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ABSTRACT

In recent years, much research has been motivated by the idea of biologically-
inspired flight. It is a conjecture of the United States Air Force that incorporating
characteristics of biological flight into air vehicles will significantly improve the ma-
neuverability and performance of modern aircraft. Although there are studies which
involve the aerodynamics, structural dynamics, modeling, and control of flexible wing
micro aerial vehicles (MAVs), issues of control and vehicular modeling as a whole are
largely unexplored. Modeling with such dynamics lends itself to systems of partial dif-
ferential equations (PDEs) with nonlinearities, and limited control theory is available
for such systems.

In this work, a multiple component structure consisting of two Euler-Bernoulli
beams connected to a rigid mass is used to model the heave dynamics of an aeroelas-
tic wing MAV, which is acted upon by a nonlinear aerodynamic lift force. We seek
to employ tools from distributed parameter modeling and linear control theory in
an effort to achieve agile flight potential of flexible, morphable wing MAV airframes.
Theoretical analysis of the model is conducted, which includes generating solutions
to the eigenvalue problem for the system and determining well-posedness and the at-
tainment of a Cp-semigroup for the linearly approximated model. In order to test the

model’s ability to track to a desired state and to gain insight into optimal morphing

11
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trajectories, two control objectives are employed on the model: target state tracking

and morphing trajectory over time.
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CHAPTER 1

INTRODUCTION

Throughout the past century considerable improvement has been made in the
development of aircraft, but much work remains to be done for modern aircraft to be
comparable to the airborne capabilities of nature. In recent years, much research has
been motivated by the notion of biologically-inspired flight, including aerodynamics,
structural dynamics, flight mechanics. and control. The Air Force Office of Scientific
Research Multidisciplinary University Research Initiative (MURI) project led by
Kenny Breuer of Brown University involves studies of the aerodynamics and structural
dynamics of bats in free-flight. Further information about this project can be found
in [27] and [25]. The MURI project led by Wei Shyy of the University of Michigan
consists of similar studies of bird and insect flight, which is elaborated upon in [23]
and [24]. These studies, along with numerous others (see, for example, [2] and [14]),
have inspired the Air Force Research Laboratory Munitions Directorate (AFRL/RW)
to explore aeroelastic wing micro aerial vehicles (MAVs) for both military and civilian
utilization.

While there are projects which involve control studies of biological flight. it
is our goal to examine vchicular modeling as a whole while simultaneously ensuring

that the model may be exploited for control design. Traditional controllers designied



using methods applicable to fixed wing aircraft are unlikely to realize the agile flight

potential of flexible wing MAV airframes.

Figure 1.1: (Left) Bat flight is being studied as part of an Air Force Office of
Scientific Research Multidisciplinary University Research Initiative project. Image
credit: mime.oregonstate.edu/news/story/2103, (Right) Morphing gull wings.

In this dissertation we seek to provide an extension of the heave dynamics
partial differential equation (PDE) model originally presented in [9], which consisted
of two Euler-Bernoulli beams connected at a point mass. The modifications we make
to this model consist of the inclusion of a finite mass, gravity, a nonlinear aerodynamic
lift force, and realistic parameter values that reflect the material of the MAV system.
We refer to this model as the beam-mass-beam (BMB) model.

The focus of this work is to apply tools from distributed parameter control
theory in order to gain insight into exploiting wing flexibility for control design. We
first begin by providing a theoretical analysis of the linearly approximated BMB
model. This analysis includes examining the eigenvalue problem for this system and
determining whether the model is well-posed and generates a Cy-semigroup.

We then employ control design on the BMB system. Since limited theory is

available for control of nonlinear PDE systems, we must obtain a linear approximation


http://mime.oregonstate.edu/news/story/2103

of the system in order to design controllers. Two control mechanisms are analyzed
here: target state tracking and morphing trajectory over time. Finally, we also
present a MAV model with the presence of realistic controllers via piezoceramic patch
actuators and point to future work involving this model. We refer to this model as
the “BMB-PZT” model.

Chapter 2 contains background information of the control techniques consid-
ered in this dissertation. Chapter 3 provides a description of the two models. In
Chapter 4 the framework for well-posedness is provided, along with a proof for well-
posedness of the linearly appproximated model and an extension to the model with
piezoceramic patches. Numerical simulations of both systems, including controlled
results for the BMB system can be found in Chapters 5 and 6. Finally, in Chapter 7

we conclude with observations and future work.



CHAPTER 2

BACKGROUND INFORMATION

Consider a time-invariant linear partial differential equation (PDE) system

with dynamics given by

£(t) = AE(t) + Bu(t), £(0) =&, 2.1)

where the operator A represents the dynamics of the system defined on D(A) C X
(with X a Hilbert space) that generates a Cy-semigroup by assumption (see Chapter
4), B describes how the control is applied to the system, and u(¢) is the control input,
defined on a Hilbert space U, which is taken to be IR™ in this work.

Traditional linear quadratic control drives the state £(t) to the zero state. For a
tracking problem, the ideal state is not the zero state. Instead, the control objective
is to steer £(t) to some known, desired state £(t). Two linear quadratic tracking
approaches explored in this work are described below in an infinite dimensional setting,
and the discussion presented here is summarized from [15]. It is important to note that
theory is in place to guarantee convergence from a finite dimensional approximation

to the infinite dimensional system, as stated in [17] and [16].



2.1 Linear Quadratic Regulator (LQR) Tracking
The aim of the Linear Quadratic Regulator (LQR) tracking problem is to

minimize the cost function

V— / (2, Q) + (u, Ru),) di, (2.2)

to

d
where z(t) = %I(t)’ Q : X — X is a state weighting operator, taken to be C*C

(see Equation (2.12)) and R : U — U is a control weighting operator taken to be of
the form R = Z, with Z being the identity operator. Then for a chosen Q and R,
an optimal u is generated. The tracking problem under consideration is posed as a

disturbance-rejection problem with the system dynamics given by
i(t) = Az(t) + Bu(t) + w(t), x(0) =z, (2.3)
where z(t) = z(t,-) = £(t,-) — €(t,-) € X and w(t) is represented by
w(t) = AE — € £ 0. (2.4)

The solution to the tracking problem involves integrating backwards in time to obtain

the unique stabilizing solution of the Riceati differential equation
—TI(t) = A TI(t) + II(t)A + Q — TI(1)BR™'B*TI(¢), (2.5)
with boundary condition II(7) = 0. The feedback control gain is defined as
K = R™'B*1I(1). (2.6)
The feed forward signal uy,, is

upe(t) = R1B%(1). (2.7)



where the solution ¢(t) can be expressed in terms of the transition operator for the
system:

q(t) = —[A— BR 'B'TI(t)]q(t), (2.8)

with ¢(T") = 0. The control law for the LQR state tracking is
u(t) = —Kz(t) — ugy. (2.9)

Applying this control law to the original system in Equation (2.3), the following
system is obtained

i(t) = [A — BK|z(t) — tfmp. (2.10)

When considering the infinite-time case (steady state tracking), some simplifications
may be made. Letting T — oo, Equation (2.5) reduces to the algebraic Riccati
equation

AT +TA - TIBRTB T+ Q = 0. (2.11)

and since ¢(t) is bounded, a steady state solution can be obtained for Equation (2.8).

2.2 Linear Quadratic Gaussian (LQG) Tracking
While the LQR problem assumes full knowledge of the state is available
for feedback, the Linear Quadratic Gaussian (LQG) problem assumes that only an

estimate of the state from Equation (2.3) exists, based on a measurement
y = Cx(t), (2.12)

where the measurement y(t) : X — Y, with Y a Hilbert space, is taken to be in IR”

in this work, and a state estimate, z.(t) = z.(t,-) € X, is used in the control law in



Equation (2.9). The operator C describes how the state is observed. Again, the state
from Equation (2.3) is € — &, and it is assumed that the desired target of the state
estimate is also €.

We next present the following definitions, which are necessary to understand

the control theory presented in this section.

Definition 2.1. An operator A 1s exponentially stable 1f and only +f A generates an

exponentially stable Cy-semigroup.

Definition 2.2. The state linear system > (A, B,C) 1s exponentially stable f A

15 exponentially stable.

Definition 2.3. ) (A, B,C) 1s stabilizable if there exsts a inear operator F . X —
U such that A+ BF s exponentially stable. For convemence, we refer to the par

(A, B) as being stabilizable.

Definition 2.4. Y (A, B,C) 1s detectable if there exists a linear operator L 1Y — X
such that A+ LC 1s exponentially stable. For convenience, we refer to the pawr (A.C)

as being detectable.

To provide a state estimate, a compensator is used that has the form
Te(t) = Acxe(t) + Fey(t), z.(0) = x,, (2.13)
and the feedback control law 1s written

u(t) = =K (t) — s, (2.14)



where X and uy,, are determined from the LQR tracking solution. Then by solving

an additional filter Riccati equation

P(t) = AP(t) + P(t)A* — P(t)C*CP(t) + BB, (2.15)
one can obtain the operators F,., and A, via
F. = P@)C*,

(2.16)
A = A-BK-FC.

When considering the steady state case, Equation (2.15) reduces to the filter algebraic
Riccati equation

AP + PA* — PC*CP + BB* = 0. (2.17)

Under standard assumptions of stabilizability of (A, B) and detectability of (A.C),
there are guaranteed unique solutions II and P to Equation (2.11) and Equation

(2.17), respectively, such that the linear system given by

a — - (2.18)

is stable.



CHAPTER 3

FLEXIBLE WING ATIRCRAFT MODEL

Over time, morphable wing MAVs exhibit dynamics that are neither fast nor
slow enough to be considered in a steady state (constant). Furthermore, since the
bending moments of each wing are related to the mass moment of inertia of the
fuselage, this moment varies with time as the vehicle morphs. Consequently, modeling
with such dynamics lends itself to PDEs with time-varying coeflicients. In this work a
simplified model with constant coefficients is considered to gain insight into the more
challenging time-varying model.

Two Euler-Bernoulli beams connected to a rigid mass are used to model the
heave dynamics of a flexible wing MAV. Each beamn represents a wing with the rigid
mass at the center representing a fuselage. An initial model with a point mass was
presented in [9], and the model is elaborated upon here. In this work we consider
two versions of this system. The first model, hereinafter referred to as the “BMB”
model, assumes that controllers act over the entire beam structure. The second, more
realistic model assumes piezoceramic actuators are present on each beam, and we refer
to this model as the “BMB-PZT” model. In this chapter we first provide a derivation

of the standard beam equation, followed by a description of the two systems.

9
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3.1 Derivation of the Euler-Bernoulli Beam

Consider the linear, undamped model with no axial forces. The Euler-Bernoulli
beam is a special case of the Timoshenko beam that does not take into account shear
deformation or rotary inertia. The derivation presented here is taken primarily from
[19] and [28], although one should note the sign conventions we adopt here. A diagram
of the beam can be seen in Figure 3.1. The following notation will be used in this
discussion: t represents time, sy, z are the position coordinates, w(t, s) denotes the
vertical displacement at time ¢t and position s, ¢ is the length of the beam, ds is
the length of a beam element, p is the density of the beam material, A is the cross-
sectional area of the beam, I is the area moment of inertia, M represents the bending
moment about the z-axis (the beam’s tendency to bend in the plane of the loads),
and V denotes the shear force (internal force acting in right angles to the neutral axis,

or equilibrium position, of the beam).

0 ‘.,
z ‘S .......... *dsﬂ
0 < - equilibrium position
w(t,s)
v
y

Figure 3.1: Beam
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Consider a small segment of the beam shown in Figure 3 2 For the segment
to be in equlibrium, the vertical forces are summed about an equihbrium position

which results 1n the following relationship

oV 0w

V 4+ =—ds —V + pAds— =0 (31)
+ 59 S + pAds BT ,
which implies
2
A (32)
s Ot?
92w
pA ds —
A
M+ M gs v \% M
s
v
ds
] »
V + gy—ds
as

Figure 3 2 Beam Segment

Similarly, a moment equilibrium relationship is obtained (with counter clockwise

bemng the positive direction)
oM ds ov ds
M+—ds—-M-V——|{V+— — = 33
4 - s 5 ( + pp ds> 5 0 (33)

Since ds 15 small (ds)? 0, and the followmng 1elationship holds

oM v (34)
0s
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Differentiating Equation (3.4) and substituting into Equation (3.2) yields

M PPw
_ — pA—, (3.5
0s? P ot? )

Furthermore, from elementary flexural theory the following moment-curvature rela-

tionship is obtained:

A%w
M=FEl—-. (3.6
Bl )

Substituting Equation (3.6) into Equation (3.5) yields the partial differential equation
for the Euler-Bernoulli beam:

O*w Otw
A+ Blo2 =0, (3.7)

3.2 Beam-Mass-Beam (BMB) Model

3.2.1 Model Description

A graphical representation of the system can be seen in Figure 3.3. It is
assumed that the material properties of both beams are uniform, identical, and
composed of latex and carbon-graphite fiber with epoxy. Since one goal of this
project is to gain insight into optimal morphing trajectories (wing deformations which
optimize the vehicle’s performance), it is assumed that the vehicle is initially in flight,
gliding with morphable wings as opposed to performing a flapping movement. (See
[25] and [24] for projects on flapping flight.) We denote the displacement (which is
a combination of the vertical air position, or rigid body motions, and small flexible
displacements in beam motion) of the left beam from its initial equilibrium position
at time t and position s; by wp(¢,s;) and the corresponding displacement of the

right beam at time ¢ and position sg by wg(f. sg). Including viscous and structural
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damping, control, and aerodynamics in the beam equation yields the following model

pAWL(t,s.) +nwL(t, sp) + v lwi (t,s) + EIwy' (t,s1)

(3.8)
0.5p,0°
= b(sy)up(t) + 28 2Pl C
4 12
for 0 < sp <4, t >0, and
pAWR(t, sr) + Mwr(t, sgr) + v lw} (t, sg) + EIwy (t. sg)
(3.9)

myg  0.5p.0%c

= b(sR)uR(t) + 62 52

Cy.

