let L be ~ finite with x € L. Then A[x] exists for all x € L since [x] is

finite. We define
Xo = Al[x].

The mapping ,, defined by B,(x) := x,, is in [] [x]. The B,-skeleton,
[x)el

(Lo, <l1,), of a ~ finite lattice L is defined to be
L, = ,BO(Z).

A nonempty subset M of a lattice L is a join subcomplete sub-semilattice
(resp., meet subcomplete sub-semilattice) if it is closed under arbitrary
existing joins (resp., meets) of nonempty subsets of M, as calculated in L,
Le,ifQ0 #S € Mand /S (resp., A\;S) exists, then \/; S € M (resp.,
AL S € M). A nonempty subset of a lattice is a subcomplete sublattice
if it is both a join subcomplete sub-semilattice and meet subcomplete sub-
semilattice.

Theorem 4.3.2. Let L be a ~ finite lattice.

(1) J3(L) = T3 (Lo)

(2) L, is a join subcomplete sub-semilattice of L.

Proof. (1) Let x € J7(L). Then there exists 4 C L suchthat x = \/ 4 ¢ A.
By Lemma 4.3.1 part (6) x = \E/A a, and by Lemma 4.3.1 part (3) x = x,,
thus x € L, and a, € L, for acil a € A. So x is the least upper bound of

la,laeA}inL,andx ¢ {a,| a€ A}sincea, <a < xforalla € 4.

Hence, x € J;(L,) and JZ (L) € J(L,).
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Now let y € J;(L,). Then there exists T C L, such thaty = \/, T and
y¢T.SinceT CLandye L,yisaupperboundof TinLandy ¢ T. Letz
be any upper bound of 7 in L, then [#] < [z] forall € T, so by Lemma 4.3.1
part (5) [f] < [z] forallt € T. Thus,z, € L, and ¢ < z, for all € T. Since
z, isaupper bound of T in L, and y = \/; T, we have y < z, < z, so that
y 1s the least upper bound of 7 in L. Hence, y € J; (L) and J;(L,) € J;(L).
Therefore, J. (L) = J; (L,).

(2) This follows from part (1). |

Let f: L — Q be a mapping from a ~ finite lattice L to a complete lattice
Q, define f, : L, — Q by

Jfo = flL,-
Lemma 4.3.3. Let f : L — Q be an isotone mapping from a ~ finite lattice
L to a complete lattice Q, then 0'?) = (fa)l 1, for any ordinal number «.
Proof. If @ = 0, then 0'(0) fo=/flL, = 0'5,0)ng by the definition of f,.
Suppose that 0'(‘3) (‘B)l L, forall 8 < a. If @ is a limit ordinal number,

then o' = A o = A (6%lL,) = o'V, If @ is not a limit ordinal, then

o

B<a B<a
O'(ff—l) = 53 1)IL holds for an ordinal @. We claim O'(f) = a'(“)l Recall

that, for all x € L, A,un(x) = {g € 4] x < Ve g)} and, for
all x € Lo, Ajon(x) = {g € Q] x < \/(O'(f‘:'l))‘l(l g)}. Now fix x € L
and let y € Aaz_n(x). Then x < \/(0'5,5:_1))‘1@ y). Moreover, we have x <
V@ Ay < Ve A y) since () (Ly) € @)U y)
holds, thus y € Ao_;t-l)(X) and A(f(/i'”(x) - Ao_(fa—l)(X). Now let z € Ao_(fa—l)(x)
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and § := (o)1 (L2), then x < \/(a;“‘”)-luz) =\ S.If\VS €S, then
O'(ff_l)(x) = a;“_l)(x) < O'(f"—l)(\/ S)<zthusze Aaz-n(x) by Lemma 4.2.6
part (1), so Aa</<’“>(x) - AG(;_;-n(x). If\/S ¢ S,then VS = s\e{s s, by Lemma
4.3.1 part (6); thus \/ Uf"l)(so) € A(,%-n(x) and 0';‘:—1)(50) = U}a—l)(so) <

SES
V @ (s,) < Vo D(s) < z and
Jo seS J

o'}a'l)(s) < z forall s € S. Hence
seS

z€ AU}Z-n(x) by Lemma 4.2.7 part (1). So Aa;x—n(x) - Ao-(fj")(x)- Therefore,
Ao (x) = Ago-n(x) and o = ', O

By the Lemma 4.3.3 we have the following conclusion.
Theorem 4.3.4. Let f : L — Q be an isotone mapping from a ~ finite
lattice L to a complete lattice (). Then

(1) aﬁ,‘:) is residuated iff O'(fo‘) is residuated for any ordinal number a,

Q) ur = uy,
Proof (1) By Theorem 4.2.8 0'(?) is residuated iff aﬁff*l)(x) = O'(ff)(x) for
all x € J7(L,); we have o D(x) = o D(x) and 'P(x) = o (x) for all
x € J;(L) by Theorem 4.3.2 part (1) and Lemma 4.3.3, o'*(x) = ¢?(x)
for all x € JZ(L) iff (T}“) is residuated by Theorem 4.2.8. Hence, 0'(2’) is
residuated iff 0'}“) is residuated.

(2) This follows directly from part (1). O
Corollary 4.3.5. Let f : L — Q be an isotone mapping from a ~ finite
lattice L to a complete lattice Q. If L, is completely distributive, then o s is

residuated.
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Proof. Since L is ~ finite, L, exists. Let f : L — O be an isotone map-
ping and f, = f|;,. Since L, is completely distributive, the shadow o, is

residuated by Theorem 4.2.4; thus, oy is residuated by Theorem 4.3.4. O

Let L and Q be finite lattices. Then there are |Q|"! different mappings
f:L — QfromLto Q. In order to calculate u; o, we need to check ev-
ery mapping f; if f is isotone, then we iterate its umbral mappings until
we obtain py, the iteration number is uy. We use the constant ¢ to stand
for the average time for the calculation of one shadow, such a constant ¢
depends on the program that calculates the shadow of f and the computer
running the program. The total time Total(u; o) to calculate u; o is ap-

[ILI

proximately Total(uyg) = ¢ * 3, uy; let f, = flr,, then the total time
feQ*

lfLol

Total(uy, o) to calculate uy o 1s Total(u;, o) = c * ZL up. If [Lo| < |LI,
then Total(ur, p) < Total(ur p) yetuy g = uz, . b

Theorem 4.3.6. Let S be a subcomplete lattice of a complete lattice L and
the mapping f : S — Q be an isotone mapping from S into a complete
lattice Q with f(Os) = 0. Then there exists an isotone mapping f L—Q

such that O'(ff’)lg = 0'}0‘) for any ordinal number «.

Proof. Define xg := A((Tx)NS)forxe L. Thenxs € S. Forx € S, x5 = x,
we define f(x) := f(xs). We claim that f is isotone. Let x,y € L with x < V,
then (Ty)NS C (T1x)NS, thus xs < ys. Hence f(x) = f(xs) < fys) = f).

We will prove that 0'5,“) = O'}H)IS and 0'5,“)(05) = 0 for any ordinal number a.
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Let @ = 0, then af,?>|s = fls = f = o and f(0) = f(0) = 0 by the
hypothesis.

Suppose that O'j(f)Lg = O'(J;B) and G'(fﬂ)Lg(O) = 0'<fﬁ)(0) =0forallf < a. If
@ is a limit ordinal number, then 0'52’)15 = ,B/<\a(0-‘(;)|S) = B/<\a 0'23) = 0'}“) and
a;‘% (0) = a(f“>(0) = 0. If @ is not a limit ordinal number, then a;"'l)ls =
0';“_1) and 0'55’_1)(05) = 0. Obviously 0'5,“)(05) =0. Letg := 0'5,“_1) and
g = o‘}a)'l. Then g (| ¢) and 27}(] ¢) for any ¢ € Q are nonempty since
2(05) = 0. If g(x) < g(lg), then (Tx) NS # 0, thus x < A((Tx)NS) = xs.
If g < g(1s), then

Ve'da) = \/ixe L2 =o' () = o (xs) = glxs) < q)
= \/{xs €S |glxs) < q}

=\/g"'g.

we have that, for x € .S,
7 (x) = og(n)
= Nlgeolx<\/&'Ug)
=8A Ng<a)g2gandx<\/ &' (Lg))
= g(xs) A J\lg < g(ls) | g(xs) £ g and x5 < \/ g7 (Lg))
= NlgeQlxs <\/g'(Lg)
= og(xs) = o'(xs).

Therefore, O'?)lg = O'(fa) and a‘}“)ls(O) = 0'5,“)(0) for any ordinal a. 0
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A pentagon is a quintuple {(a, b, ¢, u, v) such thata, b,c,u,v € L, cAa = v,
cVb=uandv<b<a<u Let%F := {M3,Ll,Lz,L3,L4,L5,f5,l;,Z;;} be

the lattices presented in Figure 4.5.

Figure 4.5 Non-distributive lattices.

Lemma 4.3.7. Let L be a lattice. If oy is residuated for any isotone map-
ping [+ L — Ns, then L does not contain a sublattice isomorphic to a
lattice in F.

Proof. Suppose that L contains a sublattice S’ isomorphic to a lattice in &
Use the labeling in %, note that S = {0, 1, @, 8,y,a VBBV Y, AB,B Ay}
where 0, 1, @, 8,y are distinct and fixed while others might not be distinct.

Let O := {u,v,w, 19, 0p} be a pentagon.
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Let /s : S — Q be the following mapping,

0, ifxef{0,aAp),

lg, ifxe{l,aVvgBVy}

v, ifx=a,
Js(x) =+

w, if x =,

u, ifx =7,

v, ifx=aAy>0.

It is easy to verify that f is isotone and

anpB, ifg=_0p,

1, if g € {u, 1o},
V' g) =]

a, ifg=v,

B, ifg =w.

Thus, os(a) = Alv,u,lp} = vand og(B) = Alu,w, 1} = 0, but
or(aVvp) =u. Itfollowsthat og(aVp) =u # vV 0 =og(a)VogB).
By Theorem 4.3.6, there is an isotone mapping f : L — @ such that
ogrl@Vvp) =oi@Vp) #og(@)VogB) = ora)V oB). Hence oy
1s not residuated. O
Lemma 4.3.8. Let f : L — Ns be a mapping from a ~ finite lattice L into
Ns. If oy is residuated for any isotone mapping f, then L has no sublattice

isomorphic to a lattice in F.
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Proof Suppose that L has sublattice S isomorphic to a lattice in #. By
Lemma 4.3.7 there exists g : S — Ns such that o, is not residuated, by
theorem 4.3.6 there exists f : L — Ns with f|]g = g such that o; is not
restduated. O

The following lemma is given in [16].
Lemma 4.3.9. Let L be a lattice. The following statements are equivalent.

