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ABSTRACT

In this work we analyze a one dimensional model for a flexible wing micro
aerial vehicle which can undergo heaving motion. The vehicle is modeled with a
non-local type of internal damping known as spatial hysteresis as well as viscous
external damping. We present a rigorous theoretical analysis of the model proving that
the linearly approximated system is well-posed and the first order feedback system
operators generate exponentially stable Cy—semigroups.

Furthermore, we present numerical simulations of control designs used on the
linearly approximated model to control the associated nonlinear model in two different
strategies. The first strategy used to control the system is a target tracking strategy.
The second strategy used in this work is morphing the system to a target state over
time. The controllers used in this work include Linear Quadratic Regulator, Linear
Quadratic Gaussian, and central control.

In light of the theory of this work we have incorporated the appropriate Riccati
equation solutions into the control design for a system with a mode problem (i.e. zero
eigenvalue for stiffness operator). This work remains consistent with the literature

that concerns multiple component structures with a mode problem.
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CHAPTER 1

INTRODUCTION

A great deal is known about how to achieve stable flight for large aircraft that
are in use every day around the world. What is strange is that little is known about
the natural modes of flight that we see in the sky daily as well. Researchers such as Dr.
Kenny Breuer at Brown University and Dr. Wei Shyy at Michigan University were
both a part of a Multidisciplinary University Research Initiative (MURI), and as part
of the project, explored the flight dynamics of creatures in nature. Their hope was
that engineering methods and state of the art technology could be developed to mimic
the flight capabilities seen in nature. For example many creatures such as insects
and birds have flexible wings which can bend and morph shape to attain stable flight
paths. Bats have been of p.articular interest in the realm of biclogically inspired flight.

The Air Force Research Laboratory Munitions Directorate suggested that unmanned

Figure 1.1: Dog faced fruit bat in flight. Credit for this image goes to Kenny Breuer
in [24]



micro aerial vehicles, MAVs, with a flexible wing structure, similar to that of insects
and birds, would be able to attain flight that small rigid wing vehicles can not. Thus,
work began to achieve this goal at the turn of the millennium. A recent spur in the
theory for DPS has developed into innovative research in what the Air Force originally
proposed; see [6], [7], and [8]. A recent direction in creating a model for the proposed
micro aerial vehicles has been to model flexible wing structures as Euler Bernoulli
beams attached to a rigid fuselage considered to be a simple rigid mass.

The work in this thesis will build upon the partial differential equation model
developed in [6], [7], [8], and [14]. The model in those works was created by modeling
two flexible Euler-Bernoulli beams connected to a rigid mass. The properties of the
model, such as well-posedness, and the heave dynamics were analyzed using semigroup
analysis and finite element method. The model considered there consisted of a vehicle
initially assumed to be in forward flight. The vehicle’s lift force was modeled using a
nonlinear lift coefficient obtained by adapting a model of lift determined experimentally
for fruit fly wings [10]. Furthermore, the Euler Bernoulli beams were assumed to see an
external viscous damping mechanism to simulate air damping and an internal damping
mechanism called Kelvin Voigt damping to simulate internal damping effects since it
is known that beams undergo internal damping at higher frequencies of oscillations
[2],[20]. The model called BMB in the works mentioned above was proven to be
well-posed and provided promising numerical results in the context of distributed
parameter control. A modification to the model was also made in that the authors
considered the addition of piezoceramic patch actuators (PZTs) as a realistic way

of implementing control designs. Extensive theory can be found in [3] in relation



to piezoceramics and smart materials being used to control beams and plates. The
well-posedness of the BMB model with PZTs was also considered and proven. However,
numerical simulations for the controlled model with PZTs have not yet been performed.

In this work, we hope to gain insight into whether we should pursue a
new material and model the vehicle with the more accurate non-local damping,
or investigate other avenues of modeling and materials. The non-local damping model
we consider will provide a more accurate description of the model using the material
for the estimated parameters, than would previously have been considered with other
damping models [2].

In Chapter 2, we will present a significant amount of theory which will be
referenced while proving Well—bosedness of a linear approximation to the model
developed in Chapter 4. The theory presented will rely heavily on the notions
of functional analysis, Hilbert spaces and linear operators as well as semigroup theory.
Chapter 3 will present a brief overview of the three different control designs used in
this thesis and will provide a few theorems concerning the semigroups generated by the
feedback control laws. In Chapter 4, the model with spatial hysteresis internal damping
is presented. Also, a linear approximation to the model is developed which will be
proven to be well-posed. After model development, theoretical results, well-posedness
and exponentially stable semigroup results concerning our model are presented in
Chapter 5. The finite element scheme used for our work and the Riccati Equation
approximations used are presented in Chapter 6. Chapter 7 will show the numerical
results we obtained using the control designs discussed in Chapter 3. Lastly, Chapter

8 will present some conclusions and future work.



As with any work, a certain amount of prior knowledge is assumed of the reader.
This work assumes the reader is familiar with the following terms: linear operator,
inner product, norm, Hilbert and Banach space, dual space, ordinary differential
equation, and partial differential equation. Furthermore, the reader may benefit from

familiarity with the finite element approach to solving partial differential equations.



CHAPTER 2

MATHEMATICAL PRELIMINARIES

In this chapter, we will provide a brief introduction to the methods used in
the control of linear systems. The terms, definitions, and theorems of Section 2.1 are
given in [17], [18], and [21]. The derivation and definitions given in Section 2.2 are

taken from [19]. The discussion in Section 2.3 primarily follows that found in [3].

2.1 Basic Definitions and Theorems
We will provide some basic definitions and theorems which will be used

throughout Chapter 5.

Definition 2.1. Let H be a Hilbert space and let A: D(A) — H be a linear operator
whose domain D(A) is dense in H. Then A is called self-adjoint if and only if
D(A) = D(A*) and A = A*. The adjoint of A is defined as follows: D(A*) is defined
to be the set of all z € H so that y — (x, Ay) is continuous on D(A). Then for all

z € D(A*) and all y € D(A) the adjoint A* satisfies (A*[z],y) = (z, Aly])-

Definition 2.2. A self-adjoint operator A is said to be coercive in a Hilbert space H

if there is a positive constant c so that

(A, BV > cl|ol|% (2.1)

forall ¢ € H.



The next theorem is a well known result in analysis and states a famous
relationship between an inner product on a space and the norm of the elements of the

inner product. It is known as the Cauchy-Schwarz inequality.

Theorem 2.3. Cauchy-Schwarz Inequality Let X be an inner product space with
inner product {(-,-)x and for oll x € X, let ||z||x = \/{z,z). Then, for all z,y € X

we have

[{z, ) x| < llzllx[lyllx- (2.2)

To use the framework in Section 2.3 we require some operators to be self-adjoint.

The next theorem will be needed in proving that our system operators are self-adjoint.

Theorem 2.4. Fundamental Theorem of Calculus of Variations If g : [z, xs]) —
2

R is a fized measurable function and / {(x)g(z) dz = 0 for every function ( :

[x1,22] = R that is Lipschitizian on [z1,22] and vanishes at the endpoints, then

g(z) =0 for z1 < z < x4 except possibly on a set of measure zero.

2.2 Semigroups
In this section, we will present the concept of a semigroup as well as a brief
motivation for their use. Following the deﬁnitions, some theorems will be presented
which give insight into the types of properties the semigroups we consider will be

shown to have.
Definition 2.5. A pair (S, *) is called a semigroup if for all u,v,w € S we have
ux (v*xw) = (ux*v)*w; (2.3)

where x : S x S — S is a binary operation.



Now if M : § x § — § is the mapping of the binary relation then we have the

following

M (M(u,v),w) = M (u, M(v,w)). (2.4)

To solidify this concept of a semigroup we will consider the following IVP:

Then z(t) is given by

z(t) = e (2.6)

Now define an operator T'(t) as T'(t) [z(s)] = z(t + s). Then T(t)[f] = z(¢) and
T(t) [z(s)] = z(t + s) = T(t + s)[f]. Thus, the operator T satisfies the following:
1. T(0)=Z
and

2. T(t+s)=T(t) o T(s).
We’ll use this to define a semigroup of a family of linear operators.

Definition 2.6. Let X be a Hilbert space. A family T(t),0 <t < oo of bounded linear
operators from X — X is called a semigroup if
1. T(0) =I, here T is the identity on X, and

2. T(s+t) =T(s)oT(t) for all s,t > 0.



It is important to note that the argument of the operators in the semigroup
are the functions z(t), and thus the linearity of T is such that T'(t) [z(s) + y(s)] =

T(@t) [z(s)] + T(2) [y(s)] = z(s + t) + y(s + ).
Definition 2.7. A linear operator A defined by
D(A) = {z € X : lim M, e:m'sts}
t—0+ t
and

_ +
Az = lim Tt)r —x _dT (t)x

t—0+ t t

for x € D(A)

t=0

is the infinitesimal generator of the semigroup T(t), where D (A) is the domain of A.

Definition 2.8. Let X be a Hilbert Space. A semigroup T(t),0 < t < oo of bounded

linear operators is said to be strongly continuous if

lim T(t)z =z for every z € X.

t—0+t

A strongly continuous semigroup of bounded linear operators is a semigroup of class

Co. This will be abbreviated in writing as Cy-semigroup.

Theorem 2.9. Let T(t) be a Cy-semigroup. There are constants w > 0 and M > 1
so that

IT@)| < Me**, for 0 <t < 0.

If there is an w < 0 such that the inequality in Theorem 2.9 is satisfied then

the semigroup is called exponentially stable.

Definition 2.10. An operator A is said to be exponentially stable if it generates an

exponentially stable Cy-semigroup.



2.3 Well-Posedness Theorems

Let V and H be complex Hilbert spaces with corresponding norms || - ||y
and || - ||z. Let (-,-)g denote the inner product on H. We now assume that V is
densely and continuously embedded in H. Therefore, V is dense in H and there is
a positive constant ¢ so that for all ¢ € ~V, we have ||¢||n < ¢||@llv. Now let H be
identified with H* through the Riesz map. Now for each z € H we define ¢(z) € V*
by ¥(2)(¢) = (2, ¢)u for ¢ € V. Through this mapping H is densely and continuously
embedded into V*. This common construction is what is known as a Gelfand triple

and is denoted

Vo H H — V*

and we call H the pivot space. The duality pairing (-, -)y+y will be utilized through

the above Gelfand triple. Define ¢* € V* for ¢ € V by

¢*(¢) = (¢*) ¢>V*,V = r}i{&('zn’ ¢>H
where 2, € H is such that 2z, — ¢* in V*. From here the proofs will use the above

framework and the theory associated with sesquilinear forms which is now defined.

Definition 2.11. Let V and H be vector fields over the same field K = R,C. A
sesquilinear form a is a function from'V x H to K so that for all v,v,,v5 € V, all
h,hy,hy € H and all scalars o, f € K we have

1. a{vy + vo, h) = a(vy, h) + a(ve, h)

2. a(v, h; + ha) = a(v, h1) + a(v, hs)

3. alav, h) = aalv, h)

4. a(v, Bh) = Ba(v, h)
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This means that linearity in the first argument holds, but scalars factor out as
their conjugate in the second argument, therefore implying conjugate linearity.

Assume now that we have a second order in time system given by

4+ D:+ Az = f(t)in V*
(2.7)

2(0) = zy, 2(0) = 2.
To use the framework in this section, Gibson and Adamian state that A must be
coercive in H (the corresponding state space) [12]. Recall from Definition 2.2 that
A is coercive if there exists a constant ¢ such that (A@, @)y > c||d||3, Vé € D(A).
If the operator is not coercive we may choose a bounded, self-adjoint operator to
add to A such that their sum is coercive in H [12]. We now assume that A and D
are generated by sesquilinear forms a and d. It was shown in [16] that there is a

one-to-one correspondence between continuous sesquilinear forms on V' and operators

in £(V,V*). Thus we have

a(z,$) = Az(¢) = (Az,$)v-v 2z,6€V (2.8)
and

d(za ¢) = Dz(¢) = (DZ, ¢>V‘,V Z, ¢ ev (29)

We assume now that a: V x V — C is a sesqulinear form on V that satisfies the

following:

(H1) (Symmetry condition) For all ¢,¢ € V we have a(¢,¢) = a(¢, ¢).
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(H2) (Continuity condition) There exists a constant c; such that for all ¢, € V

la(s, )|l < ellgllviivlly (2.10)

(H3) (Ellipticity condition) There exists a positive constant k; such that for all ¢ € V

Re(a(g, ¢)) = a(¢, ¢) > kill6]*. (2.11)

The sesqulinear form d is defined on a Hilbert space V; such that the following

containments hold: V C V, C H. The Gelfand triple,
VoV, HEH o V)< VY (2.12)

is considered with the duality pairing (-, -)v; v,. Suppose that the sesquilinear form
d: Vy, x Vo — C satisfies:

(H4) (Continuity condition) There exists a constant c; such that for all ¢,v € V,

ld(¢, )|l < callglivall#lve- (2.13)
(H5) (Coercivity condition) There exists constants k; > 0, A\g > 0 such that for all
peVs

Re(d(¢, 4)) + Xollolly > kallolZ, (2.14)

Lastly, one regularity assumption is made about f(t):

(H6) The input function f satisfies f € L?[(0,T), V5.