Since this model is designed for flight, it is important that neither beam be given
favorability. Thus, cantilevering one beam off of the other and using two coordinate

systems is not applicable here. Therefore, we let ¢ + {3y < sp < £y + €y + 4o, t > 0.

3] 0
Here w,(t,s,) = awl(t, s,) and w!(t,s,) = 5 w,(t,s,) with i« = L, R for the left or

.
right beam, respectively, p is the density of the beam material, A is the cross-sectional
area, of the beam, E is Young’s modulus, I is the area moment of inertia of the beam,
71 is the coeflicient of viscous damping, 7, is the coefficient of Kelvin-Voigt damping, g
is gravity, m; is the mass of each beam, by (sz) is the control input function for the left
beam, br(sg) is the control input function for the right beam, uy(t) is the controller
for the left beam, ug(t) is the controller for the right beam, p, is the density of air, v

is the forward vehicle velocity, ¢ is the chord length of each wing (beam width), and

Cy is the aerodynamic lift coefficient.
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Flexible Wings

- ~

—

L 2 - i ]
b—2—e—— /2 —

/ s
Rigid Mass I

(length € M) w(t,s)

Figure 3.3: MAV model system.

The aerodynamic lift coeflicient applied to this model is the same one derived in
[14] for a fruit fly model. Although it was derived for a flapping flight insect, it should
be noted that its relevance also holds in this framework due to the dimensionlessness
of the lift coefficient and the flexibility of the wings of the fruit fly. The lift coefficient
model is scaled to the size of the MAV under consideration here by the parameters of
the dynamic pressure, 0.5p,v°. Together the lift coefficient and the dynamic pressure

make up the aerodynamic lift force, 0.5p,v%cC,. The lift coefficient is given by
Cy = [kl + kysin (k3 arctan (w(t7—2—lﬁ> + k4>] , (3.10)

where kj,k2,k3,k4 are the best fit parameters determined from the experimental anal-
ysis in [14]. By equating the lift and weight functions so that the two forces balance,
some modifications were made to C,. To obtain real solutions and to accommodate
atmospheric conditions, it has been assumed that ks = 0, and a new parameter, ks,
has been included in the model to reflect the vertical wind velocity.

The boundary conditions applied to these elastic equations arise from standard

beam theory and are presented in Table 3.1.



15

Table 3.1: Boundary Conditions

Boundary Condition | Physical Interpretation [
ETwy (t,0) + yo i (t,0) = 0 No bending moment
at free end, w/(t,0)
ETw(/(t,0) + y2luwy'(t,0) =0 No shear force

at free end, wj(t,0)
No bending moment
ETw(t. 0y + bar + C2) + vl (8, b + lar + £2) =0 at free end,
wh(t, b + ar + £2)
No shear force
ETwy(t. b1 4 by + Co) 4+ vl (8, b1 + bag + b2) =0 at free end,
wi(t, €y + Loy + 0o)
Difference of bending
moments at the mass
—ETwy](t, 01) — v Iw] (t, 1) + ETw} (¢, €1 + L) location equals the mass
o L (t, b + €ay) = L (L, 41) moment of inertia (7,)
multiplied by the angular
acceleration of the mass
Difference of shear
forces at the mass

EIw] (t, 61) + v Iw](t, 61) — ETwWE(t, &1 + L) location equals the
— Yol W (t, 61 + €pr) = maiL(t, £y) mass (m) multiplied
by the acceleration
of the mass
wr(t. 1) — wr(t, fy +4€y) =0 Continuity of deflection
at the mass location
wi(t. b)) — wi(t. by +ly) =0 Continuity of slope

at the mass location

3.2.2 Linear Approximation of the BMB Model

As is common for nonlinear PDE systems, one may perform a linearization
about an equilibrium position of the PDE model (by dropping the nonlinear terms)
and apply tools from distributed parameter system (DPS) control theory (see, for
example. [30] and [8]). However, results from the eigenvalue analysis presented in
Section 4.2 indicate that such a linearization is not reasonable for Equation (3.8) and

Equation (3.9), because a mathematical representation of a linearized system sees
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free boundary conditions for displacement and slope at the free end of each beam,
resulting in two zero eigenvalues for the system. Although mathematically these free
end conditions exist, physically there are two external loads, lift and gravity, acting
in equal and opposite directions across each beam. As a result, lift and gravity
provide support for the beams. Designing control on only the linear dynamics of
the BMB model showed that stability was still an issue. Therefore, it is necessary to
communicate the existence of these external loads to the linear dynamics of the system.
The mechanisms used to make this communication are introduced here because the
upcoming theoretical analysis in Chapter 4 is conducted on the linearly approximated
system.

To make the system .4 operator from Equation (2.1) aware of a weight force

in the system, m;g is approximated by the following
mpg = mpt(t, s). (3.11)

Further, to provide the A operator with knowledge of the aerodynamic lift force, a
linear approximation of Cj is calculated using a Taylor series expansion about a zero
angle of attack. Consequently, it is important to note that this approximation is
only sufficient for low angles of attack. Then for small angles of attack, the following

approximation is reasonable and applied here:

(3.12)

arctan </U'J(t’ 5) + k5> ~ ’U}(t S) + k5.

v v

Making this substitution into Equation (3.10) yields the following Taylor expansion:
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Cr = bt ook 50: (_1)n52n+1

¢ = K1 23n:0 N
(3.13)

where § = 2E8) £ ks
v
Keeping only the linear term from the expansion yields
kok

Cp= 22240t 5). (3.14)

v

Note that the constant term from the Taylor expansion has been excluded since it
would not be absorbed into the A operator.
Substituting Equation (3.11) and Equation (3.14) into Equation (3.8) and

Equation (3.9) yields the following linear system:

pAwL(t,sp) +nwp(t,sp) + ypluy (t,s0) + ETw;"(t, s1)

0.5 (3.15)
= b(sp)up(t) + —2p(t, 51) — — pavickaksiior,(, s1.),
61 £1U
for 0 < s;p < /41, t >0, and
pAwg(t, sg) + 1wr(t. sg) + yluwy (¢, sg) + ETwy (t. sgr)
(3.16)
my .. 0.5 .
= b(sr)ur(t) + ——wa(t, SR) — —— pavickakstig(t, sr),
KQ EQU

for b+ by < sp < by +4lp + 4o, 1> 0.
3.3 Beam-Mass-Beam Model with Piezoceramic
Patch Actuators (BMB-PZT Model)
3.3.1 Model Description
We now make the more realistic assumption that controllers are available via
piezoceramic patch actuators (alternatively referred to as piezoelectric transducers,
or PZTs), and we refer to this system as the “BMB-PZT” system. When excited by

an electric field, the actuators induce a bending moment on the beam. We assume all
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parameter values and notation are the same as those of the BMB model in Section
3.2. A graphical representation of the BMB-PZT model can be seen in Figure 3.4.
It is assumed the patches included on this system are the DuraAct P-876.A15 patch
transducers, and all patch parameter values included in the BMB-PZT model reflect
this composition. Additional information about these transducers can be found in
[1]. This particular patch was chosen due to work done in [6], where it was shown
that patches requiring high voltages may be employed on small air vehicles without

compromising weight.

Patch /Flexible Wings Patch
Patch” "~ Ppatch
— /2 /*‘ e 2 "

Rigid Mass §
(length £,,) I
w(t,s)

Figure 3.4: MAV model system with piezoceramic patches.

The model is described as follows:
[pA + 2Cppeh/pe)(pe((S'L)] ’II)L(t, SL)

2 3 3
+ [E[ - §CE,,€ (Zthpe + §hh12,e + hge) x,,e(sL)] wy'(t,sL)

5 (3.17)

2 3
+ywy(t,s.) + [72[ + 3CCDpe (Zh2hpe + 5

hh?,e + hge) XW(SL)] 1bZ"(t, s1)

myg  0.5p,0v%c
¢ ¢,

% [ 1
= a—s% [——Epecdfﬂ(h + h'pe)Xpe(SL)] u(t) -+ Cg,

2
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for 0 < s; < /4, t > 0, with the left beam piezoceramic patch actuator located on
[s1, $2], where 0 < s; < so. The characteristic function is given by
1, s55<s5< s

Xpe($) = . (3.18)
0 , otherwise

The equation for the right beam follows similarly:

[pA + QCppehpeXpe(SR)] wR(t7 SR)

2 3 3
+ {El + chpe (thh”e + ihh’ge + hf;€> xpe(sR)} wh (t, sR)
. 2 3 3 (3.19)
+ywg(t, sg) + [72[ + 3CCDpe (Zthpe + §hh§e + hge) Xpe(sR)} wh (t, sR)
S L gl + by (si) | ult) + o8 — 05Pae
= 59 | T 5Lpe e el S u - .
0s% | 27 s pe) Xpel SR 1) b ‘

for /1 + ¥V < sp < 1+ Ly + €5, t > 0, with the right beam piezoceramic patch
actuator located symmetrically on [¢; + £y + €y — s9. €1 + Cpg + € — s1]. Here, E,,.
refers to Young’s modulus of the patch, p,. is the linear density of the patch material,
cppe 15 the Kelvin-Voigt damping coefficient for the patch, h,. is the patch thickness,
ds; is the piezoceramic strain constant, Vi (t) is the applied voltage to the outer (top)
patch, and V4(t) is the applied voltage to the inner (bottom) patch. It is assumed
that the patches are excited out-of-phase, i.e. Vi(t) = —V5(t).

The boundary conditions applied to these elastic equations are the same as

those in the BMB model presented in Table 3.1.
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3.3.2 Linear Approximation of the BMB-PZT Model
Applying the same linearization from Section 3.2.2, the linearized BMB-PZT
is described as
[pA + 2¢ppehpexpe(s1)] Wi (t, sr)

2 3 3
+ [EI + g(‘Epe (—thpe + §hh§e + h;’,e) Xpe(‘i’l)jl wi'(t, st)

4
} 2 3 2 3 2 3 - 1t
+A/1wL(t’ SL) + 72] + gCCDpe Zh hpe + ihhpe + hpe Xpe(SL) wr, (t, SL) (320)
o 1 mp ..
= 8—‘9% {—§Epecd31 (h+ hpe)xpe(sL)} u(t) + —fl—wL(t' %)
0.5 .
—él—vanQCk'QkaL(t, SL),

fOrOSbngl,t>O,&Hd

[PA 4 2¢ppehpeXpe(sr)] WR(L, 5R)

2 3 3
+ {EI + 3¢Bpe (thpe + §hh§e + h;’;e) Xpe(sR)} w(t, sp)

/ 2 3 3 - 1
+v1wr(t, sr) + ‘:’)/2] + 3CCDpe (thhpe + §hh12,€ + h;’)e) Xpe(bR)} wh (t, sr) (3.21)
H? 1 my .
"9 [“Epe(’dm(h + hpe>xpe(sfe)} u(t) + —Zir(t, sr)
Sk 2 £y
0.5 .
—EQ—UanQLkagwR(t, SR),

f0r€1 +£MS3R§€1+€]W+£2725>0-



CHAPTER 4

THEORETICAL ANALYSIS

In this chapter we perform a theoretical analysis of the linearly approximated
BMB system in order to gain insight into well-posedness of the system and the
attainment of a Cy-semigroup. The framework for well-posedness and background
information for semigroups is provided in Section 4.1. Eigenvalue analysis for this
problem is shown in Section 4.2. Section 4.3 provides a proof for well-posedness and

concluding remarks regarding semigroup analysis.

4.1 Framework

The approach taken here is motivated by [19] where the well-posedness of two
multiple component structures (MCS) was validated. One model consisted of two
beams with an angular connection, cantilevered at the left end, and the second MCS
consisted of a hub-beam-mass-beam-mass model. Additional work which exploits
portions of this framework for MCS models can be found in [17], where an Euler-
Bernoulli beam attached to a rotating hub at one end and a mass at the other was
considered. In [26] a proof for well-posedness is provided for a similar model with a
Timoshenko beam.

Much of the general theory for well-posedness can be found in [22] and [20]. A

summary of the existing theory, including appropriate extensions to damped second

21



22

order (in time) systems is given in [4], and it is from this work that the general
framework presented here is abridged. Necessary supplements have been included to

accommodate the BMB model under counsideration.