(1) no sublattice of L is isomorphic to a lattice in F.

(2) L is distributive.

Specializing to the case in which L is a lattice with no infinite chains, we
have the following theorem.
Theorem 4.3.10. Let L be a lattice with no infinite chains. The following
Statements are equivalent.

(1) o is residuated for any complete lattice Q and isotone mapping
fi:L— Q.

(2) L has no sublattice isomorphic to a lattice in F.

(3) L is distributive.
Proof. (1) = (2) follows from Lemma 4.3.8. (2) = (3) follows from
Lemma 4.3.9. We only need to prove (3) = (1). Let f : L — Q be an
isotone mapping from L to a complete lattice Q. Let L be distributive. Since
L has no infinite chains, Z has no infinite chains and, for any S C L, there

exists a finite subset 4 of L such that \/ S = \/ 4. Thus, L is distributive
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implies L is completely distributive. Since L, = L, it follows that L, is com-
pletely distributive. Thus, o, is residual by Theorem 4.2.4. Hence o7 is
residuated by Theorem 4.3.4. O

Let {L;};e; be a collection of pairwise disjoint bounded lattice such that
|IL] >3 and|l| > 1. Let P = UI(L,- - {04, 1;}) be partially ordered by the rule
x < y iff there exists i € / su:h that {x,y} € L; — {0;, I;} with x < yin L;. In
[1], the horizontal sum of {L;};c; is the lattice formed by adjoining a largest
element 1 and a least element 0 to P and is denoted L = HS(L; : i € ).

Some elementary facts about horizontal sum of {L;},; are:

(1) |Co| > 1 and |C!| > 1.

(2)Ifx e L;—{0,1;}and y € L; - {0;,1;} with i # j, then x || y in
HS(L;:iel).

(3)0 £« 1.

The lattice L in Figure 4.6 is not ~ finite. The skeleton L is distributive
does not imply that o, for an isotone mapping f is residuted. In this exam-
ple, [a, b] is an interval by N@ 1 and Q is the horizontal sum of a chain with
3 elements and N@ 1. In this figure, N is denoted by the dotted lines and the
mappings are depicted by the dashed lines; any integer i; in [a, b] is mapped
to the corresponding integer iy of O by the isotone mapping f. Note that L

is isomorphic to 32 which is a distributive lattice of width 3 and 9 elements,

but o s is not residuated because \/ o /(i;) = 0 < os(\V N).

ireN
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Figure 4.6 An example such that L is distributive, but o s is not residuated.

In [8] it is proven that if /' : L — ( is an isotone mapping from an
infinitely distributive lattice L to a finite lattice O, then o is residuated. But
oy might not be residuated if L is not infinitely distributive. Let L; be the
subcomplete lattice of (Ng; lcm, gcd ) generated by {27 |i € N}U{3/| j € N},
let QO be the horizontal sum of three-element chain and N & 1 (the non-
negative integers starting from 0 with a new top element 1). The lattice Q is
drawn in the codomain of the function f in Figure 4.6. Let z be the unique
atom in the three-element chain. Define the mapping f as follows:
0g, ifx=0,

z, ifx=2ieN,

Sx) =34
j,  ifx=3/jeN,

lg, otherwise.

Note that, o7¢(1;,) = z,0/3/) =0and \ 3/ = 1;,. Thus, 0'/71(0) is not a
jeN

principle ideal in L; and o is not residuated.



59

The L, in the previous example provides an example showing that the
converse of Lemma 4.3.8 does not hold. The complete lattice L; 1s a ~
finite lattice and no sublattice of L; is isomorphic to a lattice in &. But o
is not residuated.

Discussion

A complete lattice L 1s a bi-skeletonizable lattice if [x] = [A[x], V[x]]
for all x € L. Note that, for a bi-skeletonizable lattice L, L, is a join sub-
complete sub-semilattice of L, but J7(L,) c J (L) might happen.

Let /' : L — Q be an isotone mapping from a bi-skeletonizable lattice
L to a complete lattice O, uy g # uy, o might happen. We know that if L is
completely distributive and L is ~ finite, then u; g < 1.

(Question 1) Is ur o < 2 true if L is completely distributive and bi-
skeletonizable?

Let f: L — QO be an isotone mapping between any two complete lattices.

(Question 2) Does u; g < Min(L],|0|) hold?



CHAPTERSS
FINITE LATTICES

5.1 Intrdduction

Our initial investigation focused on the calculation of the residuated ap-
proximation of a mapping between two complete lattices. In order to de-
velop the theory, we concentrated on lattices of small widths, in particular
lattices of width 2 and, to a lesser extent, width 3. After obtaining our results
on residuated approximations, we returned to develop a theory of lattices of
small widths. We give a complete description of the structure of lattices of
width 2 in the next chapter. This description, while it has not yet yielded
a complete description of lattices of width 3, has provided insight on the
structure of lattices of larger width.

An antichain S is a subset of a poset P such that a || b holds for any two

distinct elements a, b € S. The set of antichains of a poset P is denoted by

mp. We define
= {x1, o, xid | X1, o X € Pand x; || x; for 1 < i< j <k,
mp = J 7k,
ko1

The width, denoted w(P), of a poset P is the least cardinality which is

60
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greater than or equal to the cardinality of any antichain of P. Obviously any
poset of width 1 is a chain.
Theorem 5.1.1. (Dilworth’s Chain Decomposition Theorem [6])

Let P be a finite poset of width w. Then P is a union of w chains.

This theorem is known to be true for any poset of width w [14], but we
shall apply it only to posets of finite width.

Corollary 5.1.2. 4 poset P of width w is a union of w disjoint chains.
Proof. Let P be a poset of width 1. Then P is a chain.

Assume that any poset of width £ is a union of % disjoint chains. Let P
be a poset of width £ + 1. We take Cj as a maximal chain in P, then P - Cy
is a poset of width k. By assumption P — Cj is a union of k disjoint chains
Ci(l £i<k)ie,P-Cy= | C.. Since Cy is disjoint with other k£ chains

1<igk

C;, Pis aunion of k + 1 disjoint chains C; (0 < i < k), i.e., P = 0<Lj<k C;,, 0O
<i<

The following definitions and lemmas are given in [9]. The proofs of the
first two lemmas are straightforward and we omit them.
Lemma 5.1.3. If S is a nonempty set of ideals of a finite poset P, then | ] S
and (| S are ideals of P.
Lemma S5.1.4. Let & be a family of sets such that, for A, B € §, ANB, AUB €
. Then (T, <) is a distributive lattice in which the operations V and A
coincide with U and N, respectively.

Lemma 5.1.5. Let 3 be the set of all ideals of a finite poset (P,<). Then

(3, ©) is a distributive lattice.
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Proof. This follows immediately from Lemma 5.1.3 and Lemma 5.1.4. O

Recall that p is the set of all antichains of the poset P. Note that for any

0 #S CP,if Max(S) # 0, then Max(S) € np.
Definition 5.1.1. Let P be a finite poset. For A,Benp, AT Biff lAC B,
ie., for every element a in A, there exists b € B such that a < b. For
A, B € np, we define ATV B .= Max((l A)N (I B)) and AU B := Max(A U B).
Thus, AT B and A U B are again antichains in P, since P is finite.

We now prove that 7p is a lattice and the operations LI and M are the join
and meet operations of mp.

Lemma 5.1.6. Let P be a finite poset. Then

(1) C is a partial order relation on the set np;

(2) (mp, U, M) is a lattice.

Proof. (1) The reflexivity and transitivity follow directly from the definition
of C. We only need to prove it is antisymmetric.

Let A,B € np, AT Band B C A. Forany a; € 4, thereisa b € B
such that a; < b; also for such a b, there is a, € 4 such that b < a,. Thus,
ay < b<a. Sinceay,a; € Aand A € np, we havea; = a, = b,s0 4 C B.
By symmetry, B C 4. Hence, 4 = B.

(2) Let A, B € mp, then Max(AU B) e npand | 4, B C | Max(A U B),
thus 4 £ Max(4 U B) and B & Max(4 U B). Hence, Max(A U B) is a
upper bound of 4 and B in mp. Suppose that Y is a upper bound of 4 and
Binnp,sothat AC Yand BC Y. Then| A C|lYand | B C |7, thus
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(14)U ( B)c Y. Since P is finite, we have (| 4) U ({ B) = | Max(4 U B).
So Max(A U B) C Y. Therefore, Max(4 U B) is the least upper bound of 4
and B, i.e., A LI B is the least upper bound of 4 and B in 7p.

Let A, B € np, then Max((l A) N (I B)) € nip, | (Max((l A) N (] B))) <
l Aand | (Max(({ 4) n (1 B))) € | B, thus Max((l A) N (]l B)) € 4 and
Max(( A) N (! B)) C B. Hence Max(({ A) N ({ B)) is a lower bound of 4
and B in mp. Suppose that X is any lower bound of 4 and B in np. Then
lXClA4dand | X C |B,thus, | X C (l4)N (! B). Since P is finite, we have
QAN B) ={(Max(({ A)N({ B))). So X © Max(({ A)N({ B)). Therefore,
Max((l 4) N (| B)) is the greatest lower bound of 4 and B, i.e., 4 1 B is the
greatest lower bound of 4 and B. 0

The following lemma shows the relation between ideals and antichains.
Lemma 5.1.7. Let (P, <) be a poset, J its set of ideals and np its set of
antichains. Define [ : np — 3 to be f(A) := | A for A € np. Then f is an
injection of mp into 3.
Proof. Note that | A € J for any nonempty subset 4 of P. Let B, C € np and
f(B)=f(C),then | B=|CsoBC CandC C B. Since C is antisymmetric,
we have B = C. Therefore, f is an injection of 7p into 3. O

We now prove that, if P is finite, then the function f in Lemma 5.1.7 is a
bijection.
Lemma 5.1.8. If P is a finite poset, then the f in Lemma 5.1.7 is an order

isomorphism from (np, C) onto (3, Q).
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Proof. We proved that f is an injection in Lemma 5.1.7. To see that f
preserves order, note that, for X, Y € 7p, X € Y implies that J X C | ¥, i.e,,
f(X) C f(Y). We need to prove f is surjective.

Let / € 3 and A = Max(l), then A is an antichain. We claim that / = | 4.
Since P is finite, any element of / is less than or equal to a maximal element
of I, so I C | 4; since A C I and every element of | 4 is less than or equal
to an element of 4, we have | 4 C I by the definition of ideal. Hence
I =14 = f(A4). It follows that f is surjective. O

If P is not finite, then the function f in Lemma 5.1.7 might not be surjec-
tion. For example, P is the set of rational numbers with usual ordering and
np is the set of one-element subsets of P; thus, p is countable, but the set 3
is equipotent with the set of real numbers, hence, |3| > [7p].