Using the above hypotheses we consider the variational form of (2.7) given by
(2,¢) +d(2,¢) +a(z,¢) = (f,¢) for g€V,
(2.15)

2(0) = zp, 2(0) = 2.
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Theorem 2.12 ([3]). Suppose that a,d and f satisfy H1-H6 and that wy € V,w; €
H. Then there exists a unigque solution w of (2.15) with w € Ly ((0,T),V),w €
Ly ((0,T),V3) and w € Ly ((0,T),V*). Moreover, solutions of (2.15) depend continu-

ously on the data (wy, ws, f) in that the map (wo, wy, f) = (w, W) is continuous from

V x Hx Ly ((0,T),Vy) to Ly ((0,T),V) x Ly ((0,T), Va).

2.4 Semigroup Theorems
To consider the semigroup properties of the system, define the space £ =V x H.
Furthermore, foregoing motivation, let #; = R({ — .Ai) where R is the range for some

¢ > 0 [3]. We consider rewriting (2.15) in first order form

<zv> = <Ji§(t),v*> +(F(8),v"), 3(0) = 5, . (210

where D (A) — {(¢9) eH:peV,Ap+ Dy € H} and v* € D (/\*). The follow-
ing theorem provides the criteria such that the semigroup generated by Ais strongly

continuous.

Theorem 2.13 ([3]). Under hypotheses H1-H5 on a,d, the operator A generates a

Co-semigroup T(t) on H =V x H which satisfies || T(t)|l;, < eM.

The semigroup generated through this theorem is known as a contraction
semigroup and is a stronger condition than the condition of a Cyo—semigroup. It does
imply that provided we meet the hypotheses that we a get a strongly continuous
semigroup, but it is advantageous to know it has more properties which may be

beneficial for future analysis. The next theorem states that if we add a bounded
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linear operator to a generator of a strongly continuous semigroup then their sum
will generate a strongly continuous semigroup. We will rephrase it to fit with the

framework developed in this section.

Theorem 2.14 ([19]). Suppose A is the generator of a Co—semigroup. If B is
a bounded linear operator on H, then A + B is the infinitesimal generator of a
Co—semigroup S(t) on H satisfying ||S(t)||,, < MM Bl where w is from the

inequality in Theorem 2.9 for A.

The last theorem presented here shows that if the first order system generates
a strongly continuous semigroup then the weak formulation of the system has a unique

solution which can be represented in terms of the semigroup generated.

Theorem 2.15 ([1]). There exists a unique solution of (2.16) which has continu-
ous dependence on initial data if and only if A is the infinitesimal generator of a

Co—semigroup T(t) of bounded linear operators on H, and in this case Z is given by

5t) = T(t) + /0 Tt — ) F(s)dr, 0<t <T. (2.17)



CHAPTER 3

LINEAR FEEDBACK CONTROL

We will now discuss the basic theory behind linear quadratic control. The
systems upon which control design is developed are assumed to be linear. The
minimization that takes place is quadratic in the cost function. The infinite dimensional
outline is given in this chapter; however, the layout follows closely to that in the finite

dimensional text by Dorato et. al. [11]. The infinite dimensional treatises can be

found in [9], [12], and [13].

3.1 Full State Feedback Design (LQR)

Full state feedback refers to the fact that complete information about the
system is available for feedback. The Linear Quadratic Regulator (LQR) problem is
constructed so that the state of the system is driven to zero.

Let E be a Hilbert space and the dynamics of a linear system be governed by

the following;:

§ = At + Bu, £(0) = &, (3.1)

where D(A) C X, (1) is some state, and u(t) € R™ is a control input vector which

will be uniquely determined. Furthermore, B : R™ — E is the control operator. In

14
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this work we wish to transform the state £ starting at & to another state §~ using a
linear feedback control. This type of linear tracking problem is called a disturbance
rejection problem. In the disturbance rejection problem we assume that the system

dynamics are given by

& = Az + Bu + w(t), z(0) = xo, (3.2)

where w(t) = A¢ - é +# 0 is a disturbance signal and = £ — €. Our desire is to find a

control input that minimizes the cost function

T
V(z,u) =/; ((z, Qz) p + v Ru)dr. (3.3)

The operator @ : E — E is positive-semidefinite and in this work will be Q = Z, and
R : R™ — R™ is positive definite which will take the form R = cI where Z is the
identity and ¢ is some constant. To obtain the control law u for this so called Linear
Quadratic Regulator (LQR) problem, we must solve the Differential Riccati Equation

(DRE)

—I1 = ATTI(¢) + T1(t)A + Q — TI(t) BR™* BT1I(¢), II(T) =0, (3.4)
integrating backward in time from the final condition. The feedback gain operator X

is then defined as

K = R'B'II(t). (3.5)

The feedforward signal uy,(t) is defined as
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Uy = —RIB*b(t). (3.6)
Here b(t) is given by solving the system

b(t) = — [A — BR'II(¢)] " b(2), H(T) = 0. (3.7)

Once we have I1(t) and b(t), the control law u(t) is given by

u=—Kz(t) + usy. (3.8)

If we substitute Equation (3.8) into Equation (3.2), we obtain the following closed-loop

full state feedback-controlled system

£(t) = A — BK]z(t) — Buj,. (3.9)

In the limiting case as T — oo the Differential Riccati Equation (3.4) becomes the

Control Algebraic Riccati Equation (CARE)

AMI(t) + II(t) A + Q — TI(#) BR™1B*T1(¢) = 0. (3.10)

3.2 State Estimate Control Design
In reality we most likely do not have complete knowledge of the system for
feedback purposes. However, we assume that we are able to measure the system in

(3.2) and that measurement takes the form

y(t) = Cz(t), (3.11)
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where C : E — RP is an operator that determines how we measure the system. We
can use this information to provide some feedback into the system to apply control
effort. In this section two state estimate control designs will be presented: the first

will be Linear Quadratic Guassian (LQG), the second will be Central Control Design.

3.2.1 The Linear Quadratic Gaussian Tracking Problem (LQG)

After measuring the system we have the estimate

T = Acxo(t) + Fy(t), z.(0) =z
(3.12)

u=—Kz(t) =ty

Much of the theory of determining the operators A,, F, and K is found in [11] and

[12].

z A -BK z Bugy, z(0) Zg
= — 5 = . (3 13)

I, FC A, T 0 z(0) Teg

Definitions of stabilizable and detectable will now be presented to ensure that the

feedback closed loop system operators can be found.

Definition 3.1. The state ¥(A,B,C) is said to be exponentially stable if A is

exponentially stable as an operator.

Definition 3.2. The state £(A, B,C) is said to be stabilizable if there exists a linear
operator F : X — U such that A + BF is exponentially stable as an operator. It is

standard to refer to just the pair (A, B) as being stabilizable.
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Definition 3.3. The state (A, B,C) is said to be detectable if there is a linear
operator L : Y — X such that A+ LC is exponentially stable as an operator. It is

standard to refer to just the pair (A,C) as being detectable.

Under the assumptions of (A, B) and (A4, C) being stabilizable and detectable
respectively, the operators A., F, and K are found by solving the ARE 3.10 and
solving an additional Riccati equation know as the Filter Algebraic Riccati Equation

(FARE):

AP(t) + P(t)A* — P(t)C*R™ICP(t) + Q = 0. (3.14)

Here R = kZ. In this work the operator (2 is also assumed to be Z. The control gain

operator and control law are then given by

K=RBI
F = PC*R™} (3.15)
Ac = .A- - BK - FC.

According to the previous assumptions the closed loop system (3.13) is stable.

3.2.2 Central Control Design

The design of what is known by Glover and McFarlane as the Central controller
is presented in full in[13] and summarized by Skogestad and Postlethwaite in [22]. A
proper treatise of the frequency domain and derivation of robustness conditions is
given in [13]. Since the focus of the work here is not on maximizing robustness but

rather on comparing controller effort for a specific model, we will forego the in depth
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discussion of the Central controller’s deep origins in the frequency domain. The first

step in designing the Central controller is to calculate a parameter

Ymin = 1 + /o (IIP), (3.16)
where o is the spectral radius (in finite dimensions o is just the maximum eigenvalue).
Just as for the LQG controller, IT and P are solutions to the Algebraic and Filter
Riccati Equations (3.10) and (3.14). As this controller only sees an estimate of the
state we are given the state estimate system

fo = Acz(t) + Fy(t), z(0) =z
(3.17)

u=Kz.(t) — usy

Note the difference in the control law u. Under the assumptions of stabilizablity and
detectability the closed loop system is stable and after II and P are obtained we define

the following:

K =BT
L=1-~+)I+T1P
(3.18)
F = 72(£*)_1PC*R_1
A= A—BRBII++* (L") PC*C.
It is important enough to mention that if we choose v = Ymin, then £ = —c(ILP)I+IIP
is singular. This implies that with this choice of v the controller cannot be directly

implemented numerically. A common choice for v is the multiple v = 1.1 * 7y, [22].

For computational purposes we have chosen vy = 1.2 * Ynin.
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3.3 Useful Theorems
In this section we will state a few useful theorems from [12] for showing
uniqueness of solutions to Ricatti equations (3.10) and (3.14). Furthermore, we see
the conditions that are needed for generation of exponentially stable semigroups by

closed-loop feedback operators.

Theorem 3.4. There exists a nonnegative self-adjoint solution of (8.10) if and only
if, for each z € F, there is a control u such that V(x,u) is finite. If Il is the minimal
nonnegative self-adjoint solutions of (3.10), then the unique control u(-) that minimizes

V(z,u) and optimal trajectory are given by
u(t) = —R™'B*Tlz(t) (3.19)

and

2(t) = S(t)z (3.20)

where S(t) is the semigroup generated by A— BR™B*Il. Furthermore, if Q is coercive

in E then S(t) is uniformly exponentially stable.

Now define

A -BK
Acooo = (3.21)

FC A

from (3.13). Furthermore let S(t) be the semigroup generated by A — PC*R™'C. If
we replace A, B, @, R,II in Theorem 3.4 with A*,C*,Q, R, and P we obtain a unique
minimal solution to the Filter Riccati Equation (3.14) and furthermore show that the

S(t) is uniformly exponentially stable if Q is coercive in E.
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Theorem 3.5. Suppose that there exist positive constants My, My, a1, and ay such

that

1Sl g < Mie™™, HS‘(t)HE < Mye=02t ¢ > 0. (3.22)
Then, for each real a3 < min{ay, as}, there exists a constant Mz such that

150000 ()| < Mae™®, €20 (3.23)



CHAPTER 4

MICRO AERIAL VEHICLE MODEL WITH SPATIAL
HYSTERESIS DAMPING

4.1 Model
The model upon which this work builds was developed in [6]. The original
beam-mass-beam model called “BMB” consists of two beams composed of latex and
carbon graphite fiber with epoxy connected to a rigid mass. That initial model
implemented viscous air damping and Kelvin Voigt internal damping. The initial

model can be visualized as in Figure 4.1.

[

Figure 4.1: MAV beam-mass-beam system.

The system represents a one-dimensional micro aerial vehicle. The vehicle is

only assumed to be capable of heave dynamics in this work. The vehicle is assumed to

22
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be in balanced flight, i.e. lift and gravity are balanced at the start of any simulation,
and the vehicle is gliding with flexible wings that can morph rather than flap.

The original model was analyzed in great depth (see [6], [7], [8], [14]). The
first change made here will use the results in [2] which suggests that the BMB model
can be improved by incorporating spatial hysteresis internal damping. Banks and
Inman showed that spatial hysteresis damping more accurately describes the damping
of a flexible beam than other internal damping models, such as Kelvin-Voigt, time
hystersis, and structural damping. Spatial hysteresis damping, as the term was coined
by Banks, was introduced by Russell in [20]. It takes into account damping of a
differential element of beam caused by internal friction with neighboring differential
elements due to different bending rates. These damping effects are caused by energy
dissipation within the beam due to fiber dynamics. This type of damping is often
referred to as non-local damping because it takes into account the neighboring sections
of the beam when considering damping properties.

The second change, in cooperation with the first, will be the adaptation of the
material used experimentally and modeled in the work done by Banks and Inman.
The flexible beam in [2] was composed of biaxial fiberglass roving, polyester yarn, and
isophtalic polyester resin, which we will now consider to constitute our beams as well.

Adapting the work done by Banks and Inman, we can modify the original BMB model
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using the following equations for the left and right beams respectively:

a £
pAYL (t,zr) +yur (¢, z1) — Er [/o h(zp, &) [y, (t,xL) — i (8, €)] d€

(4.1)
+EIw}" (t,z1) = b(zy) ug, (t) — 0.5p,0%cCy,
for0<zp<{fandt>0, and
5 en+2¢
pAwR (ta mR) + ’YwR (ta zR) - 5_—. |:/ h (.’I?R, é) [wlR (ta IL'R) - w’R (ta é)] d&
IR {4+
+EIw} (t,zg) = b(zr) ur (t) — 0.5p,0%cCy,
(4.2)

for £ + ¢y < zp < €ar+2¢ and t > 0. Here the displacement w(¢, z) is a combination
of beam displacement from equilibrium as well as over all rigid body displacement from
the initial location in the air. Furthermore, p is the density of the beam material, A is
the cross-sectional area of the beam, « is the air damping coeflicient, E is the modulus
of the material, I is the area moment of inertia of the beam, b is the control input, u
is the controller, p, is the density of air at sea level, v is the forward velocity of the
vehicle, ¢ is the chord length of the beam, and C is the aerodynamic lift coefficient.