4.1.1 Framework for Well-Posedness

Let H and V be complex Hilbert spaces with norms ||-||,, and ||-||,, and inner
products (-, ) and (-, -);,. Moreover, assume V and H form a Gelfand triple, which
is denoted by V < H = H* — V* with duality pairing (-, ). ,,. Here, H is known
as the pivot space. By these assumptions V is a dense subset of H and there exists
a positive constant ¢ such that ||¢||; < ¢||@]],, for ¢ € V. That is, V is densely and
continuously embedded in H. By the Riesz Representation Theorem, H 1s identified
with H*, where V* and H* denote the corresponding conjugate dual spaces. Note
that (-, -)y. 1 is the extension by continuity of (-, -) ; from V' x H to V" x H. Therefore,
for each v* € V* we have the representation v*(v) = (v*,v)y. -

Since this framework approaches the weak formulation in the context of sesquilin-

ear forms, we next define a sesquilinear form

Definition 4.1. Let H and V' be vector spaces over the same field K, where K = IR
or C. A sesquilinear form a on H x V 1s a mapping a: H x V — K such that
for all h,hy,hs € H and v, vy, 00 € V and all scalars «, B,

(1) a(hy + ha,v) = a(hy,v) + a(hy, v)

(2) a(h.vy +vy) = a(h,v;) + a(h, vs)
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(3) a(oh,v) = aa(h,v)

(4) a(h Bv) = pa(h,v)
That s, a 1s linear in the first argument and comjugate linear n the second argument

Consider the abstract form of a second order (1n time) system

2(t) + Dz(t) + Az(t) = f(t) m V™,
(41)

2(0) = zp,2(0) = 7

It was noted m [17] and [19] that to make the appropriate identifications needed to
exploit this framework, A must be coercive n S First we consider the definition of

a self-adjoint operator, which 1s needed to appropriately define coercivity

Definition 4.2. A densely defined linear operator A D(A) — H, unth H a Hilbert
space 15 sard to be self-adjoint off D(A) = D(A*) and A = A*, where A* denotes

the adjoint of A

Definition 4.3. A self-adjoint operator A on a real Hilbert space H 1s coercive in

H of there exists a constant € > 0 such that

(A, )y > €lloll% (42)
forallo e H

If A 1s not H-coercive, a bounded self-adjoint hinear operator A; on H may
be chosen so that A = A + A; 1s coercive, an operator A; that generates coercivity
1s nonunique and, 1 fact, there are an mmfimite number of possibilities for such an
operator Smce A 15 a bounded perturbation of A, well-posedness of A implies that
A= A~ A 1s also well-posed Further discussion of this involves semigroups and

thus 15 provided later on 1 Section 41 2
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It 1s assumed the operators D and A are generated via sesquilinear forms d

and a That 1s,

d(z, ¢) = (Dz)(¢) = (Dz,d)y. v, (43)

and

a(z ¢) = (A2)(¢9) = (Az,d) . (4 4)

Furthermore, we assume a V x V' — C 15 a sesquilinear form on V' and satisfies the

following hypotheses

(H1) For all 9,9 € V, a(¢,v) = a(y),¢) That 1s, a 18 symmetric

(H2) There exists a constant k; such that for all ¢, € V

lale, D)l < kllelly 1l (45)

That 1s, a 1s continuous

(H3) There exists a constant ¢ > 0 such that for all ¢ € V

Re a(é,¢) > |4y (46)

That 1s, a 18 elliptic in V'

The sesquilinear form d 1s dcincd to be on a complex Hilbert space V,, where V' C
Vo € H Agam 1t 1s assumed V5 and H form a Gelfand triple with duality pairing
{, )V; v and Vo= Vo o H = H* — V' < V* In this work, however, V5 15 taken to
be V s0 that solutions may be obtained and the damped model may be appropriately

considered We assume that d V5 x V, satishcs the following hypotheses
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(H4) There exists a constant ks such that for all ¢, € V,

(¢, D)l < k2 l|8lly, 1Py, - (4.7)

That is, d is continuous.

(H5) There exists constants ¢ > 0 and A > 0 such that for all ¢ € V;

Re d(¢.9) = cllolly, — Mol - (4.8)

That is, d is coercive in V5.
Finally, we make the following assumption on f(¢).
(H6) The function f satisfies f € Ly[(0,T'), V5.

Then a weak formulation of the system is given by

(2(t), &) + d(2(2), 9) +a(z(t), ¢) = (f(t). ¢) forall g €V, (19)

Z(O) = Zp, Z(O) = Z1.
We can note that Equation (4.1) and Equation (4.9) are the same if (-,-) is taken
to be (-, -)y.y, and we note that (f,@)y. = (f, @)y, y, since [ € Lo[(0,T),V5].

Well-posedness is then established by an application of the following theorem.

Theorem 4.4 (from [4]). If zo € V, z; € H, and a, d, and f satisfy (H1)-(H6)
then there emsts a umque solution = to Fquation (4.9) (or equwalently Equation
(4.1)) wnth z € Ly[(0,T),V], z € La](0,.T),Va], and z € Ly[(0.T).V*|. Furthermore,
the solutions of Equation (4.9) have continuous dependence on the data (2o, 21. f)
m that the map (29,21, f) — (z,2) 18 continuous from V. x H x Ly[(0,T),V5] to

Lo[(0.7). V] x L[(0,T), Va).
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4.1.2 Semigroup Discussion
Now we consider a semigroup formulation of the system under consideration,
which is needed to guarantee a solution exists to the control problem described in

Equation (2.1). We begin by considering the following definitions from [21].

Definition 4.5. Let X be a Hilbert space. A famaly T(t), 0 < t < oo, of bounded
limear operators from X winto X 15 a semigroup of bounded linear operators on X f

1. T(0) = I, where T 1s the 1dentity operator on X.

2. T(t+s)=T(t)T(s) for every t,s > 0.

Definition 4.6. A linear operator A defined by

D(A) = {I € X : lim w—;{——x exzsts}

t—0+

and

_ +
Ar — Tim Tt —zx _d T(t)x
t—0+ t dt

for z € D(A)

t=0

15 the infinitesimal generator of the semigroup T(t), where D(A) 1s the domain

of A.

Definition 4.7. A semagroup T(t), 0 < t < oo, of bounded hinear operators on a

Huilbert space X 15 a strongly continuous semigroup of bounded linear operators if

lim T(t)r = r for every r € X.

t—0+

A strongly continuous semagroup of bounded linear operators on X wnll be called a

semigroup of class Cy or a Cy-semigroup.

For additional discussion of semigroup theory and applications to control

systems beyond the scope of this work, one should consult [21] and [11]. To consider
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a semigroup formulation. we must consider the first order form of Equation (4.1) or

Equation (4.9) which is

(4.10)

and we cite the following theorem.

Theorem 4.8 (from [4]). Under hypotheses (H1)-(H5) on a and d, the operator A

generates a Cy-semgroup T () on'V x H and satisfies || T (t)|l,, < e for any A > Xo.

Finally, we revisit the case in which A is not coercive in H. We note a converse
argument can be made that if A is the infinitesimal generator of a Cy-semigroup then
Equation (4.10) is well-posed, and the same can be said for Equation (4.1). (See
pages 86 - 90 of [29].) By applying the following theorem, we can infer that if A is

well-posed then so is 4 = A — A;.

Theorem 4.9 (from [21]). Let X be a Banach space and let A be the infinitesimal
generator of a Co-semagroup T(t) on X satisfying || T (t)|| < Me*t. If B 1s a bounded

hnear operator on X, then A+ B 1s the infinitesimal generator of a Cy-semigroup

S(t) on X satisfung ||S(t)|| < Me+MIBIE,

4.1.3 Additional Theorems
Here we cite some additional theorems which are useful for conducting the

analysis described in Section 4.1.1.
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Lemma 4.10 (from [7]). (Fundamental Lemma of the Calculus of Variations).

Part A. If of-) 18 preceunse continuous on [a,b] and

/ba(:z:)n'(x)dx =0, (4.11)
for all n(-) € Vo = {n(-) preceunse smooth on (a,b) : n(a) = 0,n(b) = 0} then there 1s
a constant ¢ and a finite number of pownts a < T1,22, ,&, < bwn (a b) such that for
all z € (a,b) with x # %,,1=1,2,. ,p

alr)=rc (4.12)

Part B. Conversely, of a(-) and B(-) are pieceunse continuous on [a, b] and

/ (a(@)(@) + Bla)y (2))dz =0, (413)

for all v € Vy, then there 1s a constant ¢ such that for all 1 € (a,b)

f(x) = c+/ a(s)ds. (4.14)
The converse also holds. In particular, B( ) 1s preceunse smooth and at points r where

a(+) 18 continuous

B'(x) = alz) (4.15)

Theorem 4.11 (from [22]). If a 15 a continuous, V-elliptic sesqualinear form on V

then D(A) 1s dense in V' and hence dense wn H

Theorem 4.12 (from [3]). Let A and B be self-adjoint operators on D — H Then

A + B s self-adjoint.
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4.2 Eigenvalue Analysis

To obtain solutions to the eigenvalue problem of the linearized BMB model,
some simplifications were made. Both a single free-free beam model and a model
which consists of two beams connected at a point mass were examined. The beam-
point mass-beam analysis is presented here. It is important to note that the dynamics
of the beam-point mass-beam system are the exact same as the beam-rigid mass-beam
system, with a rigid mass merely creating a spatial separation for the two beams.
Furthermore, since damping ultimately has no influence over the eigenvalues of the
system, it is reasonable to analyze the undamped model here.

Consider the uncontrolled, undamped abstract form of (3.8) and (3.9) con-

nected at a point mass. Written in second order form, we analyze the following:

. EI myg  0.5p,0%cC;
t a0t = — 4.16
for 0 < sp < £/2 and
EI meg  0.5pa0%cCy
¢ e 1) = . 4'17

for £/2 < sg < £. The eigenvalue problem under consideration for this system is

EI 111
oA YL

"y

(s2) = Mnlon) and 4 (sn) = Aglsn) (4.18)

where ) represents the eigenvalues and ¢; with ¢ = L, R corresponds to the natural
modes, or eigenvectors of the system. Due to the complexities in obtaining solutions
to the eigenvalue problem, the cases when A > 0 and A < 0 are not considered here.

Let A = 0 for both beams. We seek to determine any nontrivial solutions

to ¢, if any such solutions exist. This system is subject to the following boundary
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conditions, as obtained from Table 3.1. (Note for a point mass I,,#y; = 0.)

©7(0) =0, ¢R(€) =0,

7(0) = 0. () = 0.

(4.19)
pL(€/2) = wr(£/2), ¥1(£/2) = ¢R(£/2),
P (£/2) = R(£/2), @7 (£/2) = ¢R(£/2).
The general solutions to (4.18) are
wr(sy) = ¢ + casp + c;;s% + 455 (4.20)
and
SDR(SR> = d1 + ngR + dgsé + d45.}3’2. (421)

Applying boundary conditions, we see that c3 =ds =cy=dy =0and ¢y =dy =co =
dy = free. Thus, the system contains two zero modes. These zero modes result from
the free end conditions (or, more clearly, the lack of any cantilevered conditions) for

displacement and slope.

4.3 Well-Posedness of the BMB System
In this section we use the results of Section 4.2 to investigate issues of well-
posedness of the linearly approximated BMB system with a rigid mass.
Given real Hilbert spaces V and S, we choose the state space S to be 5 =
Ly[0,61) X Lolly +£€ar. 1 + £ay + €3] x IR X IR. The strong form of Equation (3.15) and
Equation (3.16) with boundary conditions from Table 3.1 is listed below; equations

containing acceleration terms are written first
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pA’lI)L(t, ‘SL) + leu']L(ta SL) + ’YQIwII,,”(tJ SL) + EIw,II/”(L SL)

0.5p,v%ckyks .

= bL(sL)uL(t) + %E@L(t, SL) - wL(t, SL).