Lemma 5.1.9. If P is a finite poset, then (np,C) is a distributive lattice with
smallest element O and largest element Max(P).
Proof. This follows from Lemma 5.1.4 and Lemma 5.1.8. 0

A poset (P, <) of width w is a union of w disjoint chains Cy, ..., C,, by
the Corollary to Dilworth’s Theorem. Recall that 7}y is the set of antichains
of the poset P which have w elements. If 4 € n’3, then 4 has exactly one
element a; in common with each chain C; for i = 1,...,w. We now prove
that 7y is a sublattice of the lattice np.

Lemma 5.1.10. Let P be a poset of width w and P be a union of chains

Ci, .., Co. If A =Aay,...,ay} € 7y and B = {by, ..., b,} € ny, where a;, b; € C;
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fori=1,..,w, then

(WACBoa <bfori=1,...,w,

(2) let s; = Max({a;, b;}) and I; = Min({la;, b;}) for 1 < i < w, and let
S={s;|1<i<wlandL={;|1 <i<w} thenS,L € np,;

(3) furthermore, AU B = S and AT B = L so that i}y is a sublattice of

TTp.
Proof. (1) Assume that 4 C B. Let i be a fixed element of {1,...,w}. Then
there exists b; such that ¢; < b;. If j = i, then we are done. If j # i, then
a; < b;. We have a; }f b; since a;, b; € C;. We claim that a; < b;, otherwise
b; < a; < b;, a contradiction. Hence a; < b; for all i € {1, ..., w}. The proof
of & is immediate from the definition of C.

(2) We now prove that S € np. Suppose not. There exist i, j € (1, ..., w}
with i # jand s; < s;. The following four cases are the possible cases, since
sy = Max({ay, by}) fork € {1,2, ..., w}.

Case 1. 5, = a;,5; = a;. Thus, a; = 5; < s; = a; contradicting 4 € ny.

Case 2. s; = b;,s; = bj. Thus, b; = 5; < 5; = b; contradicting B € .

Case 3. s; = a;,5; = b;. Thus, b; < g;and a; = 5; < s5; = b, so that
b; < b;, contradicting B € myp,.

Case 4. s; = b;,s; = a;. Thus, a; < b;and b; = 5; < 5; = aj, so that
a; < aj, contradicting 4 € mp.

The assumption that s; < s, leads to a contradiction, since we arrive at a

contradiction in each case. Therefore, S € 7p and also S| = w, i.e., S € 7},
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The proof of L € n} is dual to that of §' € 7.

(3) Since a;, b; < s; foralli e {1,..,w},wehave A C S and BC §, thus §
is aupper bound of 4 and B. Let U :={u; | 1 <i < w}enpwith4,BC U.
Since P is a union of the w chains Cy, ..., C,, and, for each i, a;, b;, u; € C;, it
follows that a; { b;, a; < u; and b; < u;, thus s; = Max({a;, b;}) < u;. Hence,
S C U. Therefore, ALUB =S and A U B € np. Dually 4 1 B € nj, and
AN B = L. Sony is a sublattice of 7p. O

If P is finite, then n is a finite lattice with bounds | |(7}) and [|(7});

moreover, 7, is a distributive lattice since 7rp is a distributive lattice.

5.2 Significant Intervals and Components in Finite Lattices

For X € ny, let iy := [A X,V X]. An interval [a, b] is k-determined if
there is X € ﬂ’z such that [a, b] = ix; X is called a k-determinant of [a, b].
Given [a, b] € L with a < b, it is possible that [a, b] = ix = iy where X € n%,
Y e 71'2 with j # k, so an interval can have different determinants of different
sizes. For example, the boolean lattice with 3 atoms, which we denote as 23
has the set of the three atoms as a 3-determinant, the set of three coatoms as
a 3-determinant and {x, x’} as a 2-determinant for any x such that 0 < x < 1,
where x’ is the complement of x. Not all intervals have a k-determinant for
some k, e.g. a chain with more than 2 elements has no k-determinant for any
k.

For2 < k <w, (L) := {ix | X € nk}. The set Z; under C is a finite

poset. A k-determined interval [a, b] is in Min(Zi(L)) (resp., Max(Z(L))) if
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[c,d] C [a, b] (resp., [a, b] C [c,d]) for [c, d] € D(L) implies [c,d] = [a, b].
Define
2:= | 2(0).

2<k<w

An element x in L is a nodal element iff L = (T x) U ({ x). It is easy to
see that x is nodal iff 7(x) = 0. An interval [a, b] of L is a nodal interval if
a < b and [a, b] consists only of nodal elements of L.

Note that

(1) every nodal interval has more than 1 element;

(2) any nodal interval is an autonomous chain;

(3) there is no determinant for a nodal interval, i.e., for a nodal interval
[a, b], there is no & such that X € 7% and [a, 8] = ix;

(4) for a lattice L, no nodal interval exists in L.

Lemma 5.2.1. Let L be a lattice.

(1) If [x,y], [y, z] are two nodal intervals in L, then [x,z] = [x,y] U [y, Z]
is a nodal interval in L.

(2) If [x,y], [x, z] are two nodal intervals in L, then [x, yVz] = [x, y]U[x, Z]
is a nodal interval in L and y V z € {y, z}.

(3) If v, x1, [z, x] are two nodal intervals in L, then [yAz, x] = [y, x]U[z, x]
is a nodal interval in L and y A z € {y, z}.

(4) If [x,y] is a nodal interval in L and z € [x,y], then [x,z] and [z, y] are
nodal intervals.

Proof. (1) Obviously [x,y] U [y,z] € [x,z]. Let w € [x,z]. Since y is
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a nodal element, we have w < y or y < w; thus, w € [x,y] U [y,z], so
[x,z] € [x,¥] U [y, 2] and w is a nodal element. Hence [x,z] = [x,y] U [y, 2]
and [x, z] is a nodal interval.

(2) Since y is a nodal element, we have y < z or z < y. We may assume
that y < z. Then [x, y] C [x,z]. Hence, [x,y] U [x,z] = [x,z] = [x,y V z].

(3) This is dual to (2).

(4) This statement follows directly from the definition of nodal interval.

O

Definition 5.2.1. Let L be a finite lattice of width w. We now define the
notion of a significant interval. We first define a w-significant interval, then
a j-significant interval with 1 < j < w, after that a 1-significant interval.

An interval iy is a w-significant interval if iy € Min(2,(L)).

Assume that the k-significant intervals have been defined for all k with
J < k £ w. Aninterval iy is a j-significant interval with 1 < j < w if
ix € Min(2,(L)) and there is no k-significant interval iy with j < k < w
such that iy C iy.

An interval is a 1-significant interval if it is a maximal nodal interval.

An interval is a significant interval if it is a k-significant interval for
some integer k in [1, w].

For1 <k <w, let & 7 (L) be the set of k-significant intervals of L, and
let # I (L) be the set of significant intervals of L, i.e,

S I(L) :=lix | ix is a k-significant interval },
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FLIL) = |J FLI(L) = the set of all significant intervals of L.

1<k<w

Note that

(1) for X, Y € n, with iy € I x(L) and iy € /I y(L), if |X] = ||,
then iy = iy; if |[X] < |Y], then iy € iy;

(2) for iy € & x(L) with X € ; and |X] > 1, if there is an interval iy
such that iy C iy, then w(iy) < w(ix) — 1, since the ix is a minimal interval
in Dx(L);

(3) for any iy = [A X,V X] with X € 7y and |X] > 1, A X € M~(L) and
\V X € J7(L) hold.

The next lemma follows from the minimality of a j-significant interval.
Lemma 5.2.2. Let L be afinite lattice and iy be a j-significant interval with
Xenlandj> 1.

(1) Ifiy C ix with Y € ), then iy = iy.

2)Ifz € (AN X,V X), then z is not a nodal element.

Proof. (1) Since a j-significant interval ix does not contain any j-determined
interval as a proper sublattice by the definition of significant interval, iy C iy
with Y € ﬂ‘i implies iy = iy.

(2) Suppose that there is a nodal element z in (A X, \/ X). Then either

XCTzorX C |z since X € m;. We may assume that X C T z. Thus,

V X £z <V X. Since we arrive at a contradiction, there isnosuchz. O

We now prove that the width of a significant interval iy € .7 x(L) is

|X] and that the width of the intersection of distinct significant intervals is
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less than the width of either of them.
Theorem 5.2.3. Let L be a finite lattice of width w with w > 1.

(1)Let X € rp with2 < |X| < wand iy € /I \x(L), then w(iy) = |X].

(2) Let X,Y € np with ix € S F\x(L) and iy € LI y(L), and let
2 < )X, 1Y) If w(iy N iy) = w(iy) or w(iy), then iy = iy. Alternatively, if
ix # iy, then w(ix Niy) < Min(|IX] - 1,|Y] = 1), i.e, w(iy N iy) # w(ix) and
w(iy N iy) # w(iy).
Proof (1) Let X € nry with 2 < |X] < w and iy € 7 x(L), so w(ix) > |X].
We claim that w(iy) # |X]. Suppose not, then w(iy) > |X] and there exists
S € mp such that § C iy and |S| > |X], thus is C iy and is € Ysi(L). There
exists iy C is such that ir € Min(Zs|(L)) since L is finite. Let Y € T and
Y € n. Then|Y| = |X] and iy C ir C is C ix; and since iy € Zx(L) and
ix € Min(Zx(L)), we have iy = ir = ix. Since iy € /. x(L), there is no
k-significant interval iy with |X] < k such that iy C iz; and since iy = iz,
there is no k-significant interval iz with |[X] < k such that iy C iy; since
|T| = |S| > |X], there is no k-significant interval iy with |T| < k such that
ir € iz. Hence, ir € &/ #5(L) with |S| > |X] and iz = iy, contradicting
ix € F x(L). Therefore, w(ix) = |X]|.