The functions h (z,£) and Cy, = € {z1, zgr}, have the forms

h@,6) = > jﬁe-‘x—{é’f (4.3)

and

C, = [kl + ky sin (k'g arctan (w——(t’—mv)_'_—l%> + h)} . (4.4)

The aerodynamic lift coefficient, C,, was derived in [10] for a fruit fly model. It

has been scaled here to accommodate the BMB model. The parameters k;, ko, k3, and
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k4 were best fit parameters from [10]. To scale up to an aircraft of the size we consider
and to balance generated lift with gravity we have modified k; from that in [10] and
let k4 = 0. In [8], a new parameter k5 was added to the lift coefficient to incorporate
a vertical wind velocity, which will remain in this work as well. The way we interpret
the lift force has changed from the early work done with the BMB model. Originally,
the model included gravity and the total lift forces. However, we have streamlined
the model in the assumption that the model is already in balanced flight or in an
equilibrium. Therefore, the new interpretation of the lift force is that of a perturbation
lift acting on the system that is already balanced. This interpretation of the lift force
in the model is suggested by research collaborator Dr. Animesh Chakravarthy at
Wichita State University.

The interaction kernel h(x, £), as it is described in [2] and [20], is symmetric.
Symmetry of h(z,&) follows from Newton’s second law [20]. Although we see a
Gaussian form here, the term h(z, ) can take different forms depending on what type
of material composes the beam. We have chosen the above Gaussian form to make
use of the results presented in [2]. We see here that h is nonnegative and bounded;
thus, there are constants 7, u > 0 where 7 < h(z,§) < p.

The boundary conditions presented in Table 4.1 are those from standard beam
theory. Furthermore, they include the conditions for the beams which incorporate

spatial hysteresis damping [2], [4].
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Table 4.1: Boundary Conditions

| Boundary Condition | Physical Interpretation
ETw] (t,0) =0 Zero bending moment
Eluwl (e +20) =0 = at the two free ends
ETw? (£,0)
£
- [/ h{zr,€) [W(t,zL) — WL(t,€) ] d{] Zero shear force
[ J:L"‘O
EIvg (t,£+ ear) at the two free ends
Epg+2¢ , ,
1L b, ©) [kt zr) - wh(t, )] de
trenm rp=fr+2¢
ETw] (t,£) Change in shear force
[/ hizr, &) [Wi(t,zL) — Wy (2, 5)] d&] across the rigid mass equals
zp=f
—ETuwlf (t, €+ £x) the rigid mass (m) multiplied by
epr+2¢€
+ [/ h(z R, €) [Wr(t,zR) — Wwr(t,£)] dE =miy (t,€) its acceleration
Al T g=8+lar
wy, (t,8) = wr (t,£+ M) Continuity of deflection

across the rigid mass

wr, (t,£) =0 Zero slope at each

wo (L, 84+ €M) =0 end of rigid mass

4.1.1 Linearization of Lift Coefficient

To apply linear control methods as described in [11], {12], and [22], we must
obtain a linear system for which we can develop the controllers. The only nonlinearity
in the system is seen in the aerodynamic lift coefficient, C,. The lineariztion process
is now presented. The vehicle is assumed to be moving at a higher velocity in the
forward direction than in the vertical direction. Thus, we can assume the following

approximation holds:

arctan (w(t, xv) * ks) ~ w(t, xv) + k5. (4.5)

Now if we substitute this approximation into the Taylor Series expansion of C; and

recall that k4 = 0 we obtain

- k2z & (1) (kg(u')(t,z) + k5)>2"+1_ (46)

v
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In the linear approximation we keep only the linear term from the series which is
k—i)k—3w(t, z). Note here that we do not keep the constant terms in the approximation.
The constant terms are excluded due to the desire to have the lift be wholly a part of
the damping operator for analysis purposes. We do not want to split the lift force
into the damping operator and an external force operator. If the lift were split in this
fashion, we would then be attempting to incorporate part of the lift into the controller
and trying to reject part of the lift though some rejection process. We have elected
to wholly absorb the lift force into the system operator. Thus, we have the final lift
coefficient approximation

Cy =~ %@w(t,x). (4.7)

Assuming a linearized lift function, (4.1) and (4.2) can be rewritten in a linear form as

£
pAty (t,x1) + v (¢, 21) — 5% UO h(zp,€) [y, (t,xL) — i (1, €)] d€

(4.8)
2
FEIW" (1, 51) = b(zr) us (t) — 2PV 0,
for0<zp<fandt >0, and
8 Eng+28
pA’lUR (t’ zR) + 7wR (t7 ‘TR) - 87}2 [/ h (iER, f) [wlR (t1 xR) - w;i (ta g)] dé
E+Epr

+EI’U)7{” (t,CIJR) = b(.’I?R) Up (t) — Wg (t, iL’R)

0.5,0,1’020,(?2’63 .
v

(4.9)

for {+ €y < zp <€y +2¢andt > 0. As stated above, the control design will be

developed on the linear approximation of the BMB model. Once the controllers are
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developed they will then be applied to the nonlinear system that arises from (4.1)
and (4.2). The next chapter will show that the control problem is well-posed and the
first order system feedback operators used in the control design produce exponentially

stable Cy—semigroups for our particular system.



CHAPTER 5

THEORETICAL ANALYSIS

5.1 Well-Posedness and Semigroup Results
Using the framework developed in Chapter 2, the well-posedness of the linearized
BMB model with spatial hysteresis damping will now be proven. Given two real
Hilbert spaces V' and S, let the s’gate space be S := Ly [0, €] x Ly [€ + £pr, €ar + 2€) x R.
Equations (4.8) and (4.9) along with the boundary conditions in Table 4.1 can be

rewritten with acceleration terms first as:

pAwy (¢, zr) + i (t,z1)

_9 [ /0 lh, (z1,€) [%m (t,xr) — %m (t,é)} df}

BIL‘L

5 0.5 av2ck ks .
+E1thl (t,x1) =b(zr)ur(t) - ”“e"{}”"z“ng (t,ze),
L

pA'(I)R (t, QSR) + ’}”li)R (t, fIIR)

a Erg+2¢ 6 ) 8 )
~3en [/HeM h(zg, &) [—awaR (t,zg) — _&chR (taf)] d§}
o 0.5p,0%ckoks |
+EI(—9;—;{wR (t,2r) = b(zr) ur () — —-—-’i’;f-ii‘wk (t,zR),

29



o° ‘ d . o .
EI"a—:-I':'%—QUL (t, f) - i:/o h(xL,é) [é—;ng(t,xL) - 'é“x“zw[,(t,g)] df:l

rr=f

63
—EI——wg (t,€+ fy)

a3, 3
I +24 8 a
+ h(zg, & [——w t,zg) — —w t,f]djl = may, (t,¢),
o, Hn® [ginttnn) — gm0 de| =m0
—
El —w (t,0) =0,
a2 "
82
EISTLU)L t,0) — [/ h(zp,& {aiwL(t TL) — —é?———wl (t, 6)} d{] =0,
z =0
03
O +2¢ B 6
— h(zg, &) | =—wr(t, zg) — —wg(t, €)| d =0,
[/£+£M (7:8) {BwaR( =) 31’RwR( O] é]m:gwrgg

wy, (t,@) ~—wR(t,é+€M) =0,

0
5;;’(1}[1 (t, f) = 0,

0
B_x;wR(t é+€M)—‘0

30
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Define the following operator such that

0 2 0 0
(’Y + 0.5p,vckaks — 32 [/xl h(z,€) [a - %'(t,&)] df]) W (¢, z)
— i (£, 7) + 0.5pavckaksth (¢, ) — a% [ / " h(z,6) [a%w (t.z) - ;%“" (t,f)] d{] .

Now we can rewrite (5.1) as

(pA) i (t, zL)
+ (7 + 0.5p,vckaks — 5% [/ h(zy,€) [% - ——l(t 5)] d§]> wp (¢, zr)

+EI—84:—7.UL

pr) (t,z) =b(zL)uL (),

(pA) g (t, Tr)

Ipg+2¢
+ (7 + 0.5p,vckaks — 0 [/ h (xR, &) [87 - 8% t&)] de wr (t,TR)

Ozr +Lpr

4

+EI~—6-——~w

az‘;t R(t, :I)R) = b(:ZIR) URr (t),

3

. 0
muwy, (t, 2) - EIB—E’U)L (t, E)

U h(z1,€) [Bm 0 |m}dg] s (¢, mL)+E1883RwR(t£+£M)

:I:L—-Z

—[[mweh(a‘ £) [—3_——5’—| }dﬁ] b (8, 2) = 0
et 'R dzn  Orgm (t,8) . R\, TR
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2

Efé%wL (£,0) =0,

2

0
El—-wp (t, by + 28) = (),
or%

E12 0, 4,0) - /eh( o2 - 2 uoldel  wran =0
‘%iwL ) A rr, oz, OrL (t.8) szowL »IL) = U,

3

0
EI————wR (t, {+ éM)
or?,

Ir+2¢ 6 a ] ]
- h(zr,&) | 7— — — d wg (t,zr) =0,
[/e+ (zr,§) [é)xR Bz 4O £ N r(t,ZR)

£nm
wy, (t,é) — WR (t,f-}‘ EM) = O,

0
Ewll (t') Z) - 07

0

Now divide through each equation by the constants in front of the acceleration terms.

Spavckok 1 .
Letl“=;’%+9—5££§—2—§ andAz—pjtoobtaln

wy, (t,zL) + (F - Ai [/Oeh(xbf) [i -9 (t,é)] dﬁ]) wy, (¢, TL)

ory, ory Oz

EI &*

+-/-)-Zb?wll (t,xr) = Ab(zL)ur (1),
L
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g (t,TR) + (F Ai [/;::2! (zr,€) [g - —l(ts)} df]) wr (¢, Zr)

81‘3
EI o
'1’“;2'8?'10}3 (t, SL‘R) =Ab (IL‘R) UR (t) ,
R
. EI & 0 .
W, (t,€) — Hé‘_xi [/ h(zr, € {—;L' ~ 52 zg)} df} e w, (t,zL)
EI a3
P 3 wr (8, €+ Cy)
L[ e | (t2n)
A b0 [l sntmn
m | Jeren ox +0 zp=l+Ep
2
Efa%m (¢,0) =0,
L

2

0
EI-Z wp (t, by +26) =0,
8z§2

EI——-—-’U)L t, 0 [/ h IIJL, [ 0 ] d§j| wy, (t, :L‘L) =0,
.’L‘L Bx z1,=0

3

0

a1 +2¢
- UH h(zr,€) [;3;- - '———l(t e)] dﬁ} wr (t,7r) =0,

€p zr=Cr+2¢
wy, (t,€) —wr (t, €+ ) =0,

0
-a—az’U)L (t é) 0,

0
5;,;’“’” (t7£ +£M) =

(5.3)



Let the state z(t) = (21(t), z2(t), 23

(t)) € S, where z(t)

z3(t) = wy, (¢, £). The inner product on S is taken to be

(2,2)g = (pAz1, 21) 1,10, + (PAZ2, 22) L1 0p 0420 T V2855

From this, the system of second order differential equations

£(t) + Doz(t) + Ao2(1)

=Bu(t) inS

is obtained, where the operators Dy and Ay are given by

D()Z =

= (L (0)2(0) -

Aoz =

where D (Ag) = {z € S : z1 € H*[0,4], 20 € H*[€ + Luy, s + 2€), 2} (£)

’ (£+£M) =0 zl(f) — 23

FZ]

— A2 (VLT - Gu) [# ()]

D2y — A2 (vaZ — G) [24(-)]

Az

EI &
;ZB?Z:Z(')
E[ & E'I o3
3 a3 1( ) 3 3

EI &*

el (€+€M)

=0, 29 (£ + £pr) — 23 = 0}. Furthermore,

=0,

34

=wr (), 2(t) = we(t,-),

(5.4)

(5.5)

GLO[21(-)] — vr (€ + Lar) 25 (€ + €ar) 4 Gr(€ + €ar)[25()])

b
V4] (= / h(z,€) d¢ ¢(z) and G[¢)(z) = / h(z,€) () dé. That is, for the G

operators in (5.6), the input is the function argument 2 as a function of the integration
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variable. Furthermore,

Bu =1 0 AT 0| ur() | = Abug() (5.8)
0 0 I 0 0

and b(x) = b is constant across each beam.
Equation (5.5) can be rewritten in the form of (2.16) where 2; = 2,2; =

z, F(t) =1[0,B]", and

A= (5.9)
~A; ~Dy

The operator A4 is not coercive in S since it was shown in [14] that the
undamped uncontrolled system has an eigenvalue of zero. According to [12], a
bounded, self-adjoint linear operator A; can be chosen such that A = A, + A4,
is coercive. The choice of operator suggested in [12] is one whose null space is
the orthogonal complement of the eigenspace of 4y corresponding to nonpositive
eigenvalues. Note here that there are infinitely many ways to choose A;.