1 lv
pAig(t, sr) + mir(t, sr) + vy (t, sr) + ETwg'(t. sr)

0.5p,v%ckyks .

my ..
= bR(sR)uR(t) + —wa(t, SR) —_ U}R(t, SR),

ly
ETw (t,01) + vl (t, 1) — EIwg(t, €1 + €ar) — vl (¢, 61 + ) = mip(t, 41),

KQ/U

—EIw](t, ;) — Wi (t, 1) + ETwg(t, 6 4 €ar) + yolwp(t, 0 4 £y) = L (¢, 61),
EIw](t,0) + v [w}(t,0) = 0,
EIw} (¢,0) + v lw}'(t,0) = 0,
ETwg(t, 0y + Opr + bo) + vl (6,6 + Oy + £a) = 0,
EIwy(t, €1 + by + £o) + vl wy(t, €1 + Ly + £2) = 0,
wi(t, 0y) — wr(t, 0 + £y) =0,

U),L(t,gl) — w%(t,ﬁl + gM) = 0,
(4.22)

for 0 < sp </, t >0, for {1+l < sgp < ¥ty + Ly + 4y, and £ > 0. These equations

can be written as:

my\ .. 0.5p,vckak ot i R
(PA — €—1b> W (t, sz) + ('Yl + pgl = +72188%) wr(t, o) + EIEE{LUL(LSL)
= br(sz)ur(t),
0.5p vckyk Y\ o
pA — 7y wWr(t,sg)+ | M+ i 7})( L 7 | Wr(t, sr) + El 55 wr(t, sr)
I 0y Os'h Osh

= br(sr)ur(t),
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3 3
mwg(t, 1) — E]a—wL(t 4) — 72] 9

o? 3
El— t, 6, +¢ IT——wgr(t, 6 +0y) =
+ aS%wR(y 1+ M)+'}’2 88%11}]{(, 1—|— M) O;
0 &2 2
]ZasL (t gl) + E]ég'll)[l(t 61) -+ "}’2]8 2 (t7£1)
? 52
_E]E——wR(t gl —i—fM) — "/218 2 wR(t.El —i—fM) = (.
R
1.(t, 0 T (t,0) =0
i O el nt 0 =0 (423)
0° o .
EIB?U)L(L 0) + ’Yzlgsng(t, 0)=0,
L L
O? 52
E]'é—g‘wR(t,€1 + by + b)) + ’)’Qla—Z’UJ r(t, 0+ Lar + £) =0,
9 53
Ela?wg(t,él + Cy + £s) +7218 3 Wt b + Ly + £3) = 0.
R

wL(f,El) — ?UR(f.ﬁl —f—ﬁM) = ().

0 0
a—stL(t fl) - @U}R(t fl -+ é’]\/j) 0.

We now rewrite as

wUCksk I 4
wr(t.s.) + n_y Ddpaucheks | % P\ e, s1)
(pA_?_lb) (ﬁlpA—mb) (pA mb) 89L
Iy o 1
+ g wi(t,s) = _“—‘—m—bL(SL)UL(t)a
-] )
(4.24)
0.5p5vchak I o i
wR(t,sR) n ¢! 1 PalUCh2h3 2 wR(t,sR)
(pA mb) (52/)/4 - mb) (/)A mb) aSR
El o 1
-+ (3 ’LUR<t, SR) = —————bg(sR)uR(t),
A=) )
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o
a 3’lLR(t £1+€M)

EI
a 3 U)L( ,61) —+ EFMR(L& + EM) = 0,
R

o . ol 02 vl & .
TngL(t’a) 8 2 ’LUL(t €1> [z @wg(t,él ‘I—éM)
EI &? EI 92
] azwL(t 61) ] deR(t €1+£M)—O
82 2
I—wi(t,0) + El —w;(t.0) =0
o o?
72]8 ] wr(t,0) + Elé—;—wL(t, 0)=0,
L
0 o?
’}’2[8 QUR(t 12 +€M—+—€2)+Ela ’LUR<t £1+€M+€2) 0,
3 a?f%
7218 7 Wr(t, b+ Oy + 62) + E[a wr(t, 1+ y + L) = 0,
sk

wy, (£, 1) — wr(t, 6+ fa) =0,

0
é;*L"wL(f,&) - .ﬁs_Rw r(t 61+ €y) = 0.

The state is z(t) = (21(t), 22(t), 23(t), 24(1)) in S, with 21 (t) = w (¢, ), 22(t) = wr(t,-),
z3(t) = wp(t, £1), and z4(t) = w) (¢. £1). The inner product on S is

<Z72> <(pA__) 21721> <<pA_ )22722>
L2[0,41} Lo[€y+Lar 14+Lnr+L2] (425)

—|—m2323 + ]ZZ44:4.

Taking an inner product of the first four equations in Equation (4.24) with a suffi-

ciently smooth ® = (¢1, o, d3. ¢4) yields the abstract form

Z(t) + Dey2(t) + Ap, 2(t) = Bu(t), (4.26)
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with

71 4 0.5paﬂ)0k2k3 ’)/21 84
(pA_?_lb) (ElpAﬂmb) (,OA )83L
"N + 0 5pauckyks yol o
Dy,z = (pA _ mg) (L2pA — ) (pA ) Os% . (4.27)

ol & vl &P
; S a(l) + 122 ot 3zg(zl+eM)
L

ol & 182
;02 alh) = 1232 20+ )

and

ET o

m 4

(pa ) 2
El e

22(")

4
Agz = (pA - %) Ok : (4.28)
EI & EI &
s T
EI & Bl &
T, 0%

z1(°)

zo(0y + 1)

(41 -+ EM)

and D(Ay,) ={z € S: 2z € H0,0,], 20 € H [y + lpr, b1 + €or + ),
21(01) — 23 =0,24 — 21(£1) = 0,23 — 20(ly + €3y) = 0, 25(€1 + €ps) — 24 = 0}

Due to the eigenvalue analysis presented i Section 4.2, A,z = 0 has a
nontrivial solution and (A2, z)g = (0.2)g = 0 # ¢||z||3 for ¢ > 0. Therefore, Ay,
1s not coercive m S. Consequently, we seek to choose a bounded, self-adjoint linear
operator A; so that A = Ay, + A, 15 coercive m S. According to [17] 1t 1s natural
to choose an operator whose null space 1s the orthogonal complement (m ) of the
eigenspace of Ay corresponding to nonpositive eigenvalues That 1s. 1t 1s natural to

choose an operator that corresponds to one’s mode problem. and n [17], [19]. [26] this
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was the motivation for choosing A;. However, such an approach is not natural for
the BMB model under consideration due to the fact that the mode problem occurs
at the essential boundary conditions, and only natural boundary conditions can be
included in the Ay, operator via the finite element method.

Let A; = Z, where 7 is the identity operator. Note that there is no physical
significance to this chosen operator. Clearly Z is linear, bounded, and self-adjoint.
Furthermore, Z is positive definite for any z € S. Then V =V, = D(.%i%z) = D(.AZQ)
which is contained in the set {2z € S : z; € H?[0, 61], 20 € H?[ly + £ar, b1 + £ar + La],
21(61) — 23 = 0,24 — 21(€1) = 0,23 — 20({1 + €ar) = 0,25(¢1 + pr) — 24 = 0}, and
D(Dy,) = D(Ay). The inner product on V' can be taken to be

(2,2), = <fl%z. fl%2>s
- <Az, g> (4.29)
s
= (EI2,8) o0 + B2 2) Lo oy e vene) T A7 Z)g

To verify coercivity, we must first verify that A s self-adjoint.
Theorem 4.13. A 1s self-adjount with respect to the wmner product on S.

Proof. We begin by first showing that A,, is self-adjoint. The density of the domain
of Ay, 1s verified later on. This proof follows similarly to the self-adjointness proofs
provided in [19], [26], and {18]. We must determine Aj; and D(Aj ). Assume there

exists a @ € S such that

(Agz, @) g — <z, (i)>s =0 for all z € D(Ay,). (4.30)
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Note that ® belongs to D(A;) if there exists a ® € S so that Equation (4.30) holds

(see [13]). Expanding this in terms of the inner product on S yields

O+l +E2

1%
E[/ Z;I”(SL)¢1(SL)dSL+E]/ Z;’”(SR)QﬁQ(SR)dSR
0

€1+Lp

-EIZ;/I(€1)¢3 + E]Zé”(fl + €M>¢3 + E[Z;/(£1)¢4 - E[Zg(gl -+ ‘€M)¢4

a1y | Y (s (se)ds

my L1 +Lar L2 - ~ ~
+ <pA — f_) / 29(sr)2(sr)dsg + mz3ds + Lzaps| = 0.
2 L1481

Next integration by parts (coupled with the Fundamental Theorem of Calculus) is

(4.31)

applied four times to the last two integrals in Equation (4.31). Note the parameters
used below are the same for both the left and right beams, although due to the
separate spacial domains this is not necessarily the case, but provides an ease of

notation.
U1+ L2

141
EI / sy )dsy + B / I (sm)or(sr)dsn
1]

Ly+ipg

—E[Zill(gl)gﬁ:; + E]Zg’(gl —+ E]\/])qf)g + E]Z;I(£1)¢4 — E[Zg(fl + éM)¢4

I
_ <p,4_%> zl(sL)/ G1(0)de —zg(sL)/ /(Bl(g)dgch
1 0 o o Jo
sL LopS &
+z{’(sL)/ / / b1 (x)dxdsde
o Jo Jo o
SLfLopS X L !
—z{”(sL)/ / / / o1 (T)dTdxdsde
o Jo Jo Jo

¢
0
b psLopropS o LX
+/ / ///d)](T)dexdgszg"’(sL)dsL}
o Jo Jo Jo_Jo

sk [ARESVEN D
m ~
+ (pA — E—b> 22(53)/ Po(L)de
2 /

1+€ar

SR L R
—Z;(SR)/ / $a(s)dode
b1+ Sl +Ey

£
0

(4.32)

148
L+l +lo

1+l pr
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-+l +L2

+25(sp / / / X)dxdsde
b1+lp SO+ J b+
£1+8p

b1+8pr+4Eo
—z'(8R) / / / / T)dTdxdsdL
Li+lpr Jli+Epy Sl S+
O1+-€pr
L1+-Lpr+L2
/ / / / / drdxdgdaz'"(sR)dsR}
L1+l O+epy SO+ U+ 31+5M

+m23¢3 + ]zZ4d)4] = 0.

Rearranging terms yields:

£
/umm>mm

(pA___) / / / / b (r)drdxdsdz]! <SL>} dsy

£1+la+E2
/ [EL"(57)da(58)
£

1+€ar

(pA - )/ / / / (T)drdxdsdrzy" (s R)} dsg
L1+epg JO1+Epr SO+ €1+€M

— (pAA —) 1(sL, / ¢1 *21 s) / / gbl dgdL

+%mv‘//&mwwb

—21' (8L, / / / / o1 (T deXd§dL

(4.33)
" Z1+EM+32
my ~
_ <p,4 - 7) zz(sR)/ Ga()d

2 bt L1+8p1

L1+Lpr+L2
—22 SR)/ / dCdL
Ly +lpr Sl G4l

O1+Epr+lo

+25(Sp / / / X)dxdsde
Ly +byr Sl +Enr €1+€M

Li+4a
£
sk L c X 3 141412
—25'(sR) / / / / Go(T)dTd X ddt
bitEpr S+l S+ Sty e

+[=E12"(0) + E1Z (6 + )] és + [E12(6) = E13(6 + ()] 0

- {mzz»,ég + ]zz4g2>4} = 0.
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Next we consider the set D) = {2z € S: 2 € H}[0,4,], 20 = 23 = 24 = 0} C D(Ay,).

Then Equation (4.33) holds for all z € Dy, and

/0 § 2 (s1) {Elq)l(sL)—(A————) / / / / i (1 drdxdgdL] dsy, s

Applying Lemma 4.10, we conclude

Elgbl(sL)—(pA——)/ /// b1 (T)drdydsde = as’ +bs? 4 csp+d, (4.35)

for some constants a, b, ¢, and d. Consequently,

A _m
d1(sp) = / / / / b (T)drdxdsde + asS + bs? + csp +d. (4.36)
This implies that ¢, € H*, and ¢, can be differentiated four times to obtain

Z (pA B ?_lb) 1
¢y (s1) = Tl $1 (4.37)

or

$1 = ﬁ "(s1). (4.38)
%

Similarly, D(Ay,) includes the set Dy = {2 € S : 2o € H{[€1 + Car, &1 + Ly + £3),

21 = 23 = z4 = 0}. Therefore,

O +lpr+Lo
[ e Bl
¢

o (4.39)
(/)A — ———) / / / / dengdL} dsp = 0.
O+Enp S+ S+ SO+

Again we apply Lemma 4.10.

Elgs(sg) — <pA — m—b) / / / / T)drdxdsde
LHpr SOy S+ B (440)

= (LOS% + [)Ob% + cgsp + do,
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for constants aq, by, ¢g, and dy. Then the following holds:

A=) e,
P2(sr) = ———/ / / / o (T )dTdxdcde
EI bi4-Lbpg JE1+bpr SO AL SO+l (441)

+a05:13% + bgs% + ¢Sk + dp.

Thus ¢, € H* and ¢, can be differentiated four times to yield

1 (pA B ?—:> "
2 (5r) = Rl P2 (4.42)
or
~ EI
(5. (4.43)

P2 = A(pA» TZ_;) 2

We now substitute Equation (4.38) and Equation (4.43) into Equation (4.31).
£1+Cp+L2

(41
E]/ Zi”l(SL)d)l(SL)dSL*FEI/ Zé/,I(SR)@Q(SR)dSR
0

(AR 2

—EIZi”(fl)(b?, + EIZg,(fl -+ KM)(ng -+ E]Zgl(fl)gb;l - E[Zg(gl + EM)¢4

(- [ Zl(sL)(—m‘_WsmdsL (4.4

pA - )
G +Ear+E2
m E] 11
+ (PA - ——b) / z(sp) 77— (sr)dsr
£y £1+Ep (pA - TZ—;)

—ng(gg — [Zz4(z~54 = 0.
Integration by parts is applied four times to the first two integrals in Equation (4.44).