(2) Let X, Y € mp with iy € S F y(L), iy € I y(L) and w(ix Niy) =
w(iy). We claim that iy = iy. Suppose iy # iy. Since iy,iy € S .Z(L),
we have iy € iy and iy N iy C iyx. Since w(iy N iy) = w(iy), there exists

ZCixyNiyand Z € 7r'X', soZ Ciyand iy C iy; similarly Z C iy and iz C iy.
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Hence iz C iy Niy C iy and iz € Dx(L), contradicting iy € Min(Dx(L)).
Hence, iy = iy. Similarly, if w(ix N iy) = w(iy), then iy = iy. O
The following lemma and corollary indicate that there exist a least j-
determinant and a largest j-determinant in a j-significant interval (2 < j).
Lemma 5.2.4. Let j > 1 and let ix be a j-significant interval in a finite
lattice L. If Y,Z are j-determinants of ix, then Y M Z and Y U Z are j-
determinants of ix.
Proof. By applying Lemma 5.1.10 part (2) and (3) with P = iy, we have
YMZ Ciyxand YN Z € ﬂ‘é; since iy is a j-significant interval, we have
iynz = iy. Hence Y 1M Z is a j-determinant of iy. Similarly, ¥ U Z is also a
J-determinant of iy. |
Corollary 5.2.5. Let j > 1 and let ix be a j-significant interval in a finite
lattice L, then there exist a least j-determinant and a largest j-determinant
of ix.
Proof. Since L is finite, the interval iy is finite and there are only finitely
many j-determinants of iy. By Lemma 5.2.4, if {X1, ..., X,;} is the set of all
J-determinants of the j-significant interval iy, then X; M X, r... M X, is the
least j-determinant of iy and X; U X; U ... LI X, is the largest j-determinant
of iy in the ordering C. O
The following lemmas show the relation between two w-significant in-

tervals.
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Lemma 5.2.6. Let L be a lattice of width w with w > 1 and let X,Y € n}
with iy, iy € 5 ,(L).

M ADIADIFNVOINVT),

QAX<AYIFVX<VY,

BAX=AYFVX=VY.
Proof. (1) Let (A X) || (A Y). We claim that (\/ X) || (\V ). Suppose not,
we may assume that (\/ X) < (V ¥). Since X, Y E XU Y, by Lemma 5.1.10
XuY en!andwehave AY < (AX)V(AY) < AXuY)and VY =
(VXOVVY) < VXUY). Letze XY, thenze Xorze Y, thusz< VX
orz<\/ Y;hencez < \/ Ysince \/ X < V7. It follows V(XU Y) < VY.
Hence V(XU Y) = VY Since AY < AXUY S VXUY=VY, we
have A\ Y € iy — ixyy so that iyyy C iy, contradicting the fact that iy is a
w-significant interval. The proof of the converse is dual to the above proof.

(2) Suppose AX < A Y. Since (AX) ¥ (A Y), we have (\/ X) } (V1)
bypart (1). If VX £ /Y, then VY </ X; since A X ¢ iy and A\ X € iy,
we have iy = [A L,V Y] € [A X,V X] = ix, contradicting the fact that iy
is a w-significant interval. Hence \/ X < \/ Y. The proof of the converse is
dual to the above proof.

(3) Suppose AX = AY. By (1) (VX) }f (V T) since (A X) 4 (A T);
and by 2) VX ¢ VY since AX ¢ AY,; similarly \/Y ¢ \V X. Hence
VX=VY.

The proof of the converse is dual to the above proof. D
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For two significant intervals ix and iy in a finite lattice of width w > 1,

we define
ix<iyif NAXSAY;
ix iy iff AX|TAY.

Lemma 5.2.7. Let L be a finite lattice of width w with w > 1 and let iy, iy
be two w-significant intervals in L with X, Y € nr}. If ix || iy, then

() AXUTY)<VENY),

@) (ANX)V(AY) €ixny and (V X) V (V) € ixuy.
Proof. (1) By Lemma 5.1.10 part (2) we have XM Y, XUY € 7, so \/(X1Y)
is not parallel with all elements in X Ul Y. Since iy || iy, it follows that
X Z Yand ¥ & X, otherwise, X T Yor Y C X, thus AX < AY or
AY < AXby Lemma 5.1.10 part (1), i.e., ix }f iy, contradicting iy || iy.
Since w = |X] = | X1 Y] also holds, wehave XM Y € Xand XM Y ¢ Y, thus
there existu e XN(XMY)andve YN (XM Y)suchthatu,v < \/(XTY)
since XM Y e n;. Also,since XUY CXUY,ueX,veYand X,Y € n;, we
have \/(XMY) £ zforanyz € XUY. Also, since XY € 7} and w(L) = w,
V(X 1Y) is not parallel with some s € XU Y, so s < \/(X1Y). Hence,
ANXUY)<s<\V/(XMY).

(2) Since XNY C X, Y C XY, wehave A X, A Y € [A(XTY), A(XUY)],
so AXNY) < (AX)V(AY) < AXUY)and AXUY) < VX NY)by
part (1). Hence, (AX) V (A Y) € ixny. The proof of (V X) A(V Y) € ixy

is a dual argument. O
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The next lemma states that in a finite lattice L of width w > 1 when-
ever two sets X, Y in } determine distinct significant intervals iy # iy, the
intersection X N Y has cardinality at most w — 2.

Lemma 5.2.8. Let L be a finite lattice of width w > 1 with X,Y € n] and

XNnY =w-1. Ifix, iy € I (L), then iy = iy.

Proof Let X~ (XNY)={aland Y - (XNY) ={b}). Sinceae X-7Y

and b € Y — X, we have a # b. If a || b, then, by the hypothesis that

IXnYl =w-1,(XNnY)U{a,b} € ny*! contradicting w(L) = w. Thus, a } b.

We may assume that a < 6. Note that
ANX=(ANXN)DAas(ANXNY)Ab=AY
VX=(VXnY)vas(VXNnY)Vvb=V7Y.

Lete = (NXNY)Ab)Va, thena = (AXNY)Aa)Va<c<
(NEXNY)YADb)VH=0b. Weclaimthat AX £ A Y. Suppose A X< AY.
First note that forz € XMY, z # a, b. We claim that forz € XNY, ¢ || zholds;
forifz < ¢, then z < ¢ < b, contradicting z, b € Y with z # b; if ¢ < z, then
a < ¢ < z, contradicting a,z € X withz # a. Thus, N:= (XN Y)U{c} € Y.
Since A ¥ = (AXNY)YAb <c < (AXNY)Va < (VXNY)Vva=VJX,it
follows that N C [(A(XN )AL, (VXN Y)va)] =AY,V X]. Also since
ANX<AY,wehave [AN,VN]C[A LV X]IC[AX,V X],s0iy € D(L)
and iy C iy, contradicting iy € Min(2,(L)). Hence, ANX ¢ A Y. Since
AX < AY, wehave AX = AY,sothat \/ X =\ Y by Lemma 5.2.6 part

(3). Therefore, iy = iy. O
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Definition 5.2.2. Let L be a finite lattice of width w. Now we define the
notion of a component. We first define a w-component, then a j-component
with 1 < j < w, after that a I-component.

An interval iy is a w-component if iy € Max(2,,(L)).

Assume that the k-components have been defined for all k with j < k < w.
An interval iy is a j-component with 1 < j < w if iy € Max(9,(L)) and
there is no k-component iy with j < k < w such that iy C iy.

An interval interval is a 1-component if it is a maximal nodal interval.

An interval is a component if it is a k-component for some 1 < k < w.

For 1 < k < w, let Compy(L) be the set of k-components of L, and let
Comp(L) be the set of components of L, i.e.,

Compy(L) := {ix | ix is a k-component of L},
Comp(L) := |J Compy(L).
1<ksw

Note that

(1) Comp(L) is the set of all components of L;

(2) the 1-components of L are precisely the 1-significant intervals of L;

(3) for any j-component iy with X € nJL and j > 2, both AX € M~ (L)
and \VV X € J7(L) hold.

Let P be a finite poset, we define
C:={peP|lp<x},C,:={peP|x<p}

So C* is the set of all elements that x covers, and C, is the set of all

elements that cover x. Note that if C* = {y}, then |y = | x — {x}.
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Let X € mp,
Cx := Min({y € P| x < y for some x € X}).

Note that

(H)Cxenp,Cxy=Min(TX-X)and XN Cyx = 0;

(2) if X = {x}, then C, = Cy;

(3) Cx = 0 iff X € Max(P).

Theorem 5.2.9. Every finite lattice L is the union of its components, i.e.,
L =|)Comp(L).

Proof. Let L be a finite lattice with [L| > 2. Obviously | Comp(L) C L. In
order to prove the reverse inclusion, we prove that, for x € L, there exists a
component which contains x. The following three cases are an exhaustive
set of possible cases.

Case 1: such x is a nodal element with [Cy| = 1 or [C¥*| = 1. We may
assume |C,| = 1. Let C, = {y}, then y is a nodal element and [x, y] is a nodal
interval. Thus, x is in a nodal interval, so x is in some 1-component.

Case 2: such x is a nodal element with |C,| > 1 or |C*| > 1. We may
assume |Cy| =n > 1. Then x € [x, \/ C,] and [x, \/ C;] € Z,(L). Thus there
exists iy € Max(Z,(L)) such that [x,\/ C] € iz. Suppose that x is not in
any k-component with n < k. Thus, iz is not contained in any k-component
with n < k. Hence iz € Comp,(L) with x € iz.

Case 3: such x is not a nodal element. Thus, 7n(x) is a nonempty poset.

Let j = w(m(x)). Suppose that x is not in any k-component with j + 1 < k.
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Then there exists ¥ € m, such that ¥ C n(x). Thus, iquy € Z;+1(L) with
(xUY e ﬂé“. Since L is finite, there exists iz € Max(Z;+1(L)) such that
ixjuy C iz. Since x is notin any iy € Comp(L) with j+1 < k, it follows that
iz is not contained in any ix € Compy(L) with j+1 < k. So, iz € Comp;,1(L)
with x € iz.

Therefore L is the union of its components. |

Since ~ : L — L is a lattice homomorphism, we have the following
results:

(1) X € n; iff X € mz;

(2) ix € D(L) iff iy € Dx(L);

)iy € LI iff iy € L IFWL), and |.L I (L) = |.¥F(L);

(4) iy € Compy(L) iff iy € Compy(L), and |Comp(L)| = |Comp(L)|.

Recall that a lattice L is a skeleton if L = I via the mapping ~: L — L.
Lemma 5.2.10. Let L be a finite skeleton.

(1) Ifx € M(L), then C, € J~(L).

(2) If x € J(L), then C* € M~(L).

B)If xe M(LYNJ(L), then C, € J*(L) and C* C M~(L).

(4) There is no 1-significant interval in L.

S)IfYen, thenTY-Y =1Cy.
Proof. (1) Let x € M(L). Then |C,| = 1 holds since L is finite. Let C, = {}.
Then Tx = [x,y] U Ty. We claim that y € J~(L); otherwise, C* = {x} and

[%,y]V Lx =Ly, s0(Tx)U x) = ([x, y]U TVU( x) = (TY)VU([x,y]U L x) =
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(Ty)U (ly) and, since [x,y] = {x, y}, we have y ~ x; thus by Lemma 3.1.7
y = x, a contradiction. Hence, C, C J~(L).