Consider A; = Z. Note that Z € S is bounded, linear, and self-adjoint.
Then define V to be the completion of D (Ap) with respect to the inner product
(z,y)y = <Az, y>s for z,y € D (Ay) (see [12]). ThenV =D (11/2) =D (.A(l)ﬁ) and
D (A}]/Q) is contained in the set {2 € S:21 € H*(0,€],20 € H* [+ Lpr, £as + 2€]

21(6)=0,25(6+L€p) =0,29 () — 23 =0,20 (£ + €y) — 23 = 0}. We now make the
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following observation,

"N no=n

(2,2)y = (BIZ, %) 1,00+ (El2, 5) sy eni2g + (A12,2)g
= (Az,2) (5.10)
s

= <Al/ %z, A1/22> :

)

We note here that the last equality in (5.10) is due to the fact that square root
operators are symmetric. To show that A is coercive we must first show that it is self-
adjoint for consistency with Definition 2.2. The next lemma will show that D (Ay) is
densely defined. However, first note that C§° [0,€] C H*[0,€] C L, [0,£] and similarly
C e+ bprybm +26) C H [0+ Lpg,bpr +20) C Lo [€+ €y, b + 2€). However, it is
well known that C§° is dense in Ly. Hence, H 4 is dense in Ls. We will use this result

in the estimates for the proof of Lemma 5.1.
Lemma 5.1. D(A) is dense in S.

Proof. The proof is similar to a proof provided in [23]. Let ¢ > 0 and assume that
z=(21,2,2) €S. Let ¢1(-) € H*[0, £] be such that ¢}(£) = 0, ¥; (£) = 23, and

€

4
pa [ Wr(or) — a(en)f dow < 3

Also, let (-) € H*[€ + £rr, £ar + 2€] be such that 15 (€ + €ar) = 0, 12 (£ + £rr) = 23,

and

s +2¢ €
oA / Walon) ~ 22(zn)] dan < &
+epr
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This construction implies that Z = (11, ¢, 23) € D (A4g) and

o= l% = (2~ 22— 2)g
3
= A / (aez) = )" o

Lpr+2¢
+PA/ (22(zr) — Y2(zr))? drr + (23 — 23)°
£+Ear

Lar+2£

Y]
PA/ Izl(xL) - ¢1($L)|2 dzy + pA |Z2($R) - 1,02(1;R)|2 dzg
0 £4-Epr

IA

Therefore Ay is densely defined in S.

a

Theorem 5.2. The operator A is self-adjoint with respect to the inner product on S

defined in (5.4).

Proof. By definition of A, all that needs to be shown is that A4, is self-adjoint.
The proof will follow similarly to self-adjoint arguments in [5], [14], [16] and [23].
Recall from Definition 2.1 that we must show A5 = Ay and D (A4;) = D (A). For
D (Ap) C D (A;), the containment is clear. The reverse containment will be provided

later. Now to establish the definition of A}, assume there is a & € S such that

(Aoz, ®) s — <z,<i’>s =0 for all z € D (Ap).
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Equivalently, we can say that ® € D (A4y) if the above holds. The following is then

obtained by definition of the inner product on S:

n EM+2£ n
/ EIZl (.’L‘L)¢1 (2?1,) d.’IIL+/ EIZ2 (xR)¢2(xR) dxrp
ey
4 N Oar+2¢ .
—"EIZ;” ( )¢3 + EIZ”/ (E + KM) ¢3 - / pAZlél dSEL — / pA22¢2 d:rR (511)
0 £+Ep
—mz3¢~>3 =0.

Now integrate the last two integrals by parts four times to obtain

/ [Elz;’” (z1) ¢1 (x1) — pA / / / / é1(7) drdxd(dfz;"'] dzy
e +2¢ o .
+/ [Efzz (zR) ¢2 (zr) pA/ / / ¢o(7) drdxd¢dez, } drp
L4+Ep O4lp Jertny vy Sty
T ) zr pl ) zr € pC ;
il [Chael —x [ [ a0 aca e [T [ 00 avacar
0 0 0 0 0 o Jo 0
zL, 6 L rx L I TR Epr+2¢8
[T [ e araxacae], - [ e df{
o Jo Jo Jo 0 486 E+bpm
ZR £ ~ Er+2¢
4 [T daca e [ 0 anacae!
O+tp ot t+enm tttpy Sty Jerty

" TR ¢ ¢ X 7 En+2¢ "
2 / / / a(7) drdxd(dgl } — EIZ" (£) ¢
E48pg JU+ep JEFHEp JEEN +Lar

+EIZ”, (é + EM) ¢3 - mZ3$3 =0

£ar420

(5.12)
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Now note that D (Ap) contains D, = {z €S:2,€ Hy[0,8),20 =23 = 0}. Therefore,

(5.12) holds for all z € D;, and we can obtain the following;:

/02 zim (z1) lE1¢1 (z1) — pA /OzL /0€ /OC /Ox q~51('r) d’rdxd(d{] dry =0. (5.13)

Now, applying Theorem 2.4 we can write

zr € S8 X .
El¢y(z1) — pA/ / / / é1(7) drdxd(d¢ = d + cxp + ba? +azs  (5.14)
o Jo Jo Jo

where a, b, ¢, and d are constants. This implies that

zL € ¢ rx L
¢1(xL) = 1 pA/ / / / é1(7) drdxd¢d€é +d + cxp + bz +ax3| (5.15)
EI o Jo Jo Jo
Therefore, ¢,(x,) € H*[0,£] and differentiating ¢; four times yields

A -~ -
1= Erhian) = diw) =

E_{ "

5.16

Similarly D (A) contains Dy = {z €Sz € Hy[0+ by, bpy +20) 2y = 23 = 0}. Thus,

we also have

Ear+2¢ o TR £ ¢ X
[0 4 @) [E1¢($R)—PA [ $al) drdxd(df} dzp =0,

£+E€p E+lpg S ey S0 S EH-Ey
(5.17)
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Applying Theorem 2.4, we write

R 13 ¢ X
El¢y (zg) — pA/ / / ¢o(T) drdxd(dE = 6+ yxp + ,B:L‘%g + a:c%,
t+eng Jeoag Jeten Jevey
(5.18)

where a, 3,7, and § are constants. Rewriting yields the following:

1 £ e X
¢2 (ZR) = — lpA/ / / ¢o(7) drdxd(d€ + 8 + yxg + ﬁa:% + ax% .
EI C4+epr JElHEpg JElHEps SE+HE
(5.19)

Therefore ¢3(zg) € H* [€ + £ar, £ + 2€] and differentiating ¢, four times yields

5 (TR) = Ef}ﬁbz(ﬂ?}z) = ¢o(zr) = ¢"”( R)- (5.20)

Substitute q§1 and q~52 into Equation (5.11) and integrate the first two integrals by

parts four times to obtain

£
/EIZl(‘TL) /III( L) d(DL—'/ pA IE_¢IIII
0

Erg+2¢ 28 EI
+/ EIZ2 (IIIR) o (.'JSR) de - f pA22— Izm(:IIR) d.’ER
O+ E+En pA

_EIZ’”( )¢3+EIZI" (€+£M)¢3+EI [ III¢1| - Z 1 Zl¢,”

" bmt2e
— 29 5

)
] — m23ds =0
(5.21)

El ”,¢ Err+2¢ M+2L Epr+2£
+EL |4, |
£+

-2
2 2!+L’M

M +E€p1
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Canceling the first four integrals and evaluating the terms in brackets gives

—EIZ" (£) ¢3+ EIZ) (€4 €a) ¢3 + EIZ) (€)$1(€) — EIZ(0)¢1(0) — EIz{(€)¢7(€)
+E12/(0)¢,(0) + EIZ(£)¢1(€) — EI2/(0)¢1(0) — Elz(6)47'(£) + EI121(0)¢7'(0)
FEIZ (61 + 20) g (g + 20) — EIZY (£ + £ag) 3 (£ + Lar)

~EIzy (Enr + 26) ¢ (bpr + 28) + Elzy (€+ €ar) ¢ (£ + €pr)

+EIZ, (€y + 20) ¢ (€ag + 20) — EIZ, (€ + Lag) ¢ (£ + L)

—EI2 (£M + 26) '2” (KM + 2@) + Elz (f + ZM) I2” (6 + EM) — ngq~53 = (.
(5.22)

Now using the properties of D (A4,) applied to z and regrouping we are left with

EIZ" (£) [$1(€) — ¢s] + ET2y' (£+ €ur) [5 — b2 (£ + £y)] — ET2"(0)¢:1(0)

—EI2)(€)¢,(€) + EI2/(0)¢1(0) — EI2(0)#7(0) + EIz(0)4;'(0)

FEL €y + 26) g (€ar +20) — EIZ (Er + 26) &y (£xg + 20)

+EIZ (€ + tr) ¢ (€ + Lar) + E12, (rr + 26) 8 (€ns + 20)

_Elz (€ar + 26) 62 (£ar + 26) + 23 [EI¢’2” (£ + £y) — EIS"(€) — m&ss] =0
(

5.23)

Because (5.23) must hold for arbitrary z € S, then it must be true that

% [EI U (€ + Ca) — EIQ"(6) — mq“s3] =0. (5.24)
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Equation (5.24) implies

By =~ [81(0) ~ 8 (£+ )], (5.29)

and the remaining terms in (5.23) must sum to zero. Choosing different subsets for
z of D (Ap), for which terms in (5.23) are eliminated, determines the domain of the

adjoint. This implies that
D(A;) C {®E€S:¢cH 0,8, € HY L+ bar, ar +26],84(£) =0
B4 (£+ tar) = 0,61(8) — s = 0,60 (£ + Err) — ¢3 =0} (5.26)
= D(A).

Thus D (A;) = D (A4p), and

A Hot"
Ae=0=4, | = % o = Ayd. (5.27)
b3 | | Hrey (+ ) — (0

Therefore AP = Ay® for all & € D (Ap), and Ay is self-adjoint. Furthermore, this
means that A = Ay + A; is self-adjoint.

a

A short computation will show that A is indeed coercive in the state space S.
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Theorem 5.3. The operator A of bounded perturbation of Ay is coercive in S.

Proof.

<.Az, Z>S = (2,2)y = (BIZ, 2} 1,00 + (B125, 2) Ljpser g T (A12,2)5
"

= (El, anz{o,z] + (Elz, Z;I>L2{e+eM,eM+2e] + (pA=, 21>L2[0,L’]

+{pAza, Z2>L2{e+em,em+2e] + mz3z3

v

c{pAz, 21) 100 T € (PAZ2, 22) 1y ra0y ng+20) T 2323
= ¢}
(5.28)
for0<ec<1.

O

Now that we have a coercive operator we can exploit the theory developed in
Chapter 2. The first thing will be to determine the sesquilinear forms associated with
A and D = Dy + A;. According to [3], when considering spatial hysteresis damping in
a single Euler-Bernoulli beam, it is natural to let V5 = H'[0,£]. A slight modification
will suit our multiple component model. Let Vo = H* [0,£] x H* [£ + £y, €3 + 26 x R.

The inner product on V; is taken as

(2,2)y, = (21, 1) o g + (22, 22) i pprayg epg 42 + (Ar2, 2)s - (5.29)
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Now let ¢ € V and z € S. Then

(Aoz, ‘I>>s = (EIz;”’, ¢1>L2[0,£] + (EIzé’”, ¢2>L2[e+eM,eM+2e]
(5.30)
—EI12"(£)¢3+ Elzy" (£+ £ar) b3

Now integrate by parts twice to obtain

(Aoz,®)g = (EIZ, ,1,>L2[0,8] + (Elz), ,2,>L2[l+£M,£M+2£]
+EIZY (0)$1(£) — E12'(0)$:(0) — EIZ{(€)¢3(€) + EIZ{(0)¢,(0)
+E‘Iz§”(£M + 26)o(ns + 20) — Elzy (€4 Lar) o€ + Lar)
—E125(8p + 26) ¢ (€pr + 20) + EIZ5(€ + En)d5(€ + Eur)

—EIZ"()¢s + EIZ (€ + ) 3.
(5.31)

Regrouping (5.31) results in

(Aoz,@)g = (ElZ, ’1’)L2[o,e] + (B, '2,>L2[£+BM,L’M+2Z]
+EI [21(€) ($1(€) — ¢3) — 2" (0)¢1(0) — 2 (€)$1(£) + 2/(0)¢1(0)]
+EI [Z;”(eM + 2£)¢2(£M + 2@) — z{,"(é -+ EM) ((252(5 + éM) - (}53)

—25(Lar + 20) 5 (€ar + 26) + 25 (£ + Lar)d5(€ + €ar)] .

(5.32)
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Substituting boundary cornditions at the rigid mass location in for ® and regrouping

yields

(AOZ,q))s = (EI ;,1 l> 0£]+<Elzga 2>L2[2+€M£M+2£]
—E12"(0)¢1(0) + EI2(0)¢}(0) (5.33)

+EIz (bar + 2€)po(bprr + 28) — EI25(€pr + 20) o (€ag + 26).