14-Epr+L2

£y
E]/ 21 (s1) Y"(sL)dSLJrE]/ 2(sr)@y " (Sr)dsR
0

L1441y

0
My ! El 1r
— (pA - —-—> /0 zl(sL)———pA — &1 (sL)dst

2 A

O 4+ 4.45

m EI 111 ( )

— <10A — ——b—) / ZQ(éR)——m(bZ (bR)Cle
62 £1+Ens pA T

2

— 21 (sL)¢)(sL)
0

Kl [1
+ 21(s0) 61 (s1)

0

+ET |2 (sp)¢1(s1)

0



40

£ Ly+Lpr+E2 l+E€p+E2
—21(sp)¢y (s0)| | + ET |2y (sr)$2(sr) — 2y (sg) Py (sR)
0 b+ O+l
b1+l +22 Ly +Lar+ea
+25(sr)P5(SR) — 22(sRr) ¢y (5R) — E12(41)¢3
L1+Ear 1+

+ELZ) (0 4 Ly s + ETZ/(01) s — EIZ)(y + brg) s — mzsds — L zachs
=0.
The first four terms in Equation (4.45) cancel. Applying properties of D(A,) to ¢
cancels additional terms, and Equation (4.45) can be regrouped to become
—E127(0)¢:1(0) + E127(0)¢4(0) — ET2(0)¢7(0) + El2(0)97"(0)
+EI12' (01 + ar + £o)da(€y + £ps + £2)

—i—EIZé(él + Oy + gz)qbg(fl + by + fg)

(4.46)
—EIZg(fl + ly + 62)¢/2//(€1 4+l + 52)
+23 [E]¢’2”(gl +4u) — EI¢(6) — m¢~53]
+24 [El%’(&) — El¢g(by + byr) — z<l~54]
=0
Since Equation (4.46) must hold for all z € S, we can infer that
5 | BIGY (0 + ) = BI6) () = mas| =0 (4.47)
and
2 [B18((6) = B164(6 + ) = Loa] = 0. (4.48)

and the remaining terms in Equation (4.46) sum to zero. This implies
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Gy = [0+ )~ S(0)] (4.49)
and

. FEI

P4 = T (5 (1) — &7 (41 + £ar)] - (4.50)

We consider subsets of the domain of A, from which terms of z cancel, and infer that
D(-AZ)) C {PeS:¢e HY0,0] ¢ € HAly + Oag, by + Cyr + £s),

Qf)l(fl) — 3 =0,¢4 — ¢>,1(€1) =

(4.51)
b3 — ¢o(ly + ) = 0, @€y + €ar) — ¢y = 0}
= D(Afo)v
and the reverse containment is clear. Thus,
- -
IIII
(ra-2) %—)

Il/l

A @ =d= ( - f’;—) = A, d - (4.52)

EI
—*‘—ﬁf)m( 1)+ ’Edél(fl‘{'gM)

Bl EI ,
T 1(61) — —]—452(51 +4ar)

Therefore, D(A; ) = D(Ay,), A;, @ = Ag,® for all ® € D(A,) and Ay, is self-adjoint.

By applying Theorem 4.12, A is self-adjoint. ]
Theorem 4.14. A is coercive in S.

Proof.
Az, z> = (z,
< . (z,2)y
= (E1, ) 1000 T CET25,28) 1ot vtng o otny 00 + (A2, 2) (4.53)

= (B1z.%)y, 0.4 1 (E1z3, 42>L2[£1+e1\,,£1+zm+52] +{Zz.2)g
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Let @ € V and z € D(Ay).

"o "on
<E121 » 41 >L2 [0,41] + <E122’ 22>L2[f1+€M,41+fM+fz]

(a2
P A 15 21 La[0.61]
+<(pA— %ﬁ) z2,22> 4+ mzzzz + 1,2424
2 L2[€1+5M,€1+€M+f2]
€ A— %) 21,2 >
<<p a ) e
+e < <pA — %) 29, z2> + emazgzs + el z424
2 Loty 4+-Lpr,61 +Epr+£2]
€{z,2) ¢

ellz)|5 for 0 <e<1.

associated with A and D = Dy, + A;. First consider

<.AgOZ, (I)>S = <EIZ¥”’ ¢1>L2[07€1] + <E]Z:I3”/7 ¢2>L2[€1+€M,£1+5M+€2]

—E12"(0)¢s + Elz' (6 + L) ds + ET2/((1) s

Integrating by parts twice results in

<AZOZ7 (I)>S

- <EIZ/11’ ¢,1/>L2[0,€1] + <E]Z§,, ¢I2/>L2[€1+£]\/17€1+€1\4+€2]

Z1 él
+E12{"(sp)¢1(sL)| — El2{(s.)¢)(sL)

0 4]

£ +Ear+E2 L1+-€pr e
+EI2)'(sr)d2(sR) — E12(sr)d5(sr)

A4 1+Lag

—EI" () g3 + BTz (G + Cy)os + ELz) (L) ¢a

— Bz (6 + £ar)a-

42

t

Next we determine the sesquilinear forms

(4.54)

(4.55)
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This is equivalent to
(A2, @)g = (EI2A, (P1>L2 0,0 T (Elz, I2I>L2[21+€M,€1+ZM+22]
+E12"(6)¢:1(6) — ET2"(0)9:1(0) — B ()¢ (6)
+ET12/(0)¢1(0) + ET2y (€1 + lar + Lo)pa(by + ar + £2)
—EI (0 + Cag) o (01 + Lar) (4.56)
—E12J(0y + Cpr + £2) Py (41 + Car + Lo)
+ET2(6 4 L) dy(by + Car) — E127 (1) b3
+E12y' (0 + Car)ps + EI27(61) s — EI25 (61 + Lpr) @4
Regrouping terms yields
(A2, @)y = (E1Z, ) 00+ (B125, 05) i vang 010 00)
+ET [ (£1)$1(41) — 217(0)$1(0)
—2{(()¢1(4) + 21(0)1(0) — 2{"(€1) b3 + 2 (€1) 4]

+ET[2'(6 + €y + L) pa(by + £pr + £2)

(4.57)
— 23" (1 + Ear) P2 (b1 + Lur)
—25 (0 + Cpr + o) o (01 + s + £2)
+25 (G + Eu )P (€1 + L)
2 (6 + Car) s — 25(01 4 Lar) ).
Regrouping further we obtain
(Agz, @)g = (BT, /1,>LQ[O,Z ] +(E1z, 2>L2[zl+éM & +Lp1+2)
+ET 27" (6) (61(61) — ¢3) — 20" (0)1(0)
T+ 2(6) (61 — $1(6)) + 2 (0)8)(0)] (4.58)

+ET [25' (01 4 ag + £2)pa(by + Ly + £o)

—z5 (b1 + Oar + €)@ (6 + £y + 0o)



44

+25" (€1 + Lar) (3 — @2 (b1 + L))

2y (€ + £ar) (95(01 + €nr) — ¢a)] -
Since ® € V substitutions are made into the boundary terms arising from the
definition of the state z and the boundary conditions for displacement and slope

at the mass location, resulting in

<AgOZ, q)>5 = <E[Z¥v ¢11,>L2{0,€1] + <E[Zé,‘ ,2I>L2[El+51\47£1+£]w+52]

—E12"(0)¢:1(0) + E12(0)¢(0)
(4.59)

+Elz§”(€1 + 6]\/[ + ég)d)g(g] + €M + 62)

—Elzé’(ﬁl + fM + gg)gblz(gl + f]u + 62)

Now consider

0.5pqvcksk
Doz, ®)g = (ma, ¢1>L2[0,el} + <—€—2321, ¢>1>
1 L[0,61]

+ <’YZIZ¥”7 ¢1>L2[0,€1] + <7122’ ¢2>L2[51+5M751+€M+52]
N <O.5pavck2k‘3

7 22, ¢2>
2 Lafl1+epr,61+Ep1+ 2]

+ <72]Zé/”7 ¢2>L2{€1+£M,Z1+em+fz} - A/Q]ZEII(el)Qﬁg

(4.60)

ol 25 (01 + Uar)ds + vol 21 (€1) g — yol 25 (€1 + £ag) da.

Integrating by parts twice results in

0.5pavck‘2k’3
(Do, P)g = (121, ¢1>L2[g,el] + <—£_21, 1
1 L2[0,41]

+ <’}/1 22, ¢2>L2{€1+5M,£1+£M+€2]
+ <M

7 22, ¢2>
2 Loll1+Ea1 01+ Lp1 +E2]

—yol 2 (€1) 3 + Vol 2 (€1 + Iar)P3 + ol 2] (£1) b4

(4.61)

Yol 2 (L + Lar)pa + (ol 2], (/J)I{)Lz{o.é]]
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T D) sy 1) 12T A ()1 (1)
T2 (0)61(0) — 7T (61)04 (£1) + 721 2(0)64,(0)
+y0l 2 (61 + bag + £a) o (1 + Lar + £3)

—yol 25 (€1 + Car)pa(€q + £ar)

— Yol 25 (€y + Cpg + £2)Do(€1 + a1 + ¥2)

ol 25 (€1 + £ar) (U1 + o).

Regrouping terms yields

<Df()z’ q)>S = <’)’121> ¢1>L2[0’£1] + <71227 ¢2>L2[81+31\4,€1+€1\1+Z2]

0.5pqvckak
+ <%z% ¢1>
1 L»[0,44]
0.5p,vcksk
+< PaUCR2R3

7 29, ¢52>
2 La[€1+£€pg,81+Cpr+L2]

+ (L2, 8Y) oo, T V21225 93) 1oty 400y 14200 105]
Fyol [—2(61) 3 + 25" (b1 + Cpr)ps + 21 (£1) Pa
b+ ban)n + A (E)(0) — 2 (0)64(0) (4.62)
() (0) + 4(0)0)

F2 0y + Lo + €)ba(Ey + £or + £)

— 2y (b + bpr) b2 (€1 + €ar)

=25 (O + bpg + £2) D5 (01 + Cpp + £5)

29 (b1 + Car) Py (0 + £ag)] -

Regrouping further we obtain

<Dfoza (I)>S = <A/121~ é1>L2[0‘f}} + <’717‘2‘ ¢2>L2[41+/1\/-1’1+1)M+f2]

0.5pvckqks (4.63)
+{———x1. ¢
! L2[0,61]



0.5p,vckqk
+< PaUCK2K3

7 22, <Z52>
2 Lol +Lns €1 +Lar+E2]

+ <A/2]-Z£/’ ¢Y>L2[0,€1] + <72[Zg’ ¢g>L2{£1+31\4,€1+£1\4+£2]

+yol (27" (€1)(d1(61) — &3) + 25 (0 + Lar) (3 — pa(br + Cur)

+21 (€ )(pa — ¢'(€1)) + 25 (€1 + £ar) (D5 (61 + €ar) — ba)
~21"(0)¢1(0) + 2/ (0)¢, (0)
425" (f + g + L) pa(by + Up + £3)

— 2y (b 4 by + L) 5 (6 + by + £2))

46

Since ® € V substitutions are made into the boundary terms arising from the

definition of the state z and the boundary conditions for displacement and slope

at the mass location, resulting in

<D£OZ, (I)>s = <W,121a ¢1>L2[o,el] + <”/1Z27 ¢2>L2[41+5M,e1+zM+152]

0.5p,vcksk
+ <—%21; </51>
1 L2[0,41]

0.5p,vckak
+< PaVCR2K3
£y

22, ¢2>
Lo[lr+&nrL1+Enr+£2)
+ (rel2, /1,>L2[0,£1] + (72123, CD'2/>L2[61+ZM,E1+€M+€2]
—1215"(0)$1(0) + 7212/(0)¢1(0)
Fy2l 2y (£1 + Par + £2) Do (41 + ag + £3)

—’}/QIZg(fl + EM + gg)(ﬁ’z(g] + EM + 52) .

A weak formulation for the system is

(2(t), ®)g +d(2(2), @) + a(z(t), D) = (Bu(t), D)4,

(4.64)

(4.65)
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T
where u(l) = [ug;ug;0;0]", B = {pA_l;l’EBL; pAlyZJBR;O;O} , and the sesquilinear
2

forms d(z(t), ®) and a(z2(t), ®) are defined to be

0.5 avck k
d(z <<’71+ P 2 3) z1,¢1>
LQ[O,E]}
+

<< 0 5anCk2k3> ZQ’ ¢2> (466)
Lo[1+4-€pr, 1+ pr+E2]

+ (72127, 1>L2{0 o)t (valz3, d3) GERIYRIRTIYET N

and
a(z(t), @) = (El%. ¢,1/>L2[0,€1] + (Elz, ¢g>L2[€1+4A1,€1+€M+Z2] - (4.67)
To show the model is well-posed, we consider the system

(1), B)g + A1), @) + (=(1), @) = (Bult), B, (468)
where the sesquilinear forms are defined as follows: d(z(t), ®) = d(2(t), ®)+ (A, 2, )

and a(z(t), ®) = a(2(1). ®) + (A2, ¢).

Theorem 4.15. The sesquilinear form a(¢.y) satisfies (H1)-(H3) from Section

4.1.1.