(2) This is dual to (1).

(3) This follows directly from (1) and (2).

(4) Suppose that [x, y] is a nodal interval. Then x < y and x ~ y, by
Lemma 3.1.7 y = x contradicting x < y. Hence no nodal interval exists in L.

S)IfY ={l},thenTY—-Y = 0 =7 Cy. Here we may assume that
Y#{1}. ThenTY —~Y # 0. Clearly TCy € TY - Y. To show the reverse
inclusion, let p € TY — Y. Since L is finite, there exists a € Min(TY — Y)
such thata < p,thusa e Cyand p € TCy,s0 7Y — Y C T Cy. Therefore,

1Y-Y =1Cy. O



CHAPTER 6
FINITE LATTICES OF WIDTH 2 AND 3

6.1 Finite Lattices of Width 2
In this section we apply the concepts of significant interval and compo-
nent to lattices of width 2. We create a complete description, accounting to

a structure theory, of finite lattices of width 2.

6.1.1 Properties of Finite Lattices of Width 2

For any x in a lattice L of width 2, n(x) has the following properties.
Lemma 6.1.1. Let L be a lattice of width 2 and let x € L with n(x) # 0.
Then

(1) n(x) is a chain,

2)ify < ANa(x), theny < x;

3) ify > \/ n(x), theny > x.
Proof. (1) Leta,b € n(x). Thena || x and & || x. Since w(L) = 2, we have
a i b. Hence n(x) is a chain.

(2) Lety < An(x). Theny ¢ n(x) and y }f x. We claim that x £ y,
otherwise, x < y < An(x) < a for any a € n(x), so x < a contradicting

a € n(x). Hence y < x.

79
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(3) This proof is dual to (2). O

The following lemma indicates that, in a lattices of width 2, all meet-
reducible elements form a chain and all join-reducible elements form a
chain.
Lemma 6.1.2. Let L be a lattice of width 2, then

(1) M~(L) is a chain.

(2) J7(L) is a chain.
Proof (1) Since w(L) = 2, there exists {a,b} € 7, soa A b € M (L)
and therefore M~(L) # 0. Let x,y € M~(L) with x # y, then there exist
{a1, a2}, (b1, b2} € m? such that x = a1 A az and y = by A b,. By Dilworth’s
theorem L is a union of chains Cy and C,. Let a1, 5; € C; and a,, by € Cy,
then a; }t b; and a, ¥ b,. We may assume that a; < b;. If a; < by, then
x =a ANay £ by A by = y. Thus we may assume that b, < a,, so that
x<byANayandy < b) A az, and hence x Vy < b; A ap. Since a; < b; and
by || by, it follows that b, £ a;. Since b, < a; and a; || ay, it follows that
a, £ by. Hence ay || b,. Since x Vy < a; and a; || a3, we have a; £ x V y,
similarly b, £ x vV y. Also since a; || b, and w(L) = 2, either x Vy < a;
orxVy<b, Thus,sincexVy<b Aapx<xVy<a Aay =xor
y<xVy<b Aby=y Hence,xVy=xorxVy=y,ie,y<xorx<y.

(2) This proof is dual to (1). O

The following lemma indicates the relation between a meet-reducible

element (or a join-reducible element) x and the element y parallel with x.
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Lemma 6.1.3. Let L be a lattice of width 2 with x,y € L.

(M Ifxe M~(L)yandy || x, thenx <xV y.

Q) IfxeJ (L)yandy || x, thenx ANy < x.

Proof. (1) Suppose that x £ x V y. Then there exists z € (x,x V y). Since
x € M~(L), there exists {a, b} € a7 such that x = a A b. Since a || b and
w(l) = 2, we have y }f aor y } b; since y || x, it follows a £ y,b £ y and
ytaAnb,ie,y<aandy| b,ory| aandy < b. We may assume that
y<aandy| b. Weclaimthatz || yandz || b. Since x < zand x || y, it
follows that z £ y; also sincez < x Vy,we havey £ z,soz || y. Sincez < a
and a || b, it follows that b £ z; also sincea A b = x < z, we have z £ b, so
z|| b. Thus, {y, b,z} € m; contradicting w(L) = 2. Hence, x < x V .

(2) This proof'is dual to that of (1). D

In a finite lattice L of width 2, ¥ # (L) = 0 and Compy(L) = 0 for any
k > 2 since nf = @ for any k > 2.

The following lemma shows the property of a 2-significant interval.
Theorem 6.1.4. Let L be a finite lattice of width 2 and x,y € L with x < y.
The following statements are equivalent:

(1) [x,y] is a 2-significant interval;

Q) ICl=2andy =V Cy;

B)ICP=2andx = N\C;

(4) [x,y] is the horizontal sum of 2 chains,
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(5) there are two distinct chains Cy, C, in L such that both are maximal
autonomous chains in L and [x,y] = {x,y} U C; U Cy,

(6) there are a, b € [x,y] such that [x,y] = HS ({x, y} U [a], {x,y} U [b]).
Proof. (1) = (2) : Since [x, y] is a 2-significant interval in L, there is X € ﬂ%
such that [x,y] = [AX,V X],sox € M~ (L) and |C,| = 2. Let C, = {a, b}.
Then iy, C ix. Since iy € F I (L), we have ijgp = ixand y = \/ C,.

2)= 3):LetC, ={a,b}andy = aVv b. Theny € J7(L). Also since
w(L) = 2, we have |C’| = 2. Since {a,b},C” € n% and {a,b},C” C |y, it
follows that {g,b} T C" and x = a A b < N\ Y. We claim that x = A\ C.
Suppose not. Then x < A C7; thus,a < A P or b < A (7 since Cy = {a, b};
since A C? <y =aV b, itis not possible thatbotha < A C’and b < A\ C.
We may assumea < ACP’and b || ACP. Theny =avb < (ANC)Vvb<y
sothaty = (A C?) v b. Since A ¥ < (A C¥) vV b by Lemma 6.1.3 part (1),
we have |(?] = 2 and A (7 < y, a contradiction.

3) = @4) : Let ? = {d,e} and x = A C”. Then (x,d] N (x,e] = 0;
otherwise, let z € (x,d] N (x,e],then x < z < dAe = NC’ = x, a
contradiction, so [x, y] is the horizontal sum of two chains {y} U [x, d] and
U lx,el.

(4) = (5) : Let C, ={a, b}, C, =[a,y) and C, = [b,y). Then C, and C,
are finite disjoint chains. We only need to prove C; and C, are autonomous
chains. Lett € L — C; with ¢t < u for some u € C;. If ¢ || b, then ¢ }f a since

all band w(L) = 2; thus, t < asince t ¢ Cy. Moreover, if ¢ }f b, then b £ ¢.
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Otherwise, b <t <wanda<u<y,soy=aV b <u<y,acontradiction;
sot< bandt <uAb = xsince [x,y] is the horizontal sum of C, U {x, y} and
C, U {x, y}; hence, ¢ < a. In either case, ¢ is less than or equal to all elements
in C. Dually, if u < ¢ for some u € C}, then ¢ is larger than or equal to the
largest element in Cy. Hence, C; is an autonomous chain. Since x < a and
V[a,y) < y with x,y ¢ [a], the chain C; is a maximal autonomous chain.
Similarly, C, is an maximal autonomous chain.

(5) = (6) : Suppose that L contains two distinct maximal autonomous
chains C; and C, where [x,y] = {x,y}UC, U C,. Leta € Cy and b € C,,
then C; = [a] and C, = [b] since C; and C;, are autonomous chains, thus
[x,y] is the horizontal sum of two chains {x,y} U [a] and {x, y} U [b], 1.e.,
[x,y] = HS ({x, y} U [a], {x, y} U [b]).

(6) = (1) : Let [x,y] = HS({x,y} U [a], {x,y} U [b]). We have a || b and
[x,¥] € 2»(L). Since [x,y] is the horizontal sum of two chains {x, y} U [4]
and {x,y} U [b], it follows that [x,y] € Min(2,(L)). Hence, [x,y] is a 2-
significant interval. O

Theorem 6.1.4 shows that any 2-significant interval is the horizontal sum
of two chains, as depicted in Figure 6.1, the number of elements in each
chain may be any number larger than 3; in the Hasse diagram of [x,y] in
order to embrace this universality, we use a dotted-line to connect the least

element and the largest element in an autonomous chain.
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z=ANCY

Figure 6.1 A generic 2-significant interval [x, y].

Corollary 6.1.5. Let a finite lattice L be a skeleton of width 2 and x,y € L
with x < y. The following statements are equivalent:

(1) [x, y] is a 2-significant interval,

(2)ICxl =2 andy =V Cy,

B)ICP=2andx = N\ C;

(4) [x, y] is the horizontal sum of 2 chains;

(5) there are two distinct chains Cy, Cy in L such that both are autonomous
chains in L and [x, y] ‘= {x,y}uCL Uy

(6) there are a, b € [x,y] such that [x,y] = HS ({x,y} U [a], {x, y} U [b]),

(D x € M([x,y]), y € J7([x, y]) and |[x, y]| = 4

®)Cy=Cand|C,| =2.
Proof. The statements of (1) — (6) are the same as those in Theorem 6.1.4.

(6) = (7): Since [x,y] = HS ({x,y}U[al, {x, y}U[b]), both x € M~([x, y])
and y € J7([x,y]) hold. Since L is a finite skeleton, we have |[a]| = 1 and
I[b]} = 1, so that [x,y] = {x,y} U [a] U [b] = {x,y, a, b} and |[x, y]| = 4.

(7) = (8): Since |[x, ]| = 4, we have |(x, y)| = 2. Let (x,y) = {a, b}, then

a |l b since x € M~([x,y]); hence C, = {a, b} = C? and |C,| = 2.
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(8) = (6): Suppose |C,| =2 and C, = (7. Let C, = {a, b}, then [x,y] =
{x,y,a,b} = HS({x,y} U [a], (x,y} U [b]). o
The following lemma shows that if [x, y] is a 2-significant interval; then
the 6pen interval (x, y) contains at most one join-reducible element of L and
that join-reducible element, if it exists, covers x.
Lemma 6.1.6. Let L be a finite lattice of width 2. If [x,y] is a 2-significant
interval with C, = {a, b}, then

(1) (a,y) € n(b) and (b,y) € n(a);

(2) (a,y) € J(L) and (b,y) € J(L);

B3)J(L)YN(x,y) Cla,b}and|J (L) N (x,y)| < L.

Proof. (1) Letz € (a,y). Since a || band a < z, we have z £ b; since a < z
and z < y = a V b, it follows that b £ z; so z € n(b). Hence, (a,y) C =(b).
Similarly, (b, y) € n(a).