This will be used in defining the sesquilinear form a later. A similar computation now

with ® € V;, the damping operator Dy gives

9 /
(Doz, @) = (121, ¢1>L2[0,e] + (0.5pacvk2k321, ¢1>L2[0,£] - <5_ (vr. — G1) [21], ¢1>
L L2[0,4]

+ {22, ¢2>L2[e+eM,eM+2e] + (0.5pqcvkoks 2, ¢2>L2[e+eM,£M+2e]

- <5%R (vr — Gr) |4}, ¢2> + (ve(8) ~ G(9)) [21]¢

Lofe+enr,001+2¢)

- (VR(K + EM) - QR(€ + éM)) [Z;]¢3

(5.34)
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If we integrate the third and sixth inner products by parts once each, we obtain the

following:

(Doz,®)s = (721,81) 104 + (0-5Pacvhokazt, $1) 10 4 + (v — G1) (1), 1) L0
+{¥22, 2) Lyl ang g +20 T (0-5Pacvkaksze. 82) 110100y 000420
+((vr — Gr) [22), 82) Lyjeran trer2q + (2.(6) = Gr(0)) [21]¢3
— (ve(€+ €u) — Gr(E+ En)) [22]3
= (v (6) = G (9)) [21]1 () + (v(0) — G(0)) [z1)¢1 (0)
— (vr(y +26) — Gr(Lum + 20)) [2]62(ém + 26)

+ (vr(£ + Lur) — Gr(L + £n)) [2]@2(€ + £umr).
(5.35)

As before, we can substitute boundary conditions at the mass location in for ® to

obtain
(Doz, ®)s = (7v21,91) 1,000 + (0-5pacvhzkazr, $1) 1,09 + (Ve — GL) (A1), 1) o0
+ (v, ¢2>L2[e+zM,eM+2e] + (0.5pacvkoks 22, ¢2)L2[£+£M,£M+2£]
+{(vr — Gr) (23], 82) Lyperens en+2g + (VL(0) — GL(0)) [21]61 (0)

— (vr(€rr + 2€) — Gr(£ar + 20)) [25) 2 (€r + 20).
(5.36)



47

Now a variational formulation of the system is given by

(5(t), ®), + d (2(2), ®) + a (2(t), ®) = (Bu(t), ®)s, (5.37)

where the sesquilinear forms a (2(t), ) and d (z(t), @) are defined as

a(z(t), ®) = (Elz, ’1')L2[o,e]+<EIZga ,2,>L2[£+£M,£M+28] (5.38)
and

d (Z(t)7 ‘I’) = <(”Y + 0-5Pa01’k2k3) 21, ¢1)L2[0,4 + ((VL - gL) Z;, ¢'1>L2[o,e]
+ <(’Y + 0'5PaC'Uk2k3) 22, ¢27 >L2[£+5M,3M+2£’] (539)

-+ ((VR - QR) Zf-z, ¢I2)L2[Z+ZM15M+281 ’

To show that the system is wellposed, we will apply Theorem 2.12 to the system

(3(t), ®)s + d (2(t), ®) + & (2(t), ®) = (Bu(t), ®) (5.40)

where & (z(t), ®) = a(2(t), ®) + (A2, ®) and d (2(), ®) = d (2(2), ®) + (A1 2, D).
Theorem 5.4. The sesqulinear form a (®, V) satisfies H1 - H8 from Section 2.3.

Proof. The symmetry property H1 follows from the symmetry of the inner product

on V. Thus, a(®,¥) = (®,¥)y = (¥, d), = (¥, P)y = a(¥,d), since V is a real
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Hilbert space. Next, using the Cauchy-Schwarz inequality, we have

[a(@, V)| = (@, ¥)v] < Kl ®]v[¥]lv (5.41)

for k > 1. Thus, a satisfies the continuity condition H2. Lastly,

Re(a(®,®)) = a(®,d)
= (EIQS’II’ Ill)LQ[O,Z] + (EIQSIQ,’ ,2’>L2[€+£M,€M+2£] + (AI(D’ q’)S
> e(Elg], ,1,)L2[0,£] +e(El¢y, ¢,2,>Lg{e+£M,eM+2e] +e{Ad, )
= ¢(2,9), = €||®|I},
(5.42)
for 0 < ¢ < 1. Thus, a is V-elliptic satisfying condition H3. O

It is well known from the theory that a sesquilinear form is continuous if and
only if it satisfies the inequality in H4 (hence the title “Continuity Condition”). Thus,
we will show that d is the sum of continuous functions and is therefore continuous,

implying it satisfies H4.

Lemma 5.5. Let &,V € V,. The following are continuous: (AP, ¥),

(v + 0.5pacvksks) ¢1, ¢1)L2[0,e]: and ((v + 0.5pacvkaksz1) ¢2, Yo, >L2[£+£M,£M+2L’]'

Proof. To begin, note that the proof is identical for the last two terms. Also note

that (v + 0.5p,cvkqks) is a constant. Therefore continuity will follow quickly from the
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Cauchy-Schwarz inequality. Consider,

((7 + 0.5p,cvkaks) 1, 101)1,2[0,@] < | ('7 + 0'5pacvk2k3) l '(Cbl, "»[)1)[,2[0’8]] . (5.43)

Now by the Cauchy-Schwarz inequality we have

< cllgillaoalienllaog-

Therefore, the last two terms listed in Lemma 5.5 are continuous. Lastly,

(Alq)a \I}>S = <(I)7 qj)s < 5”(1)”3\1’“57 (5'44)
by Cauchy-Schwarz. Thus, the first term described in Lemma 5.5 is continuous, which
finishes the proof. O

Theorem 5.6. The sesqulinear form d (®, V) satisfies H4 — H5 from Section 2.3.

Proof. As noted, we only need to show that ((vr, — Gr)¢1, ¥1) 1,04 I8 continuous for
@1, 91 € L2 [0,€]. The proof for (Vg — Gr) 2 V2) 1o(e440r,en+2¢ 1S DeERILY identical. As

noted above, we need to show that |((vr — G1)81, ¥1) 1,00| < €lldillLapoall¥ilLa0
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for some constant . Now consider

(v = G)s W na| < |08h ¥ 10| + |92t ¥ 10

- |(f b, 6) dedh @), (o))

L3f0,¢]

+ /0 e /0 b, )61(6) e (@) dx‘ (5.45)

< ub

CACRAC I

H| [ [ 1o 061(6) deviio i

(since h(z, &) < p)

IA

e l|eh (x)”Lz[O,l] [l (m)”Lz[O,Z]

; /0 [ /0 Ao, €)4(6) dedl(x) d

(by Cauchy-Schwarz)

< a ||¢’1(1'3)”L2[0,e] “Qf’i(x)“Lz[o,e]

£ ¢
o / / 16,(6)] 1¢(2)] d dz

(again since h(z,£) < p)



a1

= G l|¢’1(3’)||1,2[o,e] “@bi(m)“z,g[o,e]

+U <l¢’1 (6, )Ia W)i(a m)l)Lg[O,e]ng[O,Z]

IN

G “(j)?l (:L.) ”L2[0,£] ”,d)ll (.’I:) “Lz[o,f]

+u (|1, )1, |¢i(',z)])Lz[O,e]ng[O,e]

IN

e 1161 (@) 0.9 1952 Lojog
+u* || 61(6) ||L2[o,e}xL2[0,e] 91 (z) I‘L:»[O,t’]xLz{O,l]

(by Cauchy-Schwarz)

= O ”Cbll(x)”zq[o,e] ||¢;(93)“L2[o,e]

o ( /0 [ /0 () de dx)% ( fo e / (W) de dx)% .

Note that the first integral only involves an integrand as a function of £ and similarly
the second integral an integrand as a function of x. Therefore, the second term gives

us the multiplication of two (8)%’5. Thus, we get that the above is



92

= l|¢’1(x)||1,2[0,£] 'W;(E)thﬂll

([1stor d’sf 0 ([ Wy d:v)%

G ”0511”1,2[0,@] “7/)/1“1,2[0,@]

[ L

+u*(€)

IA

+c2 “45’1 ”Lg[O,Z] |‘/)11 ||L2[0,e]

= € |I¢’1“L2[O,£] ”"»b’lnLg[o,q )
where ¢; = (1*)(¢) and € = ¢; + ¢c2. Thus, by this argument and Lemma 5.5, the
sesquilinear form d satisfies continuity condition H4.
To prove that the sesquilinear form is elliptic in V, we will make use of the

highly non-trivial result in Appendix A; it states that the following inequality holds:

[ [ heo@w-6e) dsw dos [ 0@ d> L [ @@
(5.46)

where L is some positive constant. This, when rewritten in terms of the Ls[z;, z9

inner product, is just

((v— g)¢'($)a¢’($))L2{x1,z2] + {¢(2), ¢($)>L2[x1,x2] > L{¢/(2), d),(x»Lg[:cl,zg] . (547)
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Now let A =0 from H5. Then we have

Re (a (@, <1>)) = d(®,d)
= {v¢1, é1) L2[0,4) + (0.5p4cvkzksdn, ¢1)L2[0,l]
+ (v = G1) 81,81 Lo + Y2 B2 ) Loferens enr20)

+ (0.5p,cvkoks b2, ¢2>L2[e+eM,eM+2el

o (5.48)
+ ((VR - gR) ¢2) ¢2>L2[Z+ZM,€M+2£] + (,A1<I), ‘I))s :

Y

(Y91, 91) L0 T £ (D101 Lo
+£ (v — GL) $1, 91 Lo0.9
+ <’Y¢2, ¢27 )L2[€+€M,£M+2£] +K <¢2, ¢2>L2[e+eM,£M+‘2e] :

+5 (VR = GR) 82 82) Later ey ene 29 T (A1 %5 D)

(for k := min{1, 0.5p.cvkaks}),

> {v¢1, ¢1>L2[0,e] + kL1 (¢}, ¢’1>L2[0,€l

+ (A4 D, D).

(by (5.47)),
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> k(61,01 10 + K (81 80 0.0 5 (D2 62.) Loty ar2n
+k (82 D2) Laterers tnr20 T K (A2, D)

= k(2,9)y, = k|2,

for k :== min{xLq, kLy,v,1}. Thus, d satisfies coercivity /ellipticity condition H5 with

A=0and ky = k. ]

By Theorem 2.12 the system in (5.40) is well-posed. By Theorem 2.13, the

first order system operator, defined on E =V X §,

A=A+ (5.49)

generates a Cp—semigroup of contractions. Furthermore, by Theorem 2.14, the
operator A generates a Co—semigroup. Now, by Theorem 2.15, we have that the first
order weak formulation of the system with Ais well-posed which implies that the
equivalent second order weak formulation (5.37) is well-posed.

To show that the closed-loop feedback operators A — BK and A — FC generate
exponentially stable semigroups, it suffices to show that @ and  are coercive in E [12].
In our work, we choose the identity for both @ and ). Thus, we have that both are
coercive in E and the semigroups generated are exponentially stable. Furthermore, by
Theorem 3.5, we have the semigroup, S, produced by the state estimate operator

in (3.13) is exponentially stable.



CHAPTER 6

VARIATIONAL FORM AND APPROXIMATION
THEORY

6.1 Numerical Methods
We now use a Galerkin finite element approach to find numerical solutions to

the BMB model with spatial hysteresis damping.

6.1.1 Weak Formulation

As is standard in Finite Element approaches we desire a solution
[wi, (t,zL), wr (t,zr)]" € U C H = H?[0,£ x H*[£ + £u, £3s + 2£]. Here the Hilbert
space H? is the Sobolev space W2, We multiply (4.1) and (4.2) by test functions

¢1(rr) and ¢r(zr), respectively, and integrate to obtain

/0 e [pAmL (t,zr) +ywr (¢, z1) — 8%1, [ /0 e h(zy, €) [} (¢, z1) — W) (t, )] dE

¢
+EIwy" (t,zL) ] ¢r(zr)dzy = /0 [b (z1)ug (t) — 0.5pavchg] ér(zr)dzy

(6.1)
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and
VIVaLY; ) £ar+2L
/ |:pA'lUR (ta .'IIR) + waR (ta mR) - 'a—_ [/ h (xR) &) [w;{ (t’ .’L'R) - w;? (tv 6)] d&
e+epm - OTR Weten

Eprs+20
+EIwg' (t,zr) ¢R($R)] dzp = / [b(zr) ur (t) —0.5p,0°cCs] dr(zr)dzR
-y

(6.2)

for all [¢1,(z1), pr(zr)]” €U = {[¢L('),¢R(‘)]T € S : pr(€) = dr(€ + Lu), #1.(€) =0,

#r(£+ £r) = 0} . Integration by parts of (6.1) and (6.2) yields the following

/0 |:pA'J)L (t,zr) dr(zL) + Yy (t,zL) drlzxL)

¢p(xL) + ETwy (t,z1) ¢1(xL)| dzy

r pd
+ / h(zr, €) [, (8, z1) — i, (8, €)] €

_ /0 h(zp, €) [, (t,xL)—tb'L(t,é)]dﬁ- ¢ (£)

J szf

+] [ hen gl (0 - 01k 6.0

. 1L=0

+ETwy (¢,¢) ¢1 (£) — EIw (2,0) ¢1, (0) — ETw] (2, €) ¢, (€) + ETwy (¢,0) 67, (0)