Proof. Symmetry holds due to the fact that a 1s defined via an inner product on a
real Hilbert space. Continuity follows from an application of the Cauchy-Schwarz

inequality,

[a(e- )l = Ko ¥)vll < ellglly 1]l for e =1
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Coercivity is established by the following: Let A = 0.
Re a(9,¢) = a(¢,9)
= (BI 1) o0y + (E105, 89) Lo ny ity vtng vty T (A16- D)

> ¢ <El¢ ¢”>L2[0 2] tc <E]¢ ,2/>L2 [01+Enr 1 +Lprt+L2] T <A1¢’ ¢5>S

= cC <¢7 ¢>V
= clloly
(4.69)
for 0 < ¢ < 1. Therefore, a(¢, ¢) is also elliptic in V. O

An application of Theorem 4.11 shows that A has dense domain.

Theorem 4.16. The sesquilinear form A(¢, ) satisfies (H4)-(H5) from Section

4.1.1.

Proof. Again continuity follows from the Cauchy-Schwarz inequality,

L2[0,44]

+ <(’Y1 + 0—@%;@&) ®2, 1/J2>

lacs, v = H 4 Dethas ) g, )

La[e1+Las €1+Lpr+42]

+ <’}/2] > [0 El] <,)/2] ,2I7 5>L2[[1+€1{1,£1+£]M+£2]

+ <A1¢7 ¢>s

— H< ’71+05pavd€2kd)¢lywl>
L2[0,61] (470)

(
<( 05pavck2k3) ¢2,1/J2>

+ <A/2]¢” wi’>L2 [0,41] + <72] IQI’ 2>L2[f1+€1\17£1+51\1+52]

+ < A — —) &1 w1>L2[O,61]
<( A= —) 92 1/)2> Loty +ag,61+£ar+42)

+mpsths + L.p41

La1+ens b1 +-8p+42)
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_ 0.5pqvckoks b
o (T )
|l<</1 A pA — Gt ) 1,0 La[0.61]

(o + D2omphehs 4 oA — 1) o, )
Loff1+£p1,£14+En1+£2)

<72]¢ >L2[O £1] + <72‘[¢ /lpg>L2[€1+€M,f1+fM+£2]

+mosiPs + L, oa)s

IA

c H <E[¢ 1/}//>L2 0 fll + <EI¢ 2>L2[K1+€1w f]+€2+€1w]

NI T
LQ[O,fl]

<(PA - —) ¢, l/J2>
L[y -+, b1+L2+L )

+maoaz + Ldaihy

_ CH<E1¢> D) oo + CETSE W) Lot statn]
+ (A 1Y) g H

= c|{g, ¥)v |l

< cliolly lelly

0.5pqvckok : ivi
Z0PaUCR2RS | pA — ﬁ}. Next we verify both coercivity

Y2
for ¢ ;= max ¢ =, v +
{E " 0 2

and ellipticity. Let A = 0.
Red(p,¢) = d(¢,¢)

= <"/1¢1, ¢1>L2[07g1] + </\/1¢27 ¢2>L2[51+€1\1,€1+€M+52]

0.5p,vckok
+ <%§¢1, ¢>1>
1 L2[0,61]
N <O.5pavck2k3

; ¢27 ¢)2>
2 Lo[l1+8ps 41+ 71 +Eo]
+ <’72]¢I{, ¢3’>L2[0 Zl <W2]¢ 2>L2 €1+£1\1 €1+£1\1+[2]

+ <~’41(/57 ¢>S

(4.71)
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> ¢ <E1¢11/7 ¢3,>L2{0,£1] +c <E]¢/2,’ 12/>L2[€1+€M,€1+5M+52] tc <~’41¢7 ¢>S
= C <¢7 ¢>V
= cl¢lly,

for ¢ = 3. Therefore, d(é, ¢) is also elliptic in V. O

By Theorem 4.4 Equation (4.68) is well-posed, and thus by Theorem 4.9
FEquation (4.65) is well-posed. Furthermore, the first order system operator generates
a Cp-semigroup.

Finally, we consider the linear approximation of the BMB-PZT model de-
scribed in Equation (3.20) and Equation (3.21). We refer to work done in [4] where
it was shown that the inclusion of piezoceramic patches on a cantilevered beam is
well-posed. Since the left hand side of the equations in the BMB-PZT model merely
consist of altered parameter values from the orginal BMB model we can see that
(H1)-(H5) would be readily satisfied for the BMB-PZT model by merely choosing
appropriate values so that these hypotheses hold, as was done in the work above for
the BMB model. For (H6) we refer to [4] which shows that for V;(-) —Va(-) € Ls[0, T
we have that f € Lo[(0,T),V*] since the second derivatives x” € V*. Therefore, we
can infer that (H6) is satisficd and the BMB-PZT model is well-posed and generates

a Cp-semigroup.



CHAPTER 5
NUMERICAL RESULTS FOR THE BMB SYSTEM

5.1 Weak Formulation of the BMB System
In this section we employ the Galerkin finite element method in order to obtain
a finite dimensional approximation of the BMB system.
5.1.1 Variational Form
Let H? denote the Hilbert space with at most two derivatives. The objective
is to find a [wy(t.s1), wr(t,sg)]” € V C S = H?0.61] x H2[l1 + ly by + Cor + £5)]
so that multiplying Equation (3.8) and Equation (3.9) by test functions ¢ (s;) and

or(sr), respectively, yields
41
/ [pAwL(t, s.) + nwp(t, sp) + volw]" (¢, sp) + ETw}"(t,s1)] ¢r(s1) dsg,
0

b m 0.5p,0%¢
= / |:b(SL)uL(t) + Ebg - 'Z Cg:| d)L(SL) (]SL,
0 1 1

(5.1)

and

L1+Lar L2
/ [pA?l’R(t, SR) + fyle(t, SR) —+ “/QI’U.J;I?”(t, SR) + E[w%/(t. SR)] @R(5R> dSR
I

1+
Grtbartte ™m 0.5p,v%¢
= / |ib(5R>uB(t) + ebg - Z Ce] dr(sr) dsg
L1+4as 2 2

(5.2)

for all [pr(s1). ¢r(sr)]" € V =A{[oL(-), ¢r()]" € S: or(t1) = dr(fr+€ns), ¢(6) =

Or(€y + €37)}. Applying integration by parts to Equation (5.1) and Equation (5.2)



52

results in the following
/061 [p AL (t, sp)¢r(se) + mwe(t, sp)dr(se) + v2lwi(t, s1)d7(st)
+EIw (L, sp)d7(s1)] ds + v lwy (¢, 6)dr(lr) — vIuwi (¢, 0)¢L(0)
=YW (L, 1) (6) + v I (8, 0)¢7,(0) + ETwy/ (2, &) ¢r(4r) (5.3)
—ETwp (,0)6,(0) — ETwi(t, &)L (4) + ETwL(t,0)¢7(0)

5 2
m 0.5p,v°¢
— / [b(SL)’LLL(t) + Zbg - Z ngl QbL(SL) dSL,
0 1 1

and

b+Lpr+42
/ZlHM [(pAwR(t, sr)Or(sR) + M1WR(L, srR)PrR(SR) + Y2 lwR(t, sR)PR(SR)
FETw(t, s5)dh(sk)] dsg + vl (t, € + L + L) dr(fy + Lag + )

Tl 6y + Ear) bR (6 + Lag) — YT W, by + Cag + )by + Lar + o)
v L (8, 6 4 Ea) by + €rr) + EIW(t. 0y + by + £3)pr(by + Cor + £5)  (5-4)
—ETwg (t, & + ) PRl + Enr) — ETwp(t, € + by + ) @R(0 + Ly + o)

+FEITw(t, 4 + Cpr) P (b + L)

b1 +Ep+Eo 2

m 0.5p,v°¢

:/ Iib(SR)uR(t) -+ Ebg - Z Cg ¢R(SR) dSR.
Li+Epr 2 2

Summing Equation (5.3) and Equation (5.4) yields
41
/ AL (L, sp)pr(sr) + nurlt, sp)or(sp) + vl (t,s.)¢7(sL)
0
+ETw] (t,s1)d7 (s1)] dsg,

L1 +-Lpr+E2
+ / (o AiiR(t, sp)dr(sr) + nim(t, sr)dr(sn)
l1+ear

+y2[iR(t, sr)PR(sr) + ETwg(t, sr)@k(sr)] dsr +vlwy (t, &)¢r(6)
o L (£.0) 1, (0) — o daid (1, 1), (1) + oL (1, 0), (0)
+ETw”(t. 6)bp(61) — ETw!(t.0)pL(0)

—ETw](t, {1)¢, (61) + ETw] (t.0)¢) (0)
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e L (t, €y + Ly + €2)PR(C1 + Lo + ) — yoTaifpy (L, €1 + €ar) PR (€1 + Lar)
— Yol (t, b + b + 02) Pl (€1 + Lag + £o) + vl (¢, €1 + € ) Plp(lr + £ar)
+ETwg(t, 61 + by + C2)dr(l + by + £) — ETw(t, by + Cyr)pr(6r + Lar)
—ETwj(t, by + by + )P (b + £ar + €2) + ETwly(t, £y + bar)p(€ + Lar)

& 0.50,0°
= [ sty + T2 - B g0 as,
0

ty 4

b1+ +-42 m 0.5 aUQC
+/ {b(sR)uR(t) + b ZOP Cg} dr(sgr) dsg.
L1+Epr 62 62

Next natural boundary conditions (the first six boundary conditions presented in
Table 3.1) are applied. The remaining two essential conditions are explicitly satisfied

by elements in V' and are not part of the weak form.

{1
/ [pAWL(t, sp)br(sp) + nwn(t, sp)or(sn) + v lwl(t, sp)d) (sL)
0 €1+

+ETwy(t,s1)¢7(s1)] dsi +/ [pAdR(L, sr)PR(SR)

G 4+Las

+1wr(t, sr)Pr(sr) + Yelwp(t, sr)PR(sk) (56)

+E]w}’z(t7 SR)QZ');I%(SR)] dSR + mi[)L(t, £1)¢L(€1) -+ [Zw/(t; f1)(25/[/(61)

2! m 0.5p,0°%¢
= [ [+ T2 - B gy a,
0 1 1

L1+ +E2 m 0.5 a’l)2C
+ / {b(SR)uR(t)+ by 2P 04 drlsr) dsg
L1+ s ly

5.1.2 Discretization
A basis {e;}Y is chosen for the approximating space V¥ C V. where N
corresponds to the number of basis functions used in the finite element approximation.

Cubic Hermite interpolating polynomials are used to approximate the displacements
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of the left and right beams. The basis vectors take the form:
by (sr)

eN=| " , fori=1,...,N. (5.7)
by (oR)

That is, the state will be approximated as

wr(t, sp) wi(t,s1,) Za tbra(se)
wR(tu SR) wg (t7 SR) Z ﬂ bR 2 5R

Substituting this state approximation into Equation (5.6), we obtain

£
/ [pAwY (t, s.)br(st) + mwd (¢, s1)dr(sr) + Yol (WY (t.51) 97 (s1)
0
AR VEY D!
I s oo+ [ A shon(sn)

£y+Lpr

g (t, sr)@r(sk) + 71 (wg)" (¢, sr) @k (sk) (59)

+EBI(wR)"(t. sr)dp(sr)] dsg +maiy (t.41)gn(br) + L. (7)) (1, )¢, (61)

& m 0.5p,v°%¢c
= / |:b(SL)UL(t) —+ gbg - Z Cg} ¢L(5L) dSL
0 1 1

bitbnrtz m 0.5p,0%¢
+/ [b(sR)uR(t) + b9 - p Cg} QSR(SR) dSR.
b14+-bpr EQ 62

which implies

/0 {PAZCY (t)br,(sr)or(sL) +71Za t)br.(s0)0r(sL)

+ 721'Za Lz (sp)d] (s1) + E[Za bﬁ, SL)QSL(SL)} dsy,

1=1
by +Eepr+Eo
+ [
1 +€pg

N
el Y BN ()b, (sr)Fh(sr) + E]Z@V(t)b’z%ﬂ(sﬁ)%(sl%)} dsp

=1 1=1

pAZﬁN le SR)gbR Sp +’Y1Zﬁ sz 5R)¢R(3R) (5_10)

—HnZa t)bp (¢ ¢Lel+1,zu b, (L) (4)
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& 0.5p,0°
_ / {b(sL)uL(t) n ”z”g . ’é v 004 o1(s1) dst
0 1 1

£1+L8ng -+ 0.50, 2
n / [b(sR)uR(t) 4 g ZOPeT ch} dr(sr) dsr.
l

1+4ar 62 £2

Let the test functions range over the appropriate basis vectors, yielding the following:

/ [pA Z bLz (st bL](SL + 7 Z o, bLz(SL)bLJ(qL)