(2) Let z € (a,y). Suppose z € J°(L). Then z || b by (1). Thus, we have
z A b <z, by Lemma 6.1.3 part (2), and b € J(L), by Lemma 6.1.2 part (2);
also since x < b, we have z A b = x < a < z contradicting z A b < z. Hence
z € J(L). Similarly, (b,y) € J(L).

(3) From part (1) and (2) we have (x,y) N J~(L) C {a, b}. Since a || b and
J~(L)1s achain by Lemma 6.1.3 part (2), it follows that J~(L)N(x, y) C {a, b}
and |J~(L) N (x,y)| < 1. O

The following lemma shows that if [x, y] is a 2-significant interval, then

the open interval (x, y) contains at most one meet-reducible element of L
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and that meet-reducible element, if it exists, is covered by y.
Lemma 6.1.7. Let L be a finite lattice of width 2. If [x,y] is a 2-significant
interval with C = {c, d}, then

(1) (x,¢) € n(d) and (x,d) € n(c),

(2) (x,¢) € M(L) and (x,d) € M(L),

BGYM(L)yn(x,y) C{c,dyand | M~ (L)N{(x,y) < 1.
Proof. This proof is dual to that of Lemma 6.1.6. |

The following lemma shows the relation between any two distinct 2-
significant intervals.
Lemma 6.1.8. Let L be a finite lattice of width 2, let [x1,y1] and [x,, 2] be
distinct 2-significant intervals. Then

(1) x1 < xp 0r x3 < X1,

(2) x1 <x2 iff y1 <2,

() x2 < x1iffy2 <y1.
Proof. (1) By Theorem 6.1.4 x1,x; € M~(L), and x; }f x, by Lemma 6.1.2
part (1); since [x1, y1] and [x,, y,] are distinct 2-significant intervals, we have
x) # x; by Lemma 5.2.6 part (3). Hence, x; < x, or x; < x;.

(2) and (3) follow from Lemma 5.2.6 part (2). ]

In a finite lattice L of width 2, Theorem 6.1.4 shows that, for x € M~(L),
there is a 2-significant interval [x, \/ C,] with \/ C, € J~(L); dually, for
y € J7(L), there is a 2-significant interval [A C7,y] with A C¥ € M~(L).

Lemma 6.1.2 indicates that the set consisting of the least elements of the
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2-significant intervals is a chain and, dually, the set consisting of the largest
elements of the 2-significant intervals is a chain. Lemma 6.1.8 shows that
for two distinct elements x; and x; in M~(L), [x;, V Cy,] and [x;, V Cy,]
are two distinct 2-significant; dually for two distinct elements y; and y»
in J7(L), [A Cy,,»1] and [A C,,, ] are two distinct 2-significant intervals.
Hence, there is a bijective correspondence between ¥ #,(L) and M~ (L)
and between . #»(L) and J~(L). Thus |M~(L)| = | F (L) = |J~(L)|. We
may write M~(L) = {m; | 1 < i < |M (L)l and my,my < ... < mpry)s
JWL)y={j; 11 <i<|J(L)land j; < j2 < .. < ju~@y). These are
called the standard numberings of the M~(L) and J~(L), respectively. Let
S IHWL) = {[x,yi] 11 <i<|M (L), x; € M~ (L) and y; € J°(L)}. It gives
the standard numbering of .. ,(L).
Lemma 6.1.9. Let L be a finite lattice of width 2, let m; € M~(L) and
Ji € J(L) for 1 < i < |M~(L)|. Then [m;, j;] is a 2-significant interval and
exactly one of the following obtains:

(1) mir1, jicr & (m, i),

(2) mi1 € (my, Ji) and ji-y & (m, i),

(3) Ji-1 € (my, ji) and myyy & (my, J)),

(4) miv1, Jio1 € (my, Ji) and miy || jioy,

(5) mis1, jio1 € (my, ji) and jiy < myy.
Proof. The conditions are evidently mutually exclusive. If i = 1, then

[m1, j1] is a 2-significant interval and, either (1) or (2) holds, since m; is
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the least meet-reducible element and j; is the least join-reducible element
in L.

Suppose that, for i = k, [m, ji] is a 2-significant interval and it is one of
the above 5 intervals. We claim that [m41, ji+1] is @ 2-significant interval
and it is one of the above 5 intervals. Since [my, ji] € & #2(L), we have
Jix =\ my by Theorem 6.1.4 part (2); also since my < myy; and ji,q is the
least join-reducible element in T ji — {Jk}, it follows that ji,; = \/ myy by
Lemma 6.1.8 part (2), so [my+1, jk+1] 18 @ 2-significant interval by Theorem
6.1.4 part (2). If my, € (my, ji), then ji € (Mi41, ji+1), SO that either (1)
or (2) holds. If my,; € (my, ji), then ji € (myy1, jir1) by Lemma 6.1.6 part
(3). There exists at most one meet-reducible element in (71441, ji+1), namely
(if it is in the interval) my,,, by Lemma 6.1.7 part (3). mgi2 € (Mg+1, Je+1)
implies that (3) holds. If my.y € (my1, Jr+1) and myy; || Ji, then (4) holds; if
Mis2 € (Myst, Jer1) and mya2 W ji, then my,; < ji by Lemma 6.1.6 part (3)
and my.o2 < Ji+1 by Lemma 6.1.7 part (3); since [my.1, Jir1] € LI (L), we
have ji < myya, 1.€., (5) holds. Therefore, [m;, j;] is a 2-significant interval
for 1 <i <|M~(L)| and one of (1)-(5) holds. O

Lemma 6.1.9 shows that any 2-significant interval is isomorphic to one
of the six types in Figure 6.2. In the diagrams we use the symbol A to repre-
sent the least element in another 2-significant interval and the symbol V to
represent the largest element in another 2-significant interval; if one point is

the least element in a 2-significant interval and the largest element element
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in another 2-significant interval, then we use the symbol £x to represent it.
For 1 <i < 5, a 2-significant interval [x, y] is of type i + 1 iff [x, y] satisfies

(i) of Lemma 6.1.9.

type 1 type 2 type 3 type 4 type 5 type 6

S8i0034%0
VEVEVEVEVY
-

Figure 6.2 Six types of significant intervals in a finite lattice of width 2
and their skeletons.
6.1.2 The Structure of a Finite Lattice of Width 2

Now, we are close to being able to characterize the structure of finite
lattices of width 2.
Theorem 6.1.10. Every finite lattice L of width 2 is the union of its signifi-
cant intervals.
Proof. Let x € L. If |Cy| = 2, then [x,\/ C,] is a 2-significant interval by
Theorem 6.1.4.

If |C*| = 2, then [A C*x, x] is a 2-significant interval by Theorem 6.1.4.
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If |C,| = |C* = 1 and n(x) = 0, then x is a nodal element, and there is a
maximal nodal interval containing x, such interval is a 1-significant interval.

If |Cy| = |IC*| = 1 and m(x) # 0. Then x A (A m(x)) is a meet-reducible
element of L in | x and x v (\/ 7(x)) is a join-reducible element of L in T x.
Thus, M~(L)N | x # 0 and J~(L)N T x # @. Since the set of all meet-
reducible elements in | x is a finite chain and the set of all join-reducible
elements is another finite chain in T x, there exist the largest meet-reducible
element m in | x and the least join-reducible element j in T x, so x is in the
interval [m, j]. We claim that [m, j] is a 2-significant interval. Let C,, =
{a,b},thena < x or b < x since m < x and C,, = {a, b}. We may assume that
a<x,thenx £ bsincea || b,and b £ x since |C,| = 1,s0 x || b. We have
aV b £ x. We claimthata Vv b }f x, otherwise, m < a < (aV b) A x < x and
(avb)Ax € M~(L) contradicting that m is the largest element in M~(L)N | x.
Hence, x <aVvband j <aVvbsince j € J(L)N(Tx). Wehave j £ b
since x < jand x [ 5. Also j }f b, otherwise, we have b A j < j by Lemma
6.13 part (2)andm < bAj < bsincem <a < x < jand m < b; thus
m=bAj< jcontradictingm < x < j. Sob < jand a < x < J. Hence
aVb < jand j = aVv b. Therefore, [m, j] is a 2-significant interval by
Theorem 6.1.4. m]

Let C, = {0, 1,2, ..., k} be a chain with the k£ + 1 elements. We use bold
font in order to distinguish the set C,, of elements in L covering x, from the

chain C,.
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In a finite lattice L of width 2, a significant interval [x, y] is a 1-significant
or 2-significant interval. It is one of six types intervals shown in Figure 6.2.

We denote the types of significant intervals [x, y] as follows:

Type([x,y]) = (1, Cy), if [x, ] is a 1-significant interval with [x, y] = Cj;

Type([x,¥]) = (2, C;, Cy), if [x, ] is a 2-significant interval with [x, y] =
HS(Cq, C,), and all elements in (x, y) are meet-irreducible and join-irreducible;

Type([x,y]) = (3, Cs, C)), if [x, y] is a 2-significant interval with [x, y] =
HS(C,, C,), there is one meet-reducible element in C; N C? and all elements
in (x, y) are join-irreducible;

Type([x,y]) = (4, C,, C)), if [x, y] 1s a 2-significant interval with [x,y] =
HS(Cq, C,), there is one join-reducible element in C; N C, and all elements
in (x, y) are meet-irreducible;

Type([x,y]) = (5, Cs, Cy), if [x,y] is a 2-significant interval with [x, y] =
HS(C;, C,), there are one meet-reducible element in C; N C¥ and one join-
reducible element in C, N Cy;

Type([x,y]) = (6, Cy, Cy), if [x, y] is a 2-significant interval with [x, y] =
HS(Cs, C)), there are one meet-reducible element in C; N C” and one join-
reducible element in C, N C,.

We abbreviate the denotations of the types of significant intervals as fol-
lows:

(1, Cy) is abbreviated (1, 5),

(2,C;, Cy) is abbreviated (2, s, 1),
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(3, C,, C,) is abbreviated (3, s, 1),

4, C,, C,) is abbreviated (4, s, 1),

(5, C,, C,) is abbreviated (5, s, 1),

(6, C,, C,) is abbreviated (6, s, ).

Note that in a finite lattice L of width 2, a 1-significant interval is self-
dual; since a 2-significant interval is the horizontal sum of two chains, a
2-significant interval is self-dual; so any significant interval [x, y] is self-
dual, i.e., [x,y] = [x,y]*. Note that [x,y] € LA (L) iff [x,y]* € LI (L"),
and [x,y] € LI (L) iff [x,y]* € LI (L") fork = 1,2.