= /0 [b(zr) ur (t) —0.5p,0%cCy| $r(zL)dzy

(6.3)
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and

pr+2¢
/e e [pAwR (t, 28) $r(zR) + Yo (t, Tr) dr(zR)
+0m

[ e +2¢ y
+ / h(zr,€) (W (t, r) — W (t,€)] d€| $r(zr) + ETwg (¢, zr) dr(zr) |dzr

LS e+

rplam42¢

V[ e O i () - i 1) dé bn (Enr +20)

e+ drp=fr+2¢

L

o rlpr 28

[ hanlin o - it Old]  onle+)

LJ 841 dxp=~0+8pr

+ETwy (t, €y + 26) dr (brr + 2€) — ETwg (8, £+ €pr) dr (€4 Lur)

—ETwl, (t, ar + 26) §p (€ar + 26) + ETwly (¢, £+ ar) ¢ (€ + £1)

Epp+2¢
_ /e (b (2r) ur (t) —0.5p.0%cCt] $r(zr)dzr

+ear

(6.4)

Adding (6.3) and (6.4) gives

¢
/0 [PAII)L (t,zr) or(zL) + v (¢, L) dr{zL)
_— ]
+ /0 h{zr,€) [y, (¢, L) — wy (8, &) dE| ¢1(zL) + Elw] (t,zL) ¢7(zL) |dzL

— -/O h (-'L'sz) ['u)IL (t,JJL) - w'L (t,ﬁ)] dE— oL (e)

rr =L

F ot
+ /Oh(xL,é) [w/L(taxL)—wlL(t’g)]dg ¢1 (0) + ETwy (t,£) ¢ (€)

- J:L:O

—ETwy (t,0) ¢1 (0) — ETwy (£, £) ¢, (€) + ETwy (¢,0) ¢7, (0)
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Erp+28
N / [pAi[)R (t, 2r) dr(zR) + T (t, 2R) br(zR)
4L s

r pla+2¢

+ /e e h(zr, €) [ (8, 2R) — Wk (,€)] d| $r(zr) + EIwg (t,2r) op(zr) |dzr
L/ E+Epr J

r pépm+2¢ b
- / h (1, €) [l (¢, 7R) — W (4, €)] d bn (€3t + 20)

+Em drp=C+2¢

+ [ O b T, ) [ (8, ) — 1y (4, )] de| om0t tor)

e+Eepr J xp=E0+Lps

+EI’U)% (t,fM + 2[) Or (EM +20) — EI'I.U% (t,€+€M) Or (£+ @M)

—EIw} (t, 6 + 26) ¢'5 (bar + 26) + ETwg (8, + €yr) dp (€4 £pr)
14
- / b (e1) uz () —0.5p,0%cCe] by (z1)dz,
0
Opr+2¢
+/ [b(zr) ur (t) —0.5p.0%cCs] ¢r(zr)dzr.
+Ep

An application of the boundary conditions in Table 4.1 leaves only

_/0 [PAH)L (t,zr) or(zr) + L (8, zL) pr(zL)
¢
+ { /0 h(zg,€) (), (¢, z1) — W], (t,€)] dg} &, (z1) + EIw' (t,71) &' (n)} iz,

Eps+28 .
+ / l:pA'lI)R (t, £L‘R) ¢R(xR) + Ywgr (t, mR) ¢R(mR)
£+Lpp

prr+2¢€
+ [/ h(zr,§) g (t, zr) — Wwh (t,€)] dﬁ} ¢r(zr) + EIwg (t,zR) ¢'z’z($a)] dxp
o (6.6)
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+may (¢, €) g1 (£) = /0‘ [b(zL) u (t) —0.5p,0°cCy) dr(zr)dzy,

Epp+2¢
+ [ ban)un(®) ~05p0%cCH) on(ondon
ey

6.1.2 Discretization

We choose a basis {ej};.il of the approximating space UY C U. Here N
will represent the total number of basis functions used. We will approximate the
displacements of the left and right beams with cubic Hermite interpolating polynomials.

Then the basis functions take the form:

N
bLJ’

el = forj=1,.., N. (6.7)
by ;

(XY

The displacements of the left and right beams will be approximated, respectively,

using the following:

N
> o ()bri(zL)
i=1

wr(t,zL) wy (¢, 1)

- (6.8)
wg(t, Tr) wj (t, zr) > B (t)bri(zr)
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If we substitute this approximation into (6.6) we have

/Oe [pAibiv (t,x1) or(xL) + v (t,21) dr(rr)
+ [ /Of h(zr,€) [(wi" ) (t,2n) — (wh) (t,f)] df] () + EI (wd)" (t,z1) 6! (mL)] doy

Er 42
+ / [pAtbﬁ (t,zr) r(zR) + YR (¢, zR) dr(ZR)
£+€pr

.\ [/eeMwlh (zr,&) [(w?{)' (t,zr) — ('u')g)l (t,f)] dﬁ] dr(zr) + ET (wﬁ’)" (t,zR) ff%(ﬂiR)} dzg

+en

+mid (t,£) ¢y, (€ / [b(zL) uL (t) —0.5p,0%cCy] ¢r(xr)dz,

Lrr+26
+ [ ban)un () 05920 onlan)ire

+Epm
(6.9)
The last equality in (6.8) gives

£ N N
/ lpAZ&fv(t)bL,i(xL)m(xL) +vY & (bri(zr)dr(er)

0 i=1 i=1

¢

+ (/0 h(zL,€) [ ()b ;(zL) ZCYN(t b€ } ) ¢r(zL)

+/£ " [PAZﬁN(t)sz zr)Pr(ZR) + 726N(t)sz($R)¢R($R)

+enr i=1

£M+2£
+(A h(en € [Zﬁ” (¥ s(zr) - Zﬂ”(t bra(€ } )%(m)

+en



61

N
+EI'Y BN ()b (zr)$a(zR) d$R+mZa 1)bri () 1. (€)
i=1

i=1

=/0 [b(zr) ur (t) —0.5p00%cCs) ¢r(z1)dzr,

Epr+2€
+ /e b (k) ur (£) —0.50:%cCy] dr(r)dzr.

+€n

Now the test functions will also span the appropriate basis functions to obtain,

pA Y &Y (t)bra(L)bry(ze) +7 Z &; (0)bri(z)bri(zL)

1,j= 1,7=1

+ }J_i: &' (1) ( /0 “h (z1,€) [bri(zL) — b 4(6)] d§> ZED)

i,j=1

+EI Z a; b,l,,z Iy, bLJ(.'L‘L)] dSL'L

1,j=1

Epp+28
+/ [pA Z BY (t)bri(zR)bR;(TR) + Z B (t)bri(zR)bRj(zR)
12247 i,j=1 i,7=1 (6 11)

N Lpr+2¢
+ 3 A ( [ b€ Bhaton) - (6] d&) by s(z)

+E€pr

N
drp+m ) & (t)br,: (£)br; (£)

i,j=1

SIS BY OB nlth (o)

i,j=1

£
- /0 b (22) uz (t) —~0.5p,0%cCe] br,j(x1)dzy

42t
+ / [b(zr) ur (t) —0.5p,v°cCs] brj(zr)dzR,
£+-Lp : .



62

which we can rewrite in the following way

/ pAbL i(zL)br j(zL) dzy, Z &;

1,7=1

/t 7bL1(IL)bLJ($L d.’IIL Z a (t

1,j=1

+ [ ([ b0 Bon) - 801 de) b, (o a3 650

1,J=1

’ N
+ / BIb, (z0)b) (1) dor 3 ol (2)
4]

1,j=1

Ear+2¢ N .
+ / pAbri(zR)br;(zr) dzr S BN ()
£

+em ij=1

Enr+2¢ N
+/ Ybri(TR)bR;(TR) dTr Z B (t)
¢

& 3,j=1

v o (/ O (e €) Brslan) — (i 6)) d¢ ) ¥y (o) dn G

+enr +eym i,j=1

Lri+2¢ N N
+ /e EIb; (zr)lp (zr) dzr Y B (1) +mbr; () brs () Y &F(2)

+eum ij=1 i,j=1

=/0 [b(zr)ur (t) —0.5p,v%cCy) by (1) dzy

eM+2e
/ b(zg)ugr(t) —0.5p,v cC’g] brj(zr)dzR.
+enr

+

(6.12)
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In the matrix representation we can rewrite (6.12) as

Myé(t) + MpB(t) + Dpift) + DrB(t) + Kpa(t) + KrB(t)
(6.13)

= BLUL(t) -+ BRUR(t) + Fr + FR,

where
¢
M), = /pAbL,i(iL‘L)bL,j(IL) dzr + mby;(€1)br ;(61)
0
28
[Mg],; = / pAbr;i(zr)br;(zr) dxr
12 93Y

4
D1, = / Vo s(zn)be () de
4 14
v [ ( [ o0 Bhaten) - 8.06) ds) b, (c2) da
Err 424
[Drl;; = /e+e Ybri(xr)bR,j(zR) dTR
Lar+2¢ eart+28
+ ( [ o) [Baston) ~ b€ ds) by (zr) don
e+ PV

4
[Ki),; = /oEfb'i,i(ivL) 1;(TL) dzry

28
[KR]ij = / EIb','“(xR)b;'zj(a:R)de
A E+Ep ' ' ( )
6.14
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[Be]; = /Ob(SEL)UL(t)bL,j(zL) dzp

Lar+2¢
Br), = / b (zr) un (t) b () do
£+Ep

¢
[Fi);, = /—O.Spav%CebL,j(xL) dzy,
0

Er+2¢
[Frl; = / —0.5p,v°cCebr, j(z ) dzr.
£+€a

We can rewrite (6.13) as the following:

§(t) = M7 (-Dé(t) — Ke(t)+ B+ F), (6.15)

where
c(t) = o) = é(t) = alt) = é(t) = alt (6.16)
B(t) 5(t) B(t)
Also,
M, 0 D, 0 K; 0
M= , D= K=
[ 0 My } { 0 Dg } 0 Kg

(6.17)
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We can now rewrite (6.15) as a first order system of ordinary differential equations

#(t) = Az(t) + Bu(t) + F(z(t)), (6.18)
where
(1) = c(t) A 0 I
&(t) ~M-'K —-M™'D
(6.19)
0 0
B= . F=
M-'B M~TF(x(t))

6.2 Approximating Ricatti Solutions
In this section we will describe the routines and theory for calculating solutions
for the finite dimensional approximations to the Ricatti equations (3.10) and (3.14).
The results here follow from the work done in [12]. The spaces S,V, and E = V x S will
be defined as in Chapter 5, as well as their corresponding inner products. Furthermore,

let A, @, and M be as defined in Chapter 5.

6.2.1 Optimal Control Approximations
To calculate the solutions to the appropriate Ricatti equations for a system

with a mode problem, we calculate

K=K+ [(Aes, ;)] = K + M, (6.20)
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since A; = Z. The Grammian matrix then is defined as

K 0
W = . (6.21)
0 M

Now, since Q € L(E), we can write Q as

QO Ql
Q= : (6.22)

Qo 9

where Qy € L(V), Q1 € L(H,V), and Qs € L(H). Now let @ be the approximation
of @ matrix, which is substituted into the finite dimensional Control Algebraic Riccati

Equation as

ATIIV + TINA —TIVBR1BTTIN + Q = 0. (6.23)

Then, defining a matrix Q as

.| @ @
Q= ; (6.24)
Qf @

direct computation shows that Q = W™1Q. Here, we have

Qo = [{ei, Qoej)y], @1 = [(ei, Quej)y), Q2= [{e:, Qoej)sl. (6.25)
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Since Q = Z, we have that Q = W. Then (6.23) is equivalent to the following Riccati
equation:

W ATWIIN + TIVA - IYBRIBTWIIN + Q = 0. (6.26)

If we premultiply (6.26) by W, we have

ATIY + TINA—TIYBR'BTIIN + Q = 0, (6.27)

which is the matrix Riccati equation used in implementation. Here ny = wriv.

Furthermore, the gain matrix K, = —-R'BTIIV.

6.2.2 Observer Solutions Approximations
To calculate the solutions to the finite dimensional approximation to the Filter

Algebraic Riccati Equation, we start with

AP+ PAT — PCTR™'CP + QY = 0. (6.28)

Similar to the approach in the previous section, €2 has a representation as in (6.22).

Then we have the following

P=pPW! (6.29)

and

N = Vw1, (6.30)
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Then the approximating Filter Algebraic Riccati Equation to be solved is

AP+ PAT — PCTR'CP+ Q" =0. (6.31)

The observer gain is then given by

F=PCTR . (6.32)

We note here that if @ = Z then OV = W~1. The Riccati equation solutions presented

here afe used for the development of all three control designs in Chapter 7.



CHAPTER 7
NUMERICAL RESULTS

7.1 Numerical Results
Here we present the numerical simulations for the BMB system with spatial
hysteresis damping. The parameters used for the simulations are presented in Table
7.1. The values for the modulus of the material and the external damping coefficient
were estimated in [2] for spatial hysteresis damping. Banks and Inman note that the
external or viscous damping coefficient cannot be determined independently of the

internal damping features.

Table 7.1: System Parameter Values

Parameter Value J Units
¢ 0.3048 m
147, 0.0508 m

p 1710 kg/m?
w, width 0.127 m
h, height 0.0254 m
a = wh 0.0032 m?