0 z]l 2]1

ol Z al ()], (sp)by,(sp) + EI Z (VL1 (s2)b,(s2)] dsy

,7=1 2,7=1

£y +Eag +L2
+/ [pA Z BN ()br(sr)br, (sR) + ™ Z BY (t)bra(sr)bry (sk)
¢

1+€n 1,7=1 1,9=1
= AN 11 1 = N 1" 17 (511)
+721 Z /Bz (t>bR,z(SR)bR,]<SR) + El Z ﬁz (t)bR,z(SR)bR,](SR)] dsgr
2,7=1 2,7=1
+m Z &N (1)by,.(41)by,, (£1) + I, Z &l (b, ()b, (6)
2,7=1 13=1
¢ 2
! m 0.bp,vec
= / b(SL)UL(YL) -+ b - P Cg bL,](SL) dSL
0 El El
brbartts m 0.5p,v%¢c
+/ [b(sR)uR(t) + gbg — g Cg} bR’](SR) dSR,
£1+€as 2 2
which results in the following
2 N
/ pAbLJ(SL)bL’](SL) dSL Z OfZN(t)
0 2,7=1
I
+/ Y1br,.(s2)br,;(sL) dsi, Zaf\’(f)
7,7=1
12
+/0 YoIb7 ()b, (sL) dsy ”zjloz (5.12)

4
+/ EIV; (sp)b] ,(s1) dsr, Za

0 2,7=1

Ly +lpr+ez N -
+/ pAbr,(sr)br,(Sr) dsr Z@N(t)
14

1+€a1 1g=1
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L1 4-Lpg+Ea N .
+/ Ybra(sr)br,y(sr) dsp Y BN (t)
¢

1+€ar 2,7=1

L1+Epr+£2 N -
+ / oIty (sp)W, (s1) dsr S AN ()

1+ 1,9=1

Ly +-Lpr L2 N N
[ g G (on) don 3 80

1+€ar 7,7=1

N N
mbga(0)be, (01) Y GV (1) + Lby ()b (6) Y &l (t)
2,7=1

1,7=1

fl €1

btbu+te m 0.5p,0%¢c
+/ {b(sR)uR(t) 4 g Top Cz} br,(sr) dsr.
b1+-bar 62 €2

f 0.5p4 0
:/ [b(sL)uL(t) + Mo d - Pal CC(} bL}]<SL) dSL
0

Or in a more condensed form, we have

Myédt) + MpB(t) + Dra(t) + Drf(t) + Kra(t) + KrB(t) (5.13)

= BLUL(t) -+ BRZLR(t) + GL + GR + FL + FR,

41
_ / pAbL(51)bsy(s1) dsi, + mby(62)boy () + LB, ()b, (42),
0

O+l +E2
4

1+€a1
£

15
— [ bna(su)bug(ss) dsp + / oI (s1)b) (1) ds.
0 0

L14-Epr+L2

= / Y1br.(sr)br,(sr) dsr
¢

1+€ar

G +Lar+lo
+/ ’YQI Rz(SR)b,}I%J(SR) dSR,
£y+Ehr

2
= / BTV}, (sL)by,(s1) dsi,
0

{1+l o
= / E[b/];ﬂ((SR)bI}I?J(SR) dSR.
£

1+€as

(5.14)
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[Bz], =/0 b(sp)ur(t)br,(sL) dsi,

l1+Eps+E2
[BR]] = / b(SR)’U,R(t)bR’](SR) dSR,
£

1+

1 m
[GL]] = / g—bgbL,j<5L) dSL,
0 1

b+l pg 442 m
[GR]J = /g —bgbRJ(SR) dSR.

144 ty
£ 2
1 0.5p,vcc
Ful, = | == Cebry(s1) dou.
Li+lpr+L2 0.5 aUQC
[FR]J = / - z CgbR’](SR) dSR.
Ly +Enr 2

Note that Equation (5.13) can be written as

ét) =M Y(—=Dc(t) — Ke(t)+ B+ G+ F), (5.15)
where
t v(t t
c(t) = ) = ¢(t) = &) = é(t) = &) (5.16)
B(t) B(t) A1)
and
ML 0 DL 0 KL 0
M = , D= . K=
0 Mg 0 Dg 0 Kp
(5.17)
_ BL _ GL _ FL
B= : G= . F=
BR GR FR

Converting Equation (5.15) into a fitst order system results in

t(t) = Az(t) + Bu(t) + G + F(a(t)). (5.18)
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where
c(t) 0 I
r(t) = , A=
é(t) —M'K —M-'D
0 0
B = , G = , (5.19)
MB MG
0
F o=
A4“1F(x(t))

5.2 Target Tracking Results
Here we test the systemn’s abilitv to transform its flexible wings from level flight
into some prescribed morphed state. It is assumed that the controllers act over the
entire beam structure with constant control input functions of the form
b(sp) = b(sr) = 30, (5.20)
for 0 < sp < ¥, and ¢4 + €y < sp < ¥y + £y + £, and observations of the form
y(t) = 15w(t, s). (5.21)

for 0 < s; < fyand 1+ 4y < sg < £+ €y +¥¢5. In order to design control we employ
a Galerkin finite element approximation on the linearly approximated BMB system
described in Equation (3.15) and Equation (3.16) by applying the same approach

from Section 5.1. This results in the following linearized discretized system

z(t) = Apr(t) + Bu(t), (5.22)
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where
0 I
Ap= . (5.23)
~M;'K —M;'D,
with
My, 0 Dy, 0
M, = . Dy= , (5.24)
0 ]\4}24 0 DRg
and
fl El
{]\4[4 / pAbLZ(SL)bLJ(SL) dSL — mbbL,z(SL)bL’](SL) dSL
0 0

+mby,(£1)br, (6) + Ly, (6)b7, ,(6),

€1 +-Lpr+E2 £y +Epr+E2
AjRg :/ pAbR,z(SR)bR,](SR) dSR —/ mbbRﬂ(sR)bRJ(sR) dSR,
{

1+ L1+Lpr
(5.25)
0 4
(D1, / Ybr.(s0)bry(s1) dsi +/ Yo Ib] (sp)by (L) dsi,
v °
+ Ebr.(sp)br,(sL) dsg,
0

6 +Llpg+E2 €1+Lpr+E2
[Dr,), Z/ Ybr.(5r)bR,(SR) dSkr +/ 121V, (sr)k,(sr) dsk
G+ G+

L1+Lp L2
+/ 56371(83)1)3,3(33) dSR.
¢

1+HEar

upon which control design is employed. Control matrices A., F., and K are then

applied to the nonlinear system, yielding

(5.26)



60

Note this results in a nonlinear compensator. The control objective is to morph each

beam from equilibrium to the desired position

55(s — £)(2s5 — £)?

w(t,s) =
( ) 8Ujpeak

, (5.27)

and slope

o 2 2
Wit s) = 58 f)gj kMH)’ (5.28)
peal

where wpex = 0.0762 m. The desired target is represented graphically in Figure 5.1.

Target State, Position Target State, Slope

-001 4 15

-002 1 1

— 003 1 05p

-004

ws(t,s)

w(t,s), (m

-005 05p

—006 -1

-007 -15

-008 . 2 . . . . .
0 01 02 03 04 05 06 07 o 01 02 03 04 05 06 07

S S

Figure 5.1: Desired State Target: Position (left), Slope (right)

To obtain a solution to the system, initial conditions are chosen as follows:
x(0) = [0;0; —2;0] ([displacement; slope; velocity; angular velocity]) and z.(0) =
0.75 * z(0). That is, to generate a nonzero state estimate, we choose the initial
conditions for the observer equation to be 75% of the initial conditions for the state
equation. A convergent finite element approximation using Hermite interpolating
cubic polynomials of order N = 30 nodes for the spatial discretization of the BMB
system is used to simulate Equation (5.18), and the parameter values for the BMB

system are provided in Table 5.1.
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Table 5.1: BMB System Parameters

Parameter |  Value | Units
I4 0.6096 m
13y 0.0508 m
0 980 kg /m?
w, width 0.127 m
h, height 0.0254 m
a = wh 0.032 m?
E 2.0 x 10° N/m?
7= (@h%)/12 | 1734 x 107 m”
m 1.927 kg
My 1.927 kg
Y 0.025 kg/(m sec)
V2 1 x 107 kg/(m® sec)

Simulations were obtained using Matlab’s ODE15s stiff system solver. For
reference, the uncontrolled state plots of the nonlinear system are given in Figure 5.2.
Controlled results are presented in Figures 5.3 and 5.4. To obtain stabilizing solutions
to the algebraic Riccati equations, a Newton-Kleinman algorithm was used (see [12]).
For the results presented here, it is assumed that measurements are available for
the position and slope states. Numerical instabilities in solving finite dimensional
approximations to the algebraic Riccati equations occurred when it was assumed

that only velocity and angular velocity were available for measurement.
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Displacement, Nonlinear Uncontrolled System Slope, Nonlinear Uncontrolled System

N
08

t s

Velocity, Nonlinear Uncontrolled System Angular Velocity, Nonlinear Uncontrolled System

=]
w
w

<

w 1), (misec)
. 8

:
w, g(t.s). (rad/sec)

Figure 5.2: Uncontrolled System: Position (top left), Slope (top right), Velocity
(bottom left), Angular Velocity, (bottom right)



Displacement, LQR-Controlled Nonlinear System

wit.s), (m)

wl(l.s). (m/sec)
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Slope, LQR-Controlled Nonlinear System

ws(t.s)

Bh b b 40 awnw

Angular Velocity, LQR-Controlied Nonlinear System

w,(15), (rad/sec)

Figure 5.3: LQR Controlled System: Position (top left), Slope (top right), Velocity
(bottom left), Angular Velocity (bottom right)
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Displacement, LQG-Controlled Nonlinear System Slope, LQG-Controlied Nonlinear System

02

w(ts), (M)
ws(t.s)

Bh b A b o+ ww

N

wt(t,s), (m/sec)
w st(t,s), (rad/sec)

Figure 5.4: LQG Controlled System: Position (top left), Slope (top right), Velocity
(bottom left), Angular Velocity (bottom right)

Initially, it was not known if the system would be able to track to the desired
state in a reasonable amount of time without significant overshoot. After perturbing
the parameters in Equation (3.10) so that lift and weight balance, and applying
appropriate magnitudes for control effort by manipulating Equation (5.20), it can
be seen that the system effectively reaches its target shape. As expected, the full
state feedback results outperform those of the LQG-controlled system, although both
systems reach unrealistically high magnitudes for angular velocity. Control effort

results are shown in Figure 5.5.
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LQR Control Effort LQG Controt Effort

-05 - -05
[4] 0

Figure 5.5: Control Effort: LQG (left), LQR (right)

5.3 Wing Morphing Trajectory Results
In this section we employ the same control design in Section 5.2, only here
we test the system’s ability to achieve a morphing trajectory over time. In order to
alleviate overshoot in the LQG-controlled system constant control input functions are

taken to be of the form

b(s1) = b(sg) = 1000, (5.29)

for 0 < s; <¥¢;and 4y + €y < sg < €1+ £y + £5, and observations of the form
y(t) = 650w(t, s), (5.30)

for 0 < s;, < £y and €1 + £y < sp < 04 + £y + 5. The control objective is to
morph each beam (linearly in time) from equilibrium to twice the magnitude of
Equation (5.27) in a five second time interval. The desired trajectories for each of
the four states are represented graphically in Figure 5.6. To obtain a solution to the
system, initial conditions are chosen as follows: z(0) = [0; 0;0; 0] ([displacement; slope;
velocity; angular velocity]) and z.(0) = 0.75xx(0). Again, a convergent finite element

approximation using Hermite interpolating cubic polynomials of order N = 30 nodes
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for the spatial discretization of the BMB system is used to simulate Equation (5.18),

and the parameter values for the BMB system are provided in Table 5.1.
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Figure 5.6: Target Trajectory: Position (top left), Slope (top right), Velocity (bottom

left), Angular Velocity, (bottom right)

Controlled results are presented in Figures 5.7 and 5.8.

For the results

presented here, we again assume that measurements are available for the position

and velocity states. Control effort results are shown in Figure 5.9.
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Figure 5.7: LQR Controlled Morphing Trajectory System: Position (top left), Slope
(top right), Velocity (bottom left), Angular Velocity (bottom right)
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Figure 5.8: LQG Controlled Morphing Trajectory System: Position (top left), Slope
(top right), Velocity (bottom left), Angular Velocity (bottom right)
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Figure 5.9: Control Effort, Morphing Trajectory: LQG (left), LQR (right)

The position and slope states morph quite efficiently for both the LQR and

LQG controlled systems. The desired trajectory for the velocity and angular velocity
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states is not achieved, although when comparing the LQR controlled results for
the target tracking and the morphing trajectory we can see significant improvement
regarding the magnitudes of the angular velocity state. One should note that velocity
and angular velocity are not being measured in the LQG controlled system, and some
improvement may be made if these states are available for measurement. Further,
difficulties in obtaining stabilizing solutions to the algebraic Ricatti equations indicate
that there may be Ricatti conditioning issues with this particular model, and point
to the limitations of Linear Quadratic control on this nonlinear model. These results
were compared with a nonlinear finite dimensional control mechanism, known as

feedback linearization, in [10].