Lemma 6.1.11. Let [x,y] and [z, w] be significant intervals in a finite lat-
tice L of width 2, then x }f zand y }f w.

Proof. By duality, we need only prove that x }{ z. If x or z is nodal, the
result holds. Hence we may assume that [x, y] and [z, w] are 2-significant
intervals, then x }{ z by Lemma 6.1.8. ]

Since the set of the least elements of significant intervals forms a chain,
we may list all significant intervals in increasing order of least element of
these intervals, (i.e., (L) = {[x;, ;] |i=1,...,k,and x; < ... < x;}). We
say that the intervals [x;, y;] and [x;41, yi+1] are adjacent for 1 <i < k- 1.
Note that

(1) x; =0and y, = 1;

(2) two 1-significant intervals are not adjacent.
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Lemma 6.1.12. Let L be a finite lattice of width 2 and [x;,y;] € .. Z (L) for
i> 1.

(1) If x; is a nodal element, then [x1,y;] = VS ([x1,yi-1], [, yi])-

(2) If x; is not nodal, then [x1,y;] = QVS([x1,Yi-1], [x5¥i]; [Xis Vi-1])-
Proof. (1) Since [x;,y;]] € L HF(L) and x; is a nodal element, x; is the
largest element in the significant interval [x;_1,yi-1], so x; = y;_1; also
since [x1,y;] = [x1,yi-1] U [x5,yi], we have [x1,y:] = [x1,yi-1] U [xi, 1] =
VS ([x1, yi-1]s [xi, yi])-

(2) Since x; is not nodal and [x;, y;] is a significant interval, [x;, y;] must be
a 2-significant interval and m(x;) # 0; by Lemma 6.1.6 part (3) x; is covered
by some join-reducible element y; by corollary 6.1.5 part (3) [A C?,y] 1s a
2-significant interval which is adjacent to the 2-significant interval [x;, y/],
50 x; <y = yi-1 and [x1, 1] 0 [x;, 3] = {3, yi-1}; 1t follows that [xy, y;] is
the quasi vertical sum of [x;, ;-] and [x;, y;] over [x;, yi-1], (i.e., [x1,y;] =
OVS ([x1, yi-1l, [xi yil, [x3 yi-1])). O
Theorem 6.1.13. Let L be a finite lattice of width 2 and let [x;,y;] be any
significant interval in L with 1 < i < nand x; < x < ... < x,. Let
Ly = [xu,n] Lo = [x1,02] = QVS(Ly, [x2,32]), ., and L, = [x1,y] =
QVS(Lu-1,[xnsyn)), then L = L,,.

Proof. We claim that L,, = QVS(L,-1, [Xn, ¥n))-

Let n = 2. Then [x1, 2] = OVS([x1, 1], [*2,)2]) = by Lemma 6.1.12.
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Suppose that, for n = k, Ly = QVS(L-1, [xk, yi]) holds. Letn = k + 1.
Then Lyt = [x1, yes1] = OVS (L, [Xk+1,Yir1]) by Lemma 6.1.12.

Since x; = 0, y, = 1 and L is the union of all significant intervals by
Theorem 6.1.10, we have L = L,,. O

The previous theorem states that a finite lattice of width 2 is “the quasi

vertical sum of a sequence of its significant intervals”.

Figure 6.3 The Hasse diagram and the enhanced Hasse diagram of a pro-
totypical finite lattice, L9, of width 2.

A finite lattice L of width 2 is the union of a collection of significant
intervals which are 1-significant or 2-significant intervals. The significant
interval identification notation (siin) for a 1-significant or 2-significant
interval [x, y] is defined as follows: the first number is 0, the second number
is an ordinal number identifying where this interval lies in the sequence of
intervals, the remaining 2 or 3 numbers are the numbers (1, s) or (i, s, t) as

described above. Thus we can represent L as a sequence of siins.



0,1,1,2 0,2,2,2,4 0,3,1,3 0,4,3,2,2 0,5,5,2,3 0,6,6,2,2 0,7,4,2,3

Figure 6.4 The ith significant interval of L;¢ is highlighted, notated and
the siin presented below it.

Figure 6.3 shows the Hasse diagram of a finite lattice of width 2 and all
its siins. When we use A , V and/or ¥x to indicate significant intervals in
a Hasse diagram, we refer to the diagram as an enhanced Hasse diagram.
In the enhanced Hasse diagram, for each element labelled A , the interval
[A, V] from A up to the least element labelled V is a significant interval.
In Figure 6.3 we show the Hasse diagram of a finite lattice L9 of width 2;
furthermore we redraw the Hasse diagram with the symbols A, V and A
V ; in Figure 6.4 we highlight every significant interval on L;¢ and give the
siin notation for an interval. Thus we can describe the lattice L9 by the se-
quence of numbers of siins (0, 1, 1, 2), (0, 2,2, 2,4), (0,3, 1, 3), (0,4, 3, 2, 2),
0,5,5,2,3),(0,6,6,2,2), and (0,7,4, 2, 3). Dropping the parentheses and

concatenating we arrive at a complete determination of the lattice L9 by the
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sequence of numbers “0, 1, 1,2,0,2,2,2,4,0,3,1,3,0,4,3,2,2,0,5,5,
2,3,0,6,6,2,2,0,7,4,2,3”.
Figure 6.5 shows the lattice Li9 and its skeleton, and there is no 1-

significant interval in its skeleton.

Figure 6.5 The lattice L9 and its skeleton.

In this section we will study the structure of a finite skeleton of width 2.
Lemma 6.1.14. Let L be a finite skeleton of width 2. Then

(1) L is the union of 2-significant intervals,

(2) L is the union of 2-components;

(3) every 2-significant interval has 4 elements and a unique 2-determinant;

(4) L is a distributive lattice.

Proof. (1) This follows from Theorem 6.1.10.

(2) This follows from Theorem 5.2.9.
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(3) Let [x, y] be a 2-significant interval. There are a, b € [x, y] such that
[x,v] = HS({x,y} U [a], {x,y} U [b]) by Theorem 6.1.4 part (6). Since L is a
skeleton, |[a]| = |[6]] = 1 by Lemma 3.1.7, thus [x, y] = HS({x, y, a}, {x,y, b}).
Hence, |[x, ]| = |{x,y, a, b}| = 4 and [x, y] has unique 2-determinant {a, b}.

(4) Since L is of width 2, L has no sublattice isomorphic to M;. We claim
that L has no sublattice isomorphic to Ns. Suppose not. Let {a, b, c, u, v) be
a pentagon in L. Since L is a skeleton, we have a + b, so there is some
d € [b,a) such that d € M~(L) or some d € (b, a] such that d € J(L).
We may assume that there is d € [b, a) such that d € M~(L), it follows that
cvVd=cVbandd < cVdby Lemma 6.1.3 part (1); since ¢ || a, we have
cVd£a,sinced<aandd<cVd,wehavea £ cVvd,thusal| cVd,so
a || ¢ vV b contradicting the fact that {(a, b, c, u, v) is a pentagon. Hence, L is
distributive. o

In fact any significant interval iy in a skeleton of width 2 is a 2-significant
interval since there is no 1-significant interval in a skeleton, and iy = z} by
the function ~ : iy — 1}

Lemma 6.1.15. Let L be a finite skeleton of width 2 and [x,y] be a 2-
component. If {a, b} is a 2-determinant of [x, y), then

(D) {a, b} € M(L) N J(L),

Q) {a,b}NCy =0 and {a,byn C” # 0.

Proof. (1) Let [x, y] be a 2-component and {a, b} be a 2-determinant of [x, y].

Then x = aAband y = aVv b. We claim that a € M(L). Suppose that
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a€ M~(L). Thena <aV b=ybyLemma 6.1.3 part (1). Let w = C, — {}.
Thenw £ bsincea <wanda || b. We have b £ w, otherwise,y =aVvb <w
contradicting C, = {y,w}. Sow || b. Since w || y and y € J~(L), we have
w e J(L). Also since w A b < wand C” = {a}, it follows that w A b < a and
x=aANb<wAb<aAnb=x Hence,x=wAb.Sincey=aVvVb<wVvb
and w £ y, we have y < wV b. Thus [x,y] € [WA b,wV b] € Z(L)
contradicting the maximality of a 2-component [x,y]. Dually, a € J(L).
Hence a € M(L) N J(L). By symmetry b € M(L) N J(L).

(2) Suppose that {a,b} N C, = 0. Since a || b and w(L) = 2, we have
alf VCrorb }f \VCy; also since [x,\ Cy] = {x,V Cx} U C, by Lemma
6.1.14 part (3), it follows that \/C, < aor \/ C, < b. We may assume
VCy <a,then \/C, < bor \/C, || bsincea || b. If \/C, < b, then
x < \/ C; < anb contradicting anb = x. If \/ C, || b, then (\/ Cx)Ab </ C,
by Lemma 6.1.3 part (2), thus x < (\/ Cx)Ab < aAb contradicting aAb = x.

Hence, {a, b} N C, # 0. Dually, {a, b} N C¥ # 0. O

6.2 Finite Lattices of Width 3
6.2.1 Properties of Finite Lattices of Width 3
Let iy and iy be two 3-significant intervals in L with XY € ﬂi. The
following Theorem shows the relation between iy and iy.
Theorem 6.2.1. Let L be a finite lattice of width 3 and let ix and iy be 3-
significant intervals in L with X,Y € 3. Then N X< AY and\/ X < \/ ¥,

or NY< AXand\/Y <\ X
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Proof. The lattice L is a union of three chains C,, C; and C3 by Dilworth’s
Theorem. Let X = {x1,xp,x3} and Y = {y1,y2,y3} with x;,y; € C; for each
i € {1,2,3}. We claim that (A X) } (A Y). Suppose that (A X) || (A Y).
Then (\/ X) || (V ¥) by Lemma 5.2.6 part (1), thus X Z Yand Y Z X. We
may assume that y; < x1, y» < xp and x3 < y3. Then X || Y = {x1, x2, )3},
XY = proysx3hb A Y <y <x1 < VX, AY <y £ x < VXand
AX <x3<y3 <VY Leta=(AX)V(AD)and b = (VX)) A(VT),
then AX, ANY <a<b< VX VY. Since[a,\ X] C iy, we have iy =
([a, V XD U (ixy — [a, V X]). Since A Y < x; and A X < x;, we have a < x1,
similarly a < x;, a < y3 and x3 < b hold. Hence, 2 < |[X N [a, V X]| < 3.
But [X N [a, VV X]| # 3, since A X < a follows from the supposition that
AXI| A Y. Therefore, | XN [a,\V X]| =2 and a £ x3.