E 2.68 x 10 N/m?
I=(0h%)/12 | 1734 x 107 m*
m 1.927 kg
mp 3.363 kg

y 0.090189 | kg/(m sec)

69
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The uncontrolled system will be presented first and will require a little discussion
before the controlled results are presented. For the controlled results we are assuming

that the controllers are able to act over the entire beam.

7.1.1 Uncontrolled Simulation

Incorporating spatial hysteresis damping led to some unexpected convergence
issues. Because of the nature of the damping we were not able to see convergence in
uncontrolled simulations with a low number of elements. We believe this is due to the
fact that spatial hysteresis damping fundamentally relies on the surrounding beam
elements to interact with a given beam element to produce internal damping effects.
The fewer elements we use, the less internal friction, and thus internal damping,
the system experiences. However, due the Gaussian nature of the kernel function,
we expect to see the convergence appear with a higher number of elements. As
the number of elements per beam increases we do, in fact, see the system deviate
less from the previous simulation with fewer elements (See Figure 7.1). To try to
eliminate the possibility of a coding error, we ran the same code with a constant
kernel function. In [20] it is proven that a constant kernel function will produce the
effects of Kelvin Voigt damping. Thus, we ran the code with h(z, £) = 100 (the Kelvin
Voigt damping constant used in [7],[8], and [14]), and the results were consistent with
previous simulations using explicit Kelvin Voigt damping. The results for Kelvin Voigt
kernel simulations can be seen in Appendix B. We were unable to run simulations
with higher numbers of elements due to time constraints on the Louisiana Optical

Network Initiative (LONI supercomputer). The simulations we did run were with 3
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elements per beam (6 elements total), 6 elements per beam (12 elements total), 10
elements per beam (20 elements total), and 15 elements per beam (30 elements total).
The uncontrolled position, slope, velocity, and angular velocity plots can be seen in

Figure 7.1, Figure 7.2, Figure 7.3, and Figure 7.4, respectively.

Disp , Nonli U led System Disol , Nonli U iled System

0.4

w(tx), (m)
i

w(tx), (m)
H

s

X

Dispi Nanli 1 lled System

Figure 7.1: Uncontrolled Postion: 6 Elements (Top Left), 12 Elements (Top Right),
20 Elements (Bottom Left), 30 Elements (Bottom Right)



Siope, Nonlinear Uncontrolled System

w, (tx}

X

Siope, Noniinear Uncontrolied System

s

Siope, Nonlinear Uncontrolled System

s

Figure 7.2: Uncontrolled Slope: 6 Elements (First), 12 Elements (Second), 20 Elements
(Third), 30 Elements (Fourth)
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Velocity, Nonlinear Uncontrolied System

w(t.x), (m/sec)

Velocity, Nonlinear Uncontrolied System

wl(t.s)‘ {m/sac)

Velocity, Nonlinear Uncontrolied System

w,(t.s), (m/sec)

Figure 7.3: Uncontrolled Velocity: 6 Elements (First), 12 Elements (Second),
Elements (Third), 30 Elements (Fourth)
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Angular Velocity, Nonlinear Uncontrolied System

W, {t.x), (rad/sec)

! x

Angular Velacity, Nonlinear Uncontrolied System

W, (LX), (rac/sec)

Angular Velocity, Nonlinear Uncontrolied System

w (LX), (raiiaec)

Figure 7.4: Uncontrolled Angular Velocity: 6 Elements (First), 12 Elements (Second),
20 Elements (Third), 30 Elements (Fourth)
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It is important to note here that the magnitude of the slope and angular
velocity states is very minor; although, we also note here that both slope and angular
velocity state grows slightly with the number of elements used. This will be important

in interpreting the data from the controlled simulations.

7.1.2 Target Tracking Results
In this section the goal of our controllers is to track the BMB system to a
certain shape. For the LQR, LQG, and Central Controllers we assume input functions

of the form

bL (.’IIL) = bR (:L‘R) = 56, (71)

for0<zy<flandl+ €y <zp <y + 2 We also assume state estimates of the

form

Y = 28wL (t, IEL) sy Yr = 28wR (t, .’L‘R) (72)

for0<zp <fland ¢+ {y < zp <€y + 2L The desired target tracking position and

slope are given by

5z (z — 2¢) (z — £)?
2wpeak

w(t,z) = (7.3)

and

5z (z — €) (822 — 8zl + £2)°

/
t )=
w'(t, ) T

(7.4)

respectively. Here 0 < z < 2¢ and wpeor = 0.0762 m. Figure 7.5 shows the shape of

these targets.
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Target State, Slope
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Figure 7.5: Target Tracking Goal: (Left) Position, (Right) Slope.

We assume a linear approximation of the aerodynamic lift term which aids in

development of control design. Assuming a linearized lift coefficient we then obtain

the following, modified, first order linear system:

where
. 0 I
A=
-M'K —-M-'D
and
N D 0
D = '
0 Dj

such that

(7.5)

(7.6)

(7.7)
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[DL] i = /(:Z vbri(zr)br j(zL) dxy,
+ /0‘3 (/Oeh (z1,€) [ ’Lz(-TL) - ,L,z(é)] d§) b,L,j(-'L'L) dz;

£
+ /EbL,i(xL)bL,j(.’IIL) d(L‘L
0

Ear+2¢

[DR]”_ = /e Yori(zR)bRj(2R) dzR

+Epr

Em+2e £pr+28
+ ./e (/ﬂ h(zr, &) [b,R,i(xR) - IR,z‘(E)] df) by ;(zr) dzg

+epm +En

Epr+28
+ / Ebri(zr)br,;(zR) dzr,
¢

+€nm

were = = —0.5p,vcksks.

The initial condition for the system is chosen as 2(0) = [0,0, —2,0]" that is no
initial displacement, slope, or angular velocity, but some initial velocity. Also it is
assumed that the initial condition of the state estimate is such that z.(0) = 0.752(0).
It is assumed that the position and slope states are available for measurement for the
state estimate controllers (See Chapter 3). The finite element discretization was done
with N = 21 nodes, i.e. 10 elements per beam. Matlab’s ODE15s stiff differential
equation solver was used to solve the systems. The target tracking results for the
LQR, LQG, and Central controllers are seen in Figures 7.6, 7.7, and 7.8, respectively.

The control efforts for each of the controllers here are presented in Figure 7.9.
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Dispiacement, LQR-Controtied Noniinear System Siope, LQR-Controlied Noniinear System

t x t X

Figure 7.6: LQR Full Order Control: Position (Top Left), Slope (Top Right), Velocity
(Bottom Left), Angular Velocity (Bottom Right)
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Displacement, LQG-Controlied Nonlinear System Siope, LOG-Controfied Nonlinear System

w(tx), (m)

W LX), (misec)

Figure 7.7: LQG State Estimate Control: Position (Top Left), Slope (Top Right),
Velocity (Bottom Left), Angular Velocity (Bottom Right)
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Displacement, Central-Controlier Nonlinear System Slope, Central-Controller Nonlinear System

X

w,{tx), (mvsec)
W, (t), (racseec)

00 5.

-
o

Figure 7.8: Central Controller State Estimate Control: Position (Top Left), Slope
(Top Right), Velocity (Bottom Left), Angular Velocity (Bottom Right)
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LOR Control Effort LQG Control Effort
3000 3000
2500 2500
2000 2000
1500 1500
1000 1000
50 500/

Centrat Controlier Effort

Figure 7.9: Target Tracking Control Efforts: LQR (Top Left), LQG (Top Right),
Central (Bottom)

In addition to plotting the control efforts over time, we calculated the total
area under the control effort curve using a trapezoid rule. The total area for each

curve is presented in Table 7.2.

Table 7.2: Cumulative Tracking Control Efforts

[ Controller l Area Under Control Effort Curve I
LQR Controller 3.4758e+04
LQG Controller 3.4771e+04
Central Controller 34.7697

7.1.3 Morphing Trajectory Results

In this section we seek to morph the BMB system linearly over five seconds to

a desired state. To obtain solutions to the Ricatti equations we choose control input
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functions, for LQR, LQG, and Central Controllers, of the form

b (z1) = br (zr) = 56, (7.9)

for0<zp<fand £+ ¢y < zp </fy+ 2¢. We also assume state measurements of

the form

yr = 28wy, (t,z1), yr = 28wg(t,zR) (7.10)

for0<zp<flandl+ £y <z <ly+2L.

The initial conditions for the system are given as z(0) = [0,0,0,0]", that is, no
initial displacement, slope, velocity, or angular velocity from equilibrium. Similar to
the target tracking simulations we assume z.(0) = 0.75z(0). The spatial discretization
for the finite element scheme is done with N = 21, i.e. 10 elements per beam. We are
again using Matlab’s ODE15s stiff differential equation solver to solve each feedback
control system. For the morphing trajectory results, the target states are presented in
Figure 7.10. The results here have been accepted for publication by the Conference

on Decision and Control [25].
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Figure 7.10: Target States For Morphing Trajectories: Position (Top Left), Slope (Top
Right), Velocity (Bottom Left), Angular Velocity (Bottom Right)

The controlled simulations are presented in Figure 7.11, Figure 7.12, and Figure
7.13 for the LQR, LQG, and Central controllers, respectively. Furthermore, the control

efforts are presented in Figure 7.14.
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Displacement, LOR-Controlled Nonfinear System Slope, LOR-Controlled Nonlinear System

Velocity, LOR-Controlied Nonlinear System

w,,(t.%). (radisec)

Figure 7.11: LQR Full Order Control Linear Morphing: Position (Top Left), Slope
(Top Right), Velocity (Bottom Left), Angular Velocity (Bottom Right)
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Displacement, LQG-Controlled Nonlinear System Slope, LQG-Controlied Nonliness 3y§tom

x

w,(t.x), (m/sec)

Figure 7.12: LQG State Estimate Control Linear Morphing: Position (Top Left),
Slope (Top Right), Velocity (Bottom Left), Angular Velocity (Bottom Right)
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Displacement, Central-Controtier Nonlinear System Siope, Central-Controiler Nonlinear System

witx), (m)

W, (tx), (misec)
W, (tx). (racsec)

Figure 7.13: Central Controller State Estimate Control Linear Morphing: Position
(Top Left), Slope (Top Right), Velocity (Bottom Left), Angular Velocity (Bottom
Right)
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Figure 7.14: Morphing Control Efforts: LQR (Top Left), LQG (Top Right), Central
(Bottom)

Again we calculated the cumulative control effort for each controller by computer
the area under the control effort curve for each controller. The total area under each

curve is presented in Table 7.3.

Table 7.3: Cumulative Morphing Control Efforts

|  Controller | Area Under Control Effort Curve |
LQR Controller 2.1712e+05

LQG Controller 2.1716e+-05
Central Controller 2.1716
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We see here that for the tracking results, LQR and LQG controllers reach
the target position and slope. For the tracking control, the central controller cannot
compensate for the initial condition. Although we see a small amount of control effort,
the performance is not satisfactory for the central controller. This is not surprising
since increasing robustness usually decreases performance. For the central controller,
we can guarantee a stability margin, but we cannot reach our target position. The
velocities and angular velocities for tracking control are not within reason. Attempting
to linearly control these angular velocities leads to unrealistic control efforts which
are reflected in Figure 7.9. We infer that the LQR and LQG controller are able to
successfully control the vehicle, albeit with an unrealistic amount of input, but the
central controller does not even reach the target position.

The morphing strategy results provide a marginally better outlook than the
tracking strategy. For morphing control, LQR and LQG controllers overshoot the
target position slightly but are within centimeters of the target, and the slope states
for each reach their target. The velocities for each are not at target but they are
within reason. However, the angular velocities for the morphing strategy still requirine
unrealistic amounts of control input as seen in Figure 7.14. We conclude for this
strategy that the LQR and LQG controllers can theoretically control the vehicle but
may not realistically be able to achieve this control. Lastly, we see that the Central
controller used here overshoots the target position without an attempt to return to
target. The same constants b, ¢, R, R for all three controllers may not be optimal, but

they were chosen to numerically solve the Ricatti equations.



CHAPTER 8

CONCLUSIONS AND FUTURE WORK

In the work herein we have described a model incorporating a non-local damping
type called spatial hysteresis for modeling the heave motion of a one dimensional
micro aerial vehicle. Furthermore, we presented the simulations of uncontrolled and
controlled motion of the vehicle due to some initial disturbance. The vehicle is shown
to undergo little bending during the initial drop in position. The control strategies then
are seen to require unrealistically high angular velocity states to achieve the desired
position. The density as well as the flexural rigidity of the beam are contributing
factors of this inherent problem. Although the morphing over time strategy is not as
extreme as the optimal in time target tracking, the angular velocity state still needs
to achieve some impossible rates. Due to this difficulty we propose that using the
material adapted in Chapter 4 is not a plausible choice for a flexible, morphing wing
MAYV with these tracking strategies.

Due to the numerical results discussed previously we propose going back to a
previous model with beams composed of a different fiber structure than that described
in Chapter 4. Although the spatial hysteresis parameters for the beam composite used

in previous research have not been experimentally estimated, we do know parameters
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for the internal damping mechanism known as Kelvin-Voigt damping. We hope to
implement control design on the previous BMB model with piezoceramic patches.