CHAPTER 6
NUMERICAL RESULTS FOR THE BMB-PZT MODEL

6.1 Weak Formulation of the BMB-PZT System
Here we present the weak formulation of the left beam of the BMB-PZT system.
The right beam follows similarly. We desire a solution [w(t. s1), wr(t,sg)]T € V C

S = H?0,61] x H?[ly + £ar, €1 + £pr + €3] such that

01 14
/ [PA + 2¢ppehpeXpe(sp)]) Wit sp)én(se) dsi +/ Y (t, sp)or(se) dsg
0 0

af 2 3 3
+/ EI+ chpe <Zh2hpe + §hh§e + hge) Xpe(SL):l wy'(t.sp)er(sy) dsg,
0

b 2 3 3
+/0 ’\/2] + §CCDpe (Zthpe + -Q—hh;e + hf)e) Xpe(SL)} wlliﬂ(t, SL)(r/)L(SL) dSL

Y4t 02 1
= / @ {“EEPPCCZ;}](h + hpe)Xpe(SL)} U(t)(bL(SL) dSL
0

(6.1)

¢ ¢ 9

'm 1 0.5p,v°C

+/ —bgd')L(SL) dsg ”/ P Cepr(sr) dsy,
o O 0 4

for all [pr(s). dr(sp)]" € V ={[¢r(), or(-)]" € S: ¢r(lr) = dr(ls+m), ¢1(6) =
&R(ly + )}, We integrate the second. fourth. and fifth integrals in Equation (6.1)

by parts twice to get

70
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61 Zl
/ [PA + 2¢ppehpexpe(sL)] WL (t, sp)dr(st) dsp, + / Lt sp)on(se) dsi
0 0

Zl [ 2 3 3 " 1/
+/0 EI+ chpe (Zthpe + thf)e + h;’,e) Xpe(s[,)} wi(t,sp)dy(sL) dsp

ar 2 3 3 -1t /
+/0 Yol + 3CCDpe (thhpe -+ §hh}2)e -+ hf’)e> Xpe(sL):I W (t, sp)d7(sL) dsg
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Dol Socone (3% + 002+ 18 ) et Bnl0) 0 0) = 1050, 60)

i 721+ 2 e (Wbt Inn, +h26) xpe<o>] = (0)i (1,0) + &, (0 (L, 0]
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= [ [F3Etatn dsguton) atordt o) e
0
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+ ~%Epecd31(h + hpe)Xpe(Kl) (bL(El) — {—%EpeC’d;ﬂ(h -+ hpe)xpe(()):i ¢L(O)

1 | / 1 7
- _§Ep60d31<h + hpe)Xpe(gl) o (6) + [_§Ep60d31(h + hpe)Xpe(O)} ¢1.(0)

G 0.5p,0%¢
+/ —bg¢L(3L) dsy, — / P Cedr(sp) dsy.
0 [1 0 (1

(6.2)
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Since we have assumed that the piezoceramic patches are not located at the ends of

the beams, xpe(#1) = xpe(0) = 0 and Equation (6.2) reduces to

£1 gl
/ [PA + QCppehpeXPE(SL)] wL(t’ 5L)¢L(5L) dsg + / 71wL(ta SL)(bL(SL) dsy,
0 0

.
! 2 3 3 , ”
—l—/o EIl+ chpe (thhpe + §hh1276 + hge) Xpe(sL):| wi (¢, s0)¢7(sL) dsg

ar 2 3 3 :
+/ yol + 3 CCope (ZthPe + §hh]2)e + h26> Xpe(SL):l wi(t,sp)dh(sL) dsg
o L

+EI¢r(6)wh (t, 1) — EI¢, (6)wl(t. £) — EI¢r{0)w (¢,0) + EI1¢} (0)w] (¢,0)
+yal o (L) (¢, 61) — Yol L (L)W (t, £1) — 2l Pr(0)ay (2, 0) + v2d ¢, (0)ary (£, 0)

£ 1 Klm
_ / {“EEpecd?,l(hmpe)xm(sL) u(t)g(su) dsp+ | =u(s) dsy
0 0 !

, 9

1 0.5p,0°¢c

—/ P Cidr(sr) dsg.
0 4

(6.3)

Rearranging some terms, we have

¢4 21
/ [PA + 2cppehpexpe(sp)] W (t, sp)or(sL) dsg +/ Y (t, sp)ér(se) dsy
0 0

o c
! 2 3 3
+/0 EI + chpe (Zthpe + §hhge + hge) xpe(sL)} wy(t, sp)d7(sn) dsy

¢ r
! 2 3 3 . 1t
+/0 ’72] + gchpe (ZthPe + §hhie + hze> Xpe(SL)} U)Z(t, 5L)¢L(3L) dSL
] (6.4)
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+¢L(£1) [Elwgl(t, 61) + "/QIUZ)III//(t, 61)] -+ (/)L(O) [—Elwg'(t, 0) — ’yglu')}i'(t, 0)]
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Similarly the weak form of the right beam equation would be

b+ p+£2 141
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L+ +02 me 1+ +L2 0.5 aUQC
"’/ —g</>R(SR) dsp — / p Cipr(sgr) dsg.
I4 /

14+l £ 1+Eas 2
We now apply the free end boundary conditions from Table 3.1, i.e. the first four. to
Equation (6.4) and Equation (6.5), and we add the left and right beam weak forms,
which yields
@1 21
| oA+ 26pdgelsud] e shon(sn) dset [ awin(es)oun(sn) dse
0 0

b 2 3,
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Shi2 1) selon)| w5000 )
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by +lp 2 21
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Applying the boundary conditions which hold at the mass location, i.e. the last two

conditions in Table 3.1, we have
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6.2 Discretization
A basis {c¢,}" is chosen for the approximating space V¥ C V., where N
corresponds to the number of basis functions used in the finite element approximation.
Cubic Hermite interpolating polynomials are used to approximate the displacements

of the left and right beams. The basis vectors take the form:
sz(sL)
N | Cfori=1,...,N. (6.8)

bg,z (SR)

That is, the state will be approximated as

wr(t, sp) wi¥ (t, sr)

> al(bra(se)
v (6.9)

wr(t.s5R) wy (t.sg) Z BN (t)br.(sr)

1=1
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Substituting the state approximation Equation (6.9) into Equation (6.7) yields the

matrix equation

Mé(t) + Mpp(t) + Drcl(t) + DrB(t) + Kpalt) + Krf(t)
(6.10)

= Brur(t) + Brug(t) + G + Ggr + Fp + FRg,
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78
“ 2 3 2 3 2 3 /1 "
[KLL,J = i ET + chpe Zh hpe + §hhpe +hoe | Xpe(SL) bLﬂ(sL)bLJ(sL) dsy,

L1+Ear+E2 2 3 )
Kal, = [ Bre e (S
7 b1+ 3 g 4 !

3
+§hhie + hge> Xpe(sR)} Ur.(sr)Uk,(sr) dsr
121 1
[BL]] = / I:_'iEpeCd?)l(h - hpe)xpe(sL)} ur(t)b],,(s1) dsg,
0

Oy +epr+42 1
[BR]] = / |:—§Epecd31(h + hpe)Xpe<5R):| UR(t)b;Iz,](SR) dSR
£

1+4a1

15
m
GL], = / I, (s1) dsi.

b +ear+E2 m
(GRr], = /g L9 hry (sr) dsr

1+4a1 £y

£ 2
0 bp,0cce
[FL], = / - Z Cebr.,(s1) dsy,
0 1

/EIHM & O 5pav?c
a
4

1+ 7 £y

[FR}J = CgbR](SR) dSR.

To sitmplhity turther, define

c(t) = = H(t) = se(t)=| (6.12)



Substituting these relationships into Equation (6.10) yields

ML O DL O KL 0
ety + é(t) + c(t)
0 ]\/[R 0 DR O KR
By, Gy, Fr
= + + :
BR GR FR

where
M; O D;, 0 K; 0
M= . D= . K =
0 Mg 0 Dg 0 Kp
_ By _ Gr _ Fr
B = , G = , F =
Bp Gr Fr

Converting Equation (6.14) into a first order system results in

t(t) = Az(t) + Bu(t) + G + F(x),
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(6.16)
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where
c(t) 0 I
z(t) = , A=
é(t) —M'K —M7'D
0 0
B = . G = , (6.17)
M~'B MG
0
F prm—
M 1F(x)

6.3 Simulation
System parameters are provided in Table 6.1, and initial conditions are chosen
as follows: z(0) = [0;0; —2;0] ([displacement; slope; velocity; angular velocity]). Un-
controlled results are provided in Figure 6.1. Again, simulations were obtained using
Matlab’s ODE15s solver for stiff systems. A convergent finite element approximation
using Hermite interpolating cubic polynomials of order N = 30 nodes for the spatial

discretization of the BMB-PZT system is used to simulate Equation (6.16).



Table 6.1: BMB-PZT System Parameters

Parameter Value ] Units
b 0.6096 m
Lar 0.0508 m
P 980 kg/m?
w, width 0.127 m
h, height 0.0254 m
a = wh 0.032 m?
E 2.0 x 108 N/m?
I=(wh®)/12 | 1.734 x 1077 m*
m 1.927 kg
my 1.927 kg
" 0.025 kg/(m sec)
Yo 1 x 10 kg/(m® sec)
Lpe 0.061 m
E,. 3.47 x 1010 N/m?
Ppe 4215.46 kg/m?
CDpe 10 kg/(m® sec)
Ppe 0.0008 m
dsy 0.0057 m/volts
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Displacement, Nonlinear Uncontrolied System Siope, Nonlinear Uncontrolied System

w(ts), (m)

N
08

Velocity, Nonlinear Uncontrolied System Angular Velocity, Nonlinear Uncontrolied System

wt(t.s). (m/sec)

Bh % 4 0 - nv

Figure 6.1: Uncontrolled BMB-PZT System: Position (top left), Slope (top right),
Velocity (bottom left), Angular Velocity, (bottom right)

In [5] both the limitations of and necessity for using finite elements with
piezoceramic patches was discussed. One disadvantage to the finite element approach
is the fact that a computational representation of the patches must correspond with
the grid. Therefore, in our code a patch begins at the nearest element which is
approximately two inches from each of the free ends in these simulations. Furthermore,
note that the finite element vectors By and Bg from Equation (6.11) contain two
spatial derivatives. Hermite cubic splines are natural basis functions to apply to this
model due to the continuity of displacement and slope conditions at the mass location,
but enough smoothness exists at the nodes so that the control vectors B, and Bpg

are continuous. Therefore, more work needs to be done to determine if other basis
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functions (or a hybrid of basis functions) may be applied to this model so that control

design may be employed.



CHAPTER 7

CONCLUSIONS

In this work two models are presented to represent the heave dynamics of a
flexible wing MAV. The BMB system is described in Equation (3.8) and Equation
(3.9), and the model is extended to include realistic actuation in the BMB-PZT
system described in Equation (3.17) and Equation (3.19). Both of these systems
are approximated by Hermite interpolating cubic polynomials with two displacement
and two slope degrees of freedom for each beam element. A proof for well-posedness
and the attainment of a Cy-semigroup is provided for the BMB model and extended
to the BMB-PZT model. Steady state linear quadratic tracking control was applied
to the BMB system by obtaining a linear approximation of the nonlinear lift function,
employing control design, and applying the control matrices to the nonlinear system.
Two control objectives were analyzed: target state tracking and morphing trajectory
over time. Both of these approaches resulted in a nonlinear controller for the BMB
system.

Target state tracking results showed that the model effectively reached all
four target states, although unrealistically high magnitudes were obtained for the
angular velocity states. Morphing trajectory results indicated that the position and

slope states morph quite efficiently for both the LQR and LQG controlled systems.
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Improvement is made in the magnitudes for the angular velocity states of the LQR
controlled system. However, both the velocity and angular velocity states (which were
not assumed to be available for measurement) showed growth for the LQG controller.

Overall, results indicate that although tools from linear distributed parameter
control theory can be successfully applied to this model there are limitations to linear
control design, primarily difficulties in obtaining stabilizing solutions to algebraic
Ricatti equations. We also observe that although the boundary conditions applied to
the these models lend themselves to the use of Hermite cubic splines, discontinuities
occur at the nodes when considering the second derivatives of these basis functions,
which prevents implementation of control via piezoceramic actuators with these basis
functions.

As a result, a natural extension of the theoretical work provided here would
include stability analysis and verification of the existence of unique infinite dimen-
sional Riccati solutions to the control problem. A rigorous theoretical analysis of the
nonlinear model, including nonlinear semigroup theory, would help to gain further
insight into the system. Additional future work includes investigation of an appropri-
ate use of basis functions for the BMB-PZT model so that control can be modeled.
Once control is implemented via realistic actuation, additional work from distributed
parameter control theory would help to gain further insight into optimal morphing
trajectories. We also seek to investigate the performance of other nonlinear controllers
on this model, as done in [10]. Other modeling involves the inclusion of more realistic
aerodynamics beyond that of heave dynamics, such as the model’s ability to roll, pitch,

and yaw. Finally, we seek to upgrade the system to a more realistic wing model. The
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most natural step towards this two dimensional model may include modeling with

one dimensional narrow plates and later the inclusion of two dimensional plates.
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