We claim that {x, x2,a V x3} € 73 and {x;,x2,a V x3} € [a, \/ X]. Since
a < yyand x3 < y3, we have a V x3 < y3; also since XU Y = {x1,xp, )3} € 73
by Lemma 5.1.10 part (2) and (3), we have x; £ aV x3; similarly x, £ aV xs.
Since {x1, x2, x3} € 73, it follows thata v x3 £ x; and a V x3 £ x. Hence
{x1,x,aV x3} € m. Sincea < x; < VXanda < x; < VX, it follows
that x;,x; € [a,\/ X]. Wehavea < aVx3 < b <\ Xsince x3 < b and
a < b. Thus x1,x3,a V x3 € [a,\ X]. Hence, i, x,avxy} € [a,V X] C iy
contradicting iy is a 3-significant interval. Therefore, (A X) I (A Y). By
Lemma 5.2.6 part (2),if AX < A Y, then\/ X </ Y; by Lemma 5.2.6 part

(3),if AY < AX,then\/ Y </ X. O
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Figure 6.6 Two significant intervals iy and iy in a lattice with A X || A Y
and \V X|| VY.

For iy,iy € S Z4L), ANX || A\ Y might happen. Figure 6.6 gives an
example. In this example, X = {x|, x2, x3, x4} and {y1, )2, ¥3, V4}.

The following corollary to Theorem 6.2.1 shows that, in a finite lattice L
of width 3, the union of two 3-significant intervals is a sublattice of L.
Corollary 6.2.2. Let iy, iy be two 3-significant intervals in a finite lattice L
of width 3. Then ix U iy is a sublattice of L.
Proof. Wehave A X< AYand VX<VY, oo AY<AXandVY<VX
by Theorem 6.2.1. We may assume that A X < AYand \/ X < \/ Y. Let
a,beiyUiy. Ifa,beiy,thenaAb,aVvbeiy,soaNbaVbceiyxUiy.
Similarly if a,b € iy, thena A b,a Vv b € iy U iy. We may assume that
a € iyxand b € iy,sothat A X <a< VXand AY < b < V7, thus,
ANX = (ANXANNY)<aAnb<a< VXand AY b <aVvb<

(VX)V((VY)=VY HenceaAb,aV b€ ixUiy. Therefore, iy Uiyisa
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sublattice of L. O

6.2.2 The Structure of a Finite Lattice of Width 3
Lemma 6.2.3. Let L be a finite lattice of width 3, let [x,, y1] and [x,, y,] be
distinct 3-significant intervals. Then

(1) x1 < x3 0r x3 < Xy,

(2) x1 <x2 iff y1 <2,

B)xy < x1iffy2 < 1.
Proof. (1) Since [x1,y1] and [x,, y,] are 3-significant intervals, there exist
Zy and Z; in 73 such that [xy,y1] = iz, and [x2,;] = iz,. By Theorem 6.2.1
we have A iz, I Az, i.e., x; }f xy; since [x1,y1] and [x,, y,] are distinct
3-significant intervals, we have x; # x, by Lemma 5.2.6 part (3). Hence
X] < X3 Of X3 < Xj.

(2) and (3) follow from Lemma 5.2.6 part (2). O

Since the set of the least elements of the 3-significant intervals forms
a chain, we may list all 3-significant intervals in increasing order of least
element of these intervals, i.e., & Z3(L) = {[x;, ¥i] | x1 < %2 < ... < xz}.
Lemma 6.2.4. Let L be a lattice of width 3 and let [x1,y1], [x2,y2] € Z5(L)
with x1 < x3. If w([x2,1]) = 2, then [x1, y2] = ([x1, 011U [x2,32]) is an empty

set or a chain.

2
[x21yl].

[x1,y2] = ([x1, 1] U [x2,)2]) # 0. Let z € [x1,»2] — ([x1, 1] U [x2,)2]).

Proof. Since w([x2,y1]) = 2, there exists {a,b} € = Suppose that
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We claim that z || g and z || b. Since x; < a, z < y; and z € [x3,)2], we
have a £ z; since a < y|, x; < zandz ¢ [x1,y1], we have z £ a; so a || z;
by symmetry b || z. Since {a, b,z} € ﬂi for z € [x1,y2] — ([x1, ¥1] Y [x2,2]),
any two elements in [x1, 2] — ([x1, 1] U [x2,),]) are comparable. Hence,

[x1,¥2] = ([x1,¥1] U [x2,)2]) 1s a chain. O



CHAPTER 7
SUMMARY AND DISCUSSION

In this dissertation, we develop the equivalent relation ~ on a poset P,
the blocks of which are the maximal autonomous chains of the poset P. The
order skeleton P of P is the poset formed by the blocks of ~. The mapping
~: P — P from a poset P to its order skeleton P is an order-epimorphism,
P may be recaptured from P as a lexicographic sum of P and the chains
{[x] | x € P}. Specifying to a lattice L, ~ is a congruence relation on L and
the mapping ~: L — L is the canonical epimorphism, so that [ is realized
as L/ ~.

In order to solve some problems about a lattice, firstly, we can create a
similar problem based on its order skeleton, then work on the similar prob-
lem; finally, we seek the solution for the initial problem. We handle the fol-
lowing two problems by applying the order skeleton. The first one concerns
the calculation of the residuated approximation, the second one concerns
the structure of finite lattices of small widths.

For any isotone mapping f : L — Q between two complete lattices, it
has been known that the umbral number u, of f is small given sufficient
distributivity of L or . We proved that in fact, u is small when there is
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sufficient distributivity of L or 0. For a ~ finite lattice L, we proved that
ur = uy,, where f, is essentially a function from L to Q, induced by 7.

We find that the skeleton of any finite lattices of width 2 is distributive.
Moreover, we have some results about the structure of finite lattices of width
3. Combining order skeleton and antichain helps to reveal the structure of
finite lattices of larger width. Future research will focus on developing a

structure theory of finite lattices.



APPENDIX A

SOURCE CODE

To support this research, we developed a software named ISRMap which
provided the following functions:

(1) Draw and edit the Hasse diagrams of posets.

(2) Judge whether a poset is a lattice.

(3) Calculate and list all isotone mappings between two finite posets.

(4) Calculate and list all umbral mappings for any isotone mapping be-
tween two finite lattices.

(5) Calculate the umbral number u, for any mapping f/ : L — Q between
two finite lattices and list the u; g.

We used this program to examine many examples which generated in-
tuition for the creation of the relevant theorems. For some examples, we
uploaded the computing task on LONI (Louisiana Optical Network Initia-
tive) to finish the computation. Having so generated intuition, we proceeded
to write the dissertation without any reference to the program. Our results
depend on the program in no way — except for the initial intuition. However,
for completeness, we present the source code.

We use a one-dimension array called “points” to represent elements in
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a lattice and a two-dimension array called “partial” to represent the partial

ordering relation between two elements in a lattice.

struct points {
char label[6];
char imagelabel[6];
int index;
int imageindex;

}s

struct partial{

int index; //to save the index of upper point.
CString label; //to save the label of upper point.

int distance;//to save the distance between two points.

}s

Now we describe the purposes of the following functions:
1. the function CISRMapDoc::fplus is to compute the f;
2. the function CISRMapDoc::fminus is to compute the f{7;

3. the function CISRMapDoc::OnCalSha is to compute o .

void CISRMapDoc::fplus(struct partial p[][MAXNODE],
struct partial q[][MAXNODE]) {

int 1, j;
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bool nullmap;
for(i = 0; i<ng; i++){

backplus[i]=qpoint[i] .imageindex;

gpoint[i].imageindex = -1;

gpoint[i].imagelabel = "";
}
for(i = 0; i<np; i++){
if(gpoint[ppoint[i].imageindex].imageindex == -1){

i
[OH

gpoint[ppoint[i].imageindex].imageindex

gpoint[ppoint[i].imageindex].imagelabel

ppoint[i].label;
}
else{
gpoint[ppoint[i].imageindex].imageindex=pjoin[i]
[gpoint[ppoint[i].imageindex].imageindex][1];
gpoint [ppoint[i].imageindex].imagelabel=ppoint
[gpoint[ppoint[i].imageindex].imageindex].label;
}
}
nullmap = true;
if(qpoint[glowest[1]].imageindex == -1){
groint[qlowest[1]].imageindex=plowest[1];

groint[qlowest[1]].imagelabel=ppoint[plowest[1]].label;
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}
while (nullmap) {

nullmap = false;
for(i = 0; i<nqg; i++){
if(gpoint[i].imageindex == -1)
nullmap = true;
//to get fplus for point 1i.
for(j = 0; j<nqg; j++){
if((i!'=j)&&(gpartial[i][j].1label==
gpoint[i].label)){
//point j under point 1i.
if(gpoint[j].imageindex == -1){
//point j not mapped any point in P.
break;
}
if(gpoint[i].imageindex == -1){
gpoint[i].imageindex = qpoint([j].imageindex;
gpoint[i].imagelabel = gpoint[j].imagelabel;
}
else{
gpoint[i].imageindex=pjoin[gpoint[i].imageindex]
[qpoint[j].imageindex][1];

gpoint[i].imagelabel =



ppoint[gpoint[i].imageindex].label;

void CISRMapDoc::fminus(struct partial p[][MAXNODE],
struct partial q[][MAXNODE]){
int i, j, k;
bool nullmap;
for(i = 0; i<np; i++)
backpmap[i] = -1;
for(i = 0; i<ng; i++){
if(backpmap[gpoint[i].imageindex] == -1)
backpmap[qgpoint[i].imageindex] = 1i;
else
backpmap[qpoint[i].imageindex] =
gqmeet[i] [backpmap[qgpoint[i].imageindex]][1];
}
nullmap = true;

if(backpmap[plowest[1]] == -1)
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backpmap[plowest[1]] = qlowest[1];
while(nullmap) {
nullmap = false;
for(i = 0; i<np; i++){
if(backpmap[i] == -1)
nullmap = true;
//to get fminus for point i.
for(j = 0; j<np; j++){
if((i!'=j)&&(ppartial[i][j].label==
ppoint[j].label)){

//point j above point 1i.

if(backpmap[j] == -1)//point j not mapped.
continue;
if(backpmap[i] == -1)

backpmap[i] = backpmap[j];
else

backpmap[i]=qmeet[backpmap[i]] [backpmap[j]1]1[1];
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void CISRMapDoc: :0nCalSha(){
char num[12];
if(!checkres()){
numsh++;
preprocess();
fplus(qpartial, ppartial);
fminus(ppartial, gpartial);
UpdateAllViews (NULL);
showhint (""", "");
}
memset (num, ’\@’, 12);
memcpy (num, "SHADOW: ",8);
_itoa(numsh, num+8, 10);

showhint("", num);
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