Another future direction for research might include experimentation on a beam
composed of carbon graphite fiber with epoxy to estimate spatial hysteresis damping
parameters. If an experiment could be performed on such a beam, then there would be
an even greater mesh of the research to date and the literature concerning appropriate
damping models for flexible beams of a composite structure. Perhaps a collaboration
of faculty and students could achieve such research together. Also, from here, research
could be done with functional gains and sensitivity analysis to consider optimal patch
placement.

Other avenues of research include a two dimensional plate model that is
currently under investigation by research collaborators Dr. Lisa Kuhn and Dr. Cody
Ray. Although it is a formidable task, Dr. Kuhn has already begun the modeling
process and hopes to begin running numerical simulations soon. The work done by
Kuhn and Ray focuses more on a bat type wing which has a longer chord length than
the model presented here. Dr. Katie Evans suggests considering beam-like plates,
where beam-like means a small chord length to beam length ratio.

Furthermore, incorporation of roll motion and yaw motion is currently a
focus of research collaborator Dr. Animesh Chakravarthy. Furthermore, he has
done a frequency domain analysis of the model with Kelvin-Voigt damping. His
recommendation for future work is to look at trying to do frequency domain analysis
of the model with spatial hysterésis damping. Lastly, we would like to develop a

theory, similar to that in [12] for the MinMax controller.



APPENDIX A

SPATIAL HYSTERESIS INEQUALITY

The work in this appendix has been submitted for publication (see [15]).

91



92

In this note, we prove the following Cacciopoli-type inequality. (The interval
[0, L] is chosen for convenience only and can be replaced with any finite interval [a, b].
Scaling up to multidimensional domains, if possible at all, is more sophisticated than
a simple application of Fubini’s Theorem, because of the double integral on the left

side.)

Theorem A.1l. Let L. > 0 and p > 1. There is a constant C, > 0 so that, for all

functions ¢ € WhP(0, L], we have that

[ [1o@-ver was [warazq [ wer

Unlike for the Cacciopoli inequalities we were able to find in the literature,
there are no restrictions on ¢ € W'?[0, L]. This freedom comes at the price of
needing the extra term ‘/(; ’ /0 ’ |¢'(z) — ¢'(€)|P dz d¢ on the left side. Because the
left side is a sum of two terms, the inequality could also be considered a relative of
the Gagliardo-Nirenberg inequality. However, the Gagliardo-Nirenberg inequality
involves L? norms with four different values for p, whereas this inequality stays with
one p. Consideration of straight lines ¢(z) = az shows that, just like the integral
/(; |¢(x)|P dx, the extra term is not solely responsible for the truth of the inequality
in Theorem A.1.

Clearly, for ¢,9 € L?[0, L], the L?-inner products (v[¢], ¢) and (G[¢], ) are
bilinear forms and so is their difference. For the bilinear form {(v — G)[¢], ¢)
associated with spatial hysteresis internal damping, the kernel function h in v and G

is so that, for all (z,£) € [0, L]?, we have h(z, &) = h(£, ), and, there are k, 4 > 0 so
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that, for all (z,€) € [0, L]?, we have k < h(z,£) < p. To assure that the bilinear form
associated with spatial hysteresis internal damping for an Euler-Bernoulli beam is
coercive with respect to the damping space H'[0, L] and the state space L?[0, L] (see
(3] for more details), there must be an C > 0 so that, for all functions

¢ € HY[0, L) = W12|0, L] that satisfy ¢(0) = 0, we have that

/0 (v — ) W)(@)(z) dz + / (@) de > C / 16/(@) de,

The inequality above follows from Theorem A.1 because Proposition A.2
below shows that, for symmetric kernels, the first term above can safely be replaced
with the simpler term we use in Theorem A.1. Hence, the model under consideration
is well-posed. To our knowledge, this is the first time a formal proof of the above

inequality appears in the literature.

Proposition A.2. Let L > 0 and let h € L*[0, L]? be a kernel function so that, for
all (z,€) € [0, L]?, we have h(z,£) = h(€,z) and so that there are K, u > 0 so that, for

all (z,€) € [0, L)%, we have k < h(z,€) < p. Then, for all ¢ € L?0, L], we have that

[ [ ww-vorade < [ ©-ouEe i
u L o(z) —

£))* dz de.

IA
o]
C\b
o\

Proof. First note the following.

]0 (v - Q) Wl(@)v(z) dx
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The inequalities now follow from 0 < kK < h < u. O

Note that one, maybe even surprising, consequence of Proposition A.2 is that
/ L(V — G)[¥](z)¥(x) dx is nonnegative.
0
Although we only needed Theorem A.1 for p = 2 and with the additional
boundary conditions ¢(0) = 0 and ¢'(0) = 0 (clamped beam) imposed, we prove it
first without boundary conditions for p = 2 (see Lemma A.3) and then generalize to
p'h powers. This gives us the most general version of the inequality without much

extra work.

A.1 Proof of Theorem A.1

We will need the following lemma.

Lemma A.3. Let {f,}>, be a sequence in C([0, L]) such that

n=



(1) |fal2)] < 1
L
(ii) Tim / fu(2)]? dz = 0;
aan lc ! _ ! d d —_ .
i) Jim [ 7|5 - fuw)] doay =0

Then we must have

n-+00

L
lim / |f! (z)|? dz = 0.
0

Proof. Suppose for a contradiction that this is not true. Then, without loss of
generality, there exists a sequence {f,}%2, that satisfies (i)-(iii) and an £ > 0 such

that

L
/ 1f ()P dr>e, n>1
0

For any n > 1, we have

/OL /OL (f@) - fotw)) dr dy=2L /OL (@)’ dz-2(fu(0) - 1(0)) "

Hence
lim L /0 ’ (£@) dz— (Full) - £2(0)) =0,

On the other hand, using the assumption (i), we get

A0 - 510|=] [ " fio) da| < / @] < L

for any n > 1. So there exists a subsequence { fymn)}5, such that

A= Tim fy ) (L) = fym)(0)
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exists. Hence

L 2
1 , —_— 2:
it [ (fuw(e) do= s =0

which implies
L

e < lim (f,'/,(n) (:1:))2 dr =

n—o0 0

A2
'f.

In particular we have A # 0. Next we prove that {fy(n)(0)}2, converges and

compute the limit. Indeed, we have

fuz)(n)(L)“‘fi(n)(O)l = l/{)L%fi(n)(w) da:l
= 2| /0 ’ Fon) (2) Fymy (%) dwl

< o [ B @) ([ @] @)

L 1/2
< WI( [ finio) ds)
0
for any n > 1. Hence
nh_{{.lo \f«i(n)(L) - fi(n)(o)’ =0.
Since A = '}LI{.IO f¢(n)(L) - f¢(n) (0) 75 0 and

Ty L) = Fim ()

Fow @)+ Jo 0 = 7 D = Foor @

n:l,z’...,

we get

i 0
Jim fom (L) + fo(0) = 7 =0



Putting everything together, we get

Nm fym(L) =

n—rod

Next note that we have

lfw(n)(x)l

for any z € [0, L], that is, the sequence { fy(»)(2)} in uniformly bounded on [0, L}.

IA

é, and nggfw(n)(o)=—§-
’fw w(z) = Fum (0 ) ’fzp n)(O’

(«)] o+ |fuu(©)]
|+ |0
T+ |f¢(n) (0)]

L +sup ’ fw(n)(0)| — M
n>1

Using this fact, we obtain the following

|73 (E) = £3(0)|

IN

IA

IN

‘ / dxfw(”) ‘

3 /0 P @) Fim () it

3(/0L ot da) " ( /OL (@] dx) ™
V([ i) )

3V /OL M2 fy(a) de)

VI /OL Fin(@) dz) ",
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for any n > 1. Hence

lim | £ (L) = fim(0)] =0,

which implies

AN AN
lim fiy (L) = fym(0) = (5) - (-5) =7 =0

a contradiction. |

Proof of Theorem A.1. First note that, for f’ = 0, the inequality is true for any
constant Cp,. So we may restrict our proof to f’ # 0. Because C"! is dense in WP, we
may assume that all functions are in C*([0, L]). Let f € C*([0, L]) be such that
f' # 0. Because f’ is continuous, we have that M := 21[%);2] |f'(z)] € (0,00). Set
g(z) = _].\'14— f(z). It is clear that f satisfies the inequality if and only if g satisfies the
same inequality with the same constant. So it is enough to prove the inequality for
f € C*([0, L)) such that |f'(z)| < 1. Suppose for a contradiction that the inequality is
not true. Then there exists a sequence {f,}2; in C'([0, L]) and an £ > 0 such that

O L@ <L

L
(i) / @) dz > €

(i) /:L/OL

Clearly (iii) implies

L L
lim / /
n-—ro0 0 0

p L
folz) - f;(y)l dz dy +/0 | fo(2)P dz — 0 as n = 0.

p L
fo() ~ fo@)| dw dy =0, and lim /0 fa(@)? dz = 0.
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Using (i), we get

// fal@) = fuly) dwdy=/L/L

fal@) = fulw)| da dy

< 'd:z: dy
, o 1/p L oL 1/q
< z[/o /0 fn(x)—fn(wl de dy} [/0 | dy}
L L p
< 2L%4 [ —f,',(y)lp dx dy]

where, for p > 1, g is the conjugate of p, i.e., ¢ = Ll (For p = 1 we stop after the
p— ;

first inequality, which suffices for the following.) Hence

lim / / fola) = fofw)) da dy = 0.

Next we claim that {f,(0)}%2, is bounded. Assume this is not the case. Then there

exists a subsequence { fy(n)(0)}32, such that |fym)(0)] > 2L. Note that

) - 01 =| [ sy e < [

for any € [0, L] and n > 1. Hence

L

A (1)] dt <
0

A0 dt < L

L < | fum(O) = L < |fymy (@)l z € [0, L).

This implies

L
L S/ | fomy (2) P dx,
0
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a contradiction. Hence {f,(0)}2, is bounded and we obtain that

M:= sup |fa(z)| <sup |fn(0)] + L < oo,
n>1

z€[0,L), n>1

that is, that the sequences {f,(z)}32, are uniformly bounded on [0, L]. Next note

that we have

/OL |fu(@)]? dz = /OLlfn(x)I |fn(2)] dz
M /0 i |fu(z)| dz
M LYa [/0L|fn(m)|7’ dz}llp,

IA

IN

(again with ¢ being the conjugate or the last step omitted) which implies that

L
lim / (@) d = 0.
0

n—o0

So we have
§
fi(zx)| <1, n=1,2,---

lim /L u(2)? dz = 0
0

n-—00

L pL
lim / /
\ N0 0 0

and by Lemma A.3 we infer

>\

@) - o) de dy =0,

L
lim / 17 (2)[2 dz = 0.
n—ro0 ]
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On the other hand, we have

L L
[in@ra = [ 1@ he)
L
< / fi(2)) da

< 7| /0 e i),

which implies

52 L 7 2
=< [ d,
0
a contradiction. O

A.2 Observations
The proof primarily relies on the homogeneity of the inequality, so that the

following result is an easy consequence.

Theorem A.4. Let L >0, p>1 and let H : [0,00) x [0,00) — [0,00) be so that
1. Hu,v) =0 iffu=v=0,
2. For all ¢ > 0 we have H(cu, cv) = cH(u,v),

3. H is continuous.

Then there is a constant C, i > 0 so that, for all functions ¢ € WP[0, L], we have

that

#([ [ W -sor e | Co()p ) > Gy | @) da.
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Although Theorem A .4 looks rather technical, with H(u,v) = (u™ + vm)ﬁ, we
see that we can attach exponents to all three terms in Theorem A.1 and then obtain,

for example, that the corresponding inequality for the norms

l|¢'(x) — ¢’(§)“LP[O,L]2 + l|¢(x)||Lp[0,L] 2 Cp ||¢'(33)”Lp[o,L] holds, too.



APPENDIX B

CONVERGENCE OF BMB WITH KELVIN VOIGT
PARAMETERS
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Here it is shown that the Matlab code used for spatial hysteresis damping

converges for a constant kernel function which as stated in [20] is equivalent to Kelvin

Voigt damping.

Displacement, Nonlinear Uncontrolled System Slope, Nonlinear Uncontrolied System

wi(t,s), (m)

1 s t 8

Figure 2.1: Uncontrolled BMB with KV Kernel Simulation with 6 Elements: Position
(Top Left), Slope (Top Right), Velocity (Bottom Left), Angular Velocity (Bottom
Right)
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Displacement, Nonlinear Uncontrolled System Slope, Nonlinear Uncontrolled System

t s

Velocity, Nonlinear Uncontrolied System Angular Velocity, Nonlinear Uncontrolled System

wLs), (misec)

Figure 2.2: Uncontrolled BMB with KV Kernel Simulation with 12 Elements: Position
(Top Left), Slope (Top Right), Velocity (Bottom Left), Angular Velocity (Bottom
Right)
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Displacement, Nonlinear Uncontrolled System Slope, Nonlinear Uncontroiled System

t s t s

Velocity, Nonlinear Uncontrolled System Angular Velocity, Noniinear Uncontrolled System

wt(t,s), (m/sec)

L
n
M

o8

Figure 2.3: Uncontrolled BMB with KV Kernel Simulation with 18 Elements: Position
(Top Left), Slope (Top Right), Velocity (Bottom Left), Angular Velocity (Bottom
Right)